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Basis for the Design and Retirement of _ 


Petroleum Heater Tubes 
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By J. J. HELLER,' LOS ANGELES, CALIF. 


Heater-tube design and retirement are of prime importance to 
the petroleum industry due not only to the high expenditure in- 
volved, but due also to the hazard to personnel and property 
involved in a tube failure. Basically, a heater tube must be re- 
tired from service prior to failure. However, the available life of 
the tube must also be depreciated to the maximum extent 
possible consistent with the basic premise of avoiding failures 
during operation. The conditions of stress and temperature 
existing in a heater tube during service and their relation to 
elevated-temperature creep-rupture data available for common 
tubular materials are discussed. After considerable evaluation 
of this relationship, a policy based on 100,000-hr rupture strength 
is recommended for the design and retirement of petroleum 
heater tubes in both corrosive and noncorrosive service. 


Introduction 


PRESENT practices for the design and retirement of heater tubes 
operating at elevated temperatures are not uniform within the 
petroleum industry, and in many cases, are not uniform even 
within a single company. Perhaps there is some justification for 
this nonuniformity in the variable conditions of expected service 
life, uniformity of pressure and temperature, continuity of serv- 
ice, frequency of inspection, and hazards involved in a heater-tube 
failure. At least, this seems to be the prime reasoning usually 
given to explain this nonuniformity. However, it is believed 
that a certain amount of the nonuniformity exists, because of at 
least a partial lack of understanding of the factors involved in the 
proper application of experimental creep-rupture data to actual 
service conditions existing in a heater tube. A discussion of the 
influence of operating variables on the relation between creep- 
rupture data and service conditions of stress and temperature in 
the tube wall may be beneficial. At least, such a discussion may 
stimulate thought on present methods of design and retirement 
practices. 

C. L. Clark has stated, ‘“‘Even if all engineers were agreed as to 
the procedure to be used in determining allowable operating 
stresses, there would still not be a single stress that could be as- 
signed to a given material for a particular temperature. This is 
so because high-temperature applications differ so widely. In 
fact, even for the same general type of application, the design 
stress may vary depending upon the particular operating condi- 
tions or service life desired’ (1).2 These statements are basic 
truths. It is then a responsibility of the designer and the user to 
evaluate these facts in view of one specific application, petroleum 
heater tubes. The object of this discussion is to explore the 
variable conditions generally existing in this one specific applica- 


1 Metallurgical Engineer, Union Oil Company of California. 

2 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the ASTM-ASME Joint Committee on Effect of 
Temperature on the Properties of Metals and presented at the 
Annual Meeting, New York, N. Y., November 25-30, 1956, of Tue 
AMERICAN SocieTy OF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 20, 


1957. This paper was not preprinted. 


tion. Fundamentally, it is believed that a much greater uni- 
formity of design and retirement practice could exist within the 
petroleum industry than at present. Further, there is a basic 
need for design practice to be consistent with retirement practice 
to achieve optimum tube life. 


Tube Wall Stress and Temperature 


The design of all equipment involves first, a determination of 
the conditions existing in the equipment throughout its intended 
service period. The uniformity or nonuniformity of these con- 
ditions during service is critical to many applications. In the 
case of petroleum heater tubes, the tube-wall temperature and 
the internal pressure producing stress in the tube wall are the 
primary factors governing safe operation of the tube. 

Two distinct types of service are encountered: Corrosive en- 
vironment where the tube-wall thickness continually decreases 
during service resulting in a continually increasing tube- 
wall stress; and noncorrosive environment where the tube-wall 
thickness during service is constant, resulting in a constant tube- 
wall stress. Fig. 1 shows the variation of tube-wall stress during 
service for a typical petroleum heater tube in corrosive service. 
The conditions of this tube were assumed for purposes of illus- 
tration, to be as follows: 


Tube, 9 Cr-1 Mo 
Internal pressure 
Corrosion rate 

Fluid temperature........... .925 F 


3 in. OD X */, in. avg — 


The internal pressure for design is taken as the maximum pressure 
to which the tube may be subjected during service. This may in- 
volve consideration of a safety-valve setting or charge-pump 
characteristics. This factor then will always be conservative as 
the operating pressure for the major portion of the service life will 
be somewhat lower than the maximum condition. It is suggested 
that the difference between operating and design pressure, and the 
expected variation of normal operating pressure be evaluated for 
the specific application. Only by such an individual analysis 
could the use of a design pressure below the maximum pressure 
condition be justified. For general application to all cases, the 
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Variation of calculated tube-wall stress during the service 
See text for tube details 


Fig. 1 
life of a heater tube in corrosive service. 
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conservative use of a design pressure equal to the maximum con- 
dition is strongly recommended. 

Tube-wall temperature is by far the most critical single factor in 
the design and retirement of heater tubes. Unfortunately, it is 
also the factor which is least adapted to accurate measurement 
and control. The strongest possible emphasis should be placed on 
the fact that accurate evaluation of tube-wall temperature can 
transform many intangible factors into a well-defined basis for 
tube design and retirement. The controlled temperature in a 
petroleum heater is the fluid outlet temperature and, therefore 
tube-wall temperature must vary when any of the factors which 
affect heat transfer through the tube wall vary. The effect of 
insulating deposits (coke, scale, and so forth) on the tube is readily 
calculated; however, the accuracy of this calculation is wholly 
dependent on assumptions of deposit thickness and heat-transfer 
coefficient of the deposited material. Visual inspection is also 
used to some extent as a check on tube-wall temperature. How- 
ever, since the accuracy of calculation is questionable and visual 
means are not reliable, the use of tubeskin thermocouples is highly 
recommended for elevated-temperature petroleum heaters. 
Fig. 2 shows one method of installation which has been satis- 
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Fig. 2 Installation of a tubeskin thermocouple on heater tubes 


Citing the same heater-tube example as used for Fig. 1, the 
tube-wall temperature varies from approximately 1000 F, when 
the tube is in a clean condition, to a maximum of 1250 F at which 
time the heater is taken out of service and the coke, or other 
insulating deposit, removed from the tube. The temperature 
variation from 1000 F to 1250 F may occur in a linear manner 
or, due to upsets in operating conditions, may occur primarily 
in one jump or may be a series of jumps. Therefore since the 
; : exposure periods at each increment of temperature cannot be 
clearly defined in the design stage, a conservative approach must 
be taken for initial design. The use of the maximum tube-wall 
temperature expected during service is mandatory. For retire- 
ment considerations, the use of the maximum tube-wall tempera- 
ture is also highly recommended for three reasons: 
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1 Allocation of service time between the lower temperature 
and the maximum service temperature is difficult. 

2 Evaluation of the effect of service at the lower temperature 
on the available tube life is in a nebulous region where the time 
for failure is only an estimate in the range of hundreds of thou- 
sands of hours. 

3 This approach is conservative to avoid premature failures 
prior to retirement. 

The primary conditions of stress and temperature are now 
fixed. Tube-wall stress varies as has been shown in Fig. 1. Tube- 
wall temperature for both design and retirement is arbitrarily set 
at the maximum expected during service—1250 F for the ex- 
ample discussed. 
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Creep-Rupture Data 


The type of creep-rupture data readily available to the petro- 
leum industry is shown in Fig. 3 (2). The use of data compiled in 
the ASTM-ASME Special Technical Publications No. 100, 124, 
151, and 180 is highly recommended for all petroleum-heater-tube 
applications. Only by such a compilation of data from all availa- 
ble sources can a true representation of the typical design 
values of creep-rupture properties be obtained (3). The back- 
ground of data shown in Fig. 3 will be reviewed here only briefly 
as this subject has been thoroughly discussed in many references 
(4, 5, and 6). 

A typical creep curve is shown in Fig. 4. The commonly availa- 
ble values of 1 per cent creep per 10,000 hr and 1 per cent creep 
per 100,000 hr are actually extrapolations of a measured value 
(0.1 per cent per 1000 hr) of the creep rate during second-stage 
creep. Creep tests are usually of 1000 to 3000-hr duration al- 
though some longer-time tests have been conducted. A series of 
tests must be conducted at each temperature to define the data as 


presented in Fig. 3. 
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Fig. 3 Elevated-temperature properties of 9 Cr-1 Mo materiel 
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Fig.4 Typical creep curve at constant load and constant temperature 


A typical rupture curve is shown in Fig. 5. The rupture curve 
represents actual failure at the combinations of stress and time 
indicated by the curve in Fig. 5. A series of tests must be con- 
ducted at each temperature to define the slope of the curve to a 
sufficient degree for reliable extrapolation to 100,000 hr. 

Creep data are most useful for applications involving relatively 
close-fitting components. The rupture test is most useful for 
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Fig. 5 Typical stress-rupture life curve at constant temperature 
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Fig. 6 Typical design data for heater-tube materials 


predicting actual failure. Both types of data are necessary to 
establish the high-temperature behavior of a material. However, 
the rupture data are believed more suitable to applications of 
heater tubes, as they are more closely related to the prime service 
requirement; that is, operation without failure. It is suggested 
that a composite form of data, as shown in Fig. 6, employing both 
creep and rupture data would be of much greater use than the 
type of data previously shown in Fig. 3. The effect of combina- 
tions of stress and time on physical properties can be directly de- 
termined from this one series of curves. While this type of design 
data has been used quite extensively for aircraft and gas-turbine 
materials, there is a definite lack of this type of published data for 
the more common tubular materials. It is believed more effort to 
develop this type of data would be beneficial. 


Application of Data to Design and Retirement 

Corrosive Service. The service conditions of stress and metal 
temperature have been set and the tools available for high tem- 
perature design have been discussed. It is now necessary to com- 
bine these two factors into a safe, sound, basic approach to tube 
design and retirement in easily understandable terms. Fig. 7 
shows the relation existing between the stress in the tube wall and 
the creep-rupture data for 9 Cr-1 Mo material. The creep-rupture 
data values shown are those at 1250 F—the maximum metal tem- 
perature during operation. 

Point A of Fig. 7 indicates that the stress in the tube wall, even 
at the beginning of service, is somewhat higher than the allowable 
working stress permitted in either the ASME Boiler and Pressure 
Vessel Code, or the ASA Code for Pressure Piping. This is sig- 
nificant as it means the heater tube design is in considerable error, 
or the deviation from accepted code stresses must be justified. 
The situation is further confused by the unqualified acceptance 
of the code allowable stresses for the piping leading to and from 
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Fig. 7 Relation of creep-rupture data at maximum tube-wal] 
temperature to the tube-wall stress during service 


the heater tubes. The reasons for deviation from code for heater 
tubes are fourfold: 


1 The code basis of allowable stress anticipates a service life 
of 25 years or more, whereas the anticipated service life of 
petroleum heater tubes is probably around 10 years maximum. 

2 The dimensional tolerance on a heater tube is not critical; 
and therefore a nominal amount of creep elongation does not 
affect serviceability. 

3 Safety of operation is not affected since the data indicate 
that maximum service conditions of stress and metal temperature 
could be sustained for a prolonged service life without danger of 
failure. 

4 Economic and practical considerations dictate the use of the 
highest allowable stresses compatible with the basic premise of no 
tube failures during operation. 


Point B of Fig. 7 indicates the stress to produce a creep rate of 
1 per cent per 10,000 hr. While this value is a common basis of 
heater-tube design, its use is rather difficult to justify. It is not 
the basis of allowable stress in any recognized code. Also, it has 
previously been indicated that dimensional tolerance is not 
critical for heater tubes. There are probably two reasons for the 
wide acceptance of 1 per cent per 10,000-hr creep rate for tubes. 
The first is that this figure is commonly accepted to indicate total 
elongations of 1 per cent after 10,000-hr service, 5 per cent after 
50,000-hr service, and 10 per cent after 100,000-hr service. There- 
fore use of this stress may be an attempt to limit total elongation 
during service. This reasoning may or may not be valid. The 
second reason is that the value of 1 per cent per 10,000-hr creep 
was probably the only figure, outside the code-allowable stresses, 
readily available for the more common tube materials during the 
period when many of the design practices were being formulated. 
As previously shown in Fig. 3, a complete range of creep and rup- 
ture data is now available for all the common tube materials. 

Point C indicates the stress to produce rupture in 100,000 hr 
(11.4 years). The significance of these data is that they indicate 
the heater tube, operating continually at the maximum metal 
temperature of 1250 F, and the maximum tube-wall stress at 
point (C) would not be expected to fail prior to 100,000 hr. 
Thus if the stress at Point C indicates no failure in roughly eleven 
years under maximum conditions, it appears to be a reasonable 
choice for allowable working stress for design considerations. 
Since the normal expected service life of a petroleum ! ater tube 
falls short of eleven years, it also appears that a certain margin of 
safety exists in using the 100,000-hr rupture stress for retirement 
considerations. This factor, together with the fact that the tube 
operates under conditions of maximum stress and temperature 
only for a small portion of the total service life, indicates that the 
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use of 100,000-hr rupture strength is a conservative basis pro- 
viding considerable margin of safety for heater tube retirement. 
This stress therefore is highly recommended as the allowable 
stress basis both for design and retirement. 

However, it should be mentioned that the amount of corro- 
sion allowance included in the original tube actually governs the 
service life of a tube in corrosive environment. By establishing 
a basis of allowable stress, pressure, and temperature in the tube, 
the minimum thickness required to withstand operating con- 
ditions is determined. Obviously, this same thickness is re- 
quired throughout the service life of the tube unless the operating 
conditions are changed. While the basis of design may indicate 
adequacy for 11.4 years of service, the rate of corrosion may be 
such that all of the corrosion allowance is depleted within a much 
shorter time. This is true for the example shown in Fig. 7—the 
corrosion allowance would be entirely depleted at Point C (5.9 
years) and the tube must be retired at that time. Obviously in 
such a situation, the basis of allowable stress could be re-evalu- 
ated considering the much shorter service life. This is an entirely 
feasible and safe procedure only if sufficient evaluation is given 
to each individual case. For a general procedure, the use of the 
100,000-hr rupture strength as a basis of allowable stress is still 
highly recommended. Exceptions would then be made for an- 
ticipated service life markedly short of 100,000 hr. The basis 
and methods of design and retirement would still be identical to 
the considerations described above except the allowable stress 
would be the rupture life stress for the shorter anticipated service 
period. 

Point D indicates the stress to produce failure in 10,000 hr (1.1 
years). Since the desired life expectancy of a petroleum heater 
tube is considerably longer than 1.1 years, this stress must ob- 
viously be ruled out for original design. However, the use of 
this stress as a basis for retirement warrants further discussion. It 
can be argued that as the tube nears retirement, the freedom from 
failure need only be predicted for the length of the next operating 
run—possibly around one year duration. This is a valid argu- 
ment. However, the 10,000-hr rupture strength is not recom- 
mended as a basis for a conservative retirement policy because of 
the following: 


1 Remaining available tube life is used at an increasingly rapid 
rate as the 10,000-hr rupture strength is approached, and conse- 
quently, the margins of safety are disappearing at a much more 
rapid rate. 

2 Unexpected variations in operating conditions are much 
more likely to promote failure as the 10,000-hr rupture strength is 
approached. 

3 The relation between the 10,000-hr rupture strength of new 
material and the 10,000-hr rupture strength of material after 
prolonged service may be quite variable, and has not been 
definitely established for all of the common tubular materials. 

4 The hazard to personnel and property, and high repair 
costs attributable to a tube failure, indicate it is false economy to 
attempt to squeeze every bit of available life from a tube. 


Point E indicates the stress to produce failure in 1000 hr. This 
point is shown for reference only as the time is too short for prac- 
tical consideration as a basis for either design or retirement of 


petroleum heater tubes. 


Noncorrosive Service 


Where no corrosion is present, the stress in the tube wall will be 
constant throughout the total service life. Therefore a retire- 
ment policy based on a stress limitation or a minimum wall 
thickness is meaningless for noncorrosive service. Total service 
time must be the prime consideration in evaluating the remain- 
ing serviceability of a heater tube. The allowable stress for 
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original design should be dependent on the avoidance of failure 
during the desired service life. Therefore an allowable stress 
equal to the stress required to produce failure in 100,000 hr seems 
to be a very appropriate choice based on a service life approaching 
ten years. The discussion of shorter anticipated service life al- 
ready given for corrosive service is equally applicable for non- 
corrosive service. Here again, as in the case of corrosive service, 
the metal temperature may vary considerably throughout an 
operating run. The metal temperature used as a basis for both 
design and retirement is the maximum metal temperature during 
service. This consideration is identical to that recommended for 
corrosive service. 

In order to evaluate a retirement policy for noncorrosive 
service, the margins of safety existing in the proposed design 
must be considered. One margin of safety is due to the fact that 
the metal temperature is probably well below the maximum for 
a major portion of the service life. Since tube-wall stress is con- 
stant, and there need be no corrosion allowance, no margin of 
safety exists in the stress factor. It is reasonably obvious, there- 
fore, that if a heater tube in noncorrosive service has been in 
service for 100,000 hr, the only margin of safety is due to a 
probable variation in the maximum metal temperature as dis- 
cussed above. Good judgment dictates the use of a more con- 
servative policy. Additional margin of safety can be obtained 
by establishing a maximum service life short of 100,000 hr. The 
optimum amount of this margin of safety is a matter of judgment. 
Therefore it is suggested the maximum service life for a heater 
tube in noncorrosive service be arbitrarily set at 80,000 hr (9.1 
years). 


Relation of Stress and Pressure to Tube Dimensions 


Once the basis of allowable stress is set, the next step must 
evaluate the relationship between stress, pressure, and tube 
dimensions. This subject involves consideration of the mecha- 
nism of deformation and failure of materials under temperature 
conditions, such as encountered in a petroleum heater. The most 
commonly used formulas defining this relationship are the Barlow, 
modified Lamé, and Bailey-Nadai equations (7). An excellent 
technical presentation of various design formulas and their 
applicability and limitations is available in a recent publication 
(8). Fortunately, an ASA Task Force has, after considerable 
study and discussion of 31 different formulas, recommended a 
single wall-thickness formula for engineering design of steam 
piping (7). Since the factors of metal temperature and pipe-wall 
stress promoting failure in a steam pipe are similar to the factors 
promoting failure in a heater tube, and since the diameter-thick- 
ness ratios studied by the ASA Task Group include the D/t ratios 
normally found in petroleum heater tubes, the ASA recommended 
formula is considered the most practical formula for heater-tube 
design and retirement calculations. This formula is 
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Stress considerations due to thermal effects will vary considera- 
bly in steam piping compared to petroleum heater tubes. This 
is due to the completely different mechanism of the tube or pipe 
wall receiving heat—steam piping from the internal fluid and 
petroleum heater tubes from an external flame. The theoretical 
magnitude of these stress effects is alarmingly high. However, as 
pointed out by D. J. Bergman (9), a considerable history of satis- 
factory experience has been developed in petroleum heaters with 
tube design based on internal pressure considerations only. This 
concept should be considered adequate until such time as more 
complete information on the mechanism of failure in tubular sec- 
tions is available. 


Conclusions 


A study of the stress and temperature conditions existing in the 
wall of a petroleum heater tube indicates that design for both cor- 
rosive and noncorrosive environments can be safely and con- 
servatively based on an allowable stress equal to the 100,000-hr 
rupture strength of the tube material. These allowable stresses 
are shown in Table 1 for some of the common tubular materials. 


Table 1 Allowable stresses for heater-tube design and retire- 
ment 
——Nominal composition 
18Cr- 18Cr- 
8Ni 8Ni 
Temp, Plain 2'/,Cr- 5Cr- 9Cr- Type Type 
deg F earbon 1Mo =1Mo 304 316 
800 11,200 15,500 13,500 14,500 15,800 19,000 
850 9000 15,200 13,000 14,000 15,500 18,800 
900 6500 14,600 12,500 13,300 15,100 18,500 
950 4400 13,900 11,800 12,600 14,600 18,100 
1000 3200 13,000 10,900 11,600 14,100 17,600 
1050 2000 10,700 7400 10,500 13,500 16,900 
1100 1200 rm 5700 9300 12,700 16,100 
1150 5300 4100 6600 9700 15,200 
1200 3600 2900 4200 7200 13,400 
1250 2100 2600 5300 9600 
1300 ate 1600 4100 6800 
1350 owe 3200 4600 
1400 2500 3300 
1450 re re 1900 2600 
1500 1700 2200 


Retirement policy for corrosive service is based on a minimum 
thickness calculation using the ASA Task Force recommended 
formula for pipe-wall thickness with an allowable stress equal to 
the 100,000-hr rupture strength at the maximum metal tempera- 
ture during operation and internal pressure equal to the maximum 
condition. A considerable margin of safety is provided by this 
policy since neither the metal temperature nor the internal pres- 
sure is at a maximum value for any prolonged period during 
service. Since the calculation of minimum required wall thick- 
ness for corrosive service is identical for both design and retire- 
ment, the actual service life of the heater tube is governed by the 
amount of corrosion allowance provided in design, and the rate 
of corrosion experienced in service. 

tetirement policy for noncorrosive service is based on a 
service-time limitation. Since the design basis indicates a safe 
life of 100,000 hr, a margin of safety is provided by arbitrarily 
setting a maximum service life of 80,000 hr. Further margin of 
safety is provided by the consideration that normally the metal 
temperature during operation is below the maximum value used 
for design. 

The formula for tube-wall thickness calculation is the same as 


515 


that recommended by an ASA Task Group for engineering design 
of steam piping. Factors producing failure are similar in heater 
tubes and steam pipes and the diameter-thickness ratios of petro- 
leum heater tubes are within the range of those studied by the 
ASA Task Group. 
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Discussion 


John J. B. Rutherford. This paper is an excellent review of 
the factors involved in calculating the strength of petroleum 
heater tubes. Emphasis is placed on data relating to 100,000 
hr, which corresponds to a reasonable economic life extension. 
While this is excellent from the standpoint of initial design, it 
may be subject to debate when used to establish satisfactory 
life between periodic inspections. It does offer the advantage 
that the 100,000-hr basis is more conservative than the 10,000- 
hr basis, but not in direct ratio. 

While the author states that “creep rates are usually of 1000 to 
3000 hours duration,” he recognizes that this is not universally 
true. The test data with which this writer is most familiar are 
based on tests performed to minimum of 10,000 hr, which 
means that 10,000-hr data are the result of direct measurement 
and only the 100,000-hr data are extrapolated. In recent years, 
the majority of our high-temperature strength data have been de- 
termined at rupture, rather than rate of extension which we agree 
is in this case an insignificant engineering measurement. 

We are in accord with the method of relating tube life to size, 
strength, and maximum operating temperature. The influence of 
maximum temperature is so predominant as to justify considera- 
ble expense for operating control. The major difference be- 
tween the author’s work on oil heating tubes and comparable 
work on steam superheater tubes, lies in the range of tempera- 
tures permitted during normal operations. 

One very important feature with which the author is familiar 
but which is not discussed in his paper is the influence of 
mechanical or metallurgical deterioration, other than corrosion, 
during service. These calculations go for naught if the wall thick- 
ness is based largely on oxide, if the metal has been carburized, or 
otherwise changed chemically and metallurgically, or if cracks 
and similar stress-raisers have developed. 


* Tubular Products Division, The Babcock & Wilcox Company, 
Beaver Falls, Pa. Mem. ASME 
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Author’s Closure 


The written discussion by Dr. Rutherford along with the oral 
comments at the meeting are appreciated. Dr. Rutherford raises 
the question of the practicability of using data relating to 100- 
000 hr when the interval between periodic inspections is a much 
shorter time, probably around 10,000 hr. At the present I feel 


this question must be evaluated on the basis that we are only now 
beginning to scratch the surface on the effect of prior service life 
on the properties of the tubular materials. 
more, it may or may not be feasible to use the 10,000-hr rupture 
strength to establish whether or not a tube is satisfactory for pro- 
jected service to 100,000 hr after 90,000 hr of service have 


Thus until we learn 
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elapsed. The 10,000-hr rupture strength value in the literature 
is based on laboratory tests of new material. How this strength 
relates to the 10,000-hr rupture strength of the material after 
90,000 hr of service is questionable at present. We understand 
that Dr. Rutherford and his associates may present some much 
needed information on this subject soon. 

I agree most heartily with Dr. Rutherford that the calculations 
of required wall thickness go for naught if mechanical or metal- 
lurgical deterioration other than corrosion is taking place. The 
omission of these items from this paper in no way detracts from 
their basic importance. However, these forms of deterioration 
are the subject of texts in themselves and have been quite widely 
discussed by Dr. Rutherford and others. 
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Recovery Ratio—A Measure of the Loss — 


Recovery Potential of Compressor Stages — 


By 


Certain types of axial-flow-compressor stage designs have the 
ability to add extra energy to high-loss regions of the inlet flow 
and thereby tend to smooth out inlet-flow distortion rapidly. 
A recovery ratio, which is believed to give a quantitative measure 

of this ability for radial (axisymmetric) distortions, is defined 
a expressed in terms of familiar stage parameters. It is found 
that the flow coefficient (meridional velocity/blade speed) should 


have a value near 0.5 or less, and that the stage loading should be 
light. 


Nomenclature 


C = absolute velocity, ft/sec 

h = static enthalpy, ft?/sec? 

H = total enthalpy, ft?/sec? 

hk = polytropic exponent based on static quantities 

n = polytropic exponent based on total quantities 

p = static pressure, lb/ft* 

P = total pressure, lb/ft? 

AP = total pressure added by a rotor, lb/ft? 

R = reaction ratio 

® = recovery ratio 

U’ = local rotor-blade speed, ft/sec 

W = velocity relative to rotor, ft/sec 

a = absolute flow angle (measured from meridional 
direction ), deg 

3 = relative flow angle (measured from meridional direction), 
deg 

Y = ratio of specific heats 

n = polytropic efficiency based on total quantities 

vy = d(tan B:)/d(tan B,) 

& = equivalent flat plate cascade stagger angle (measured 
from meridional direction), deg 

a = cascade solidity (chord/pitch) 

¢ = flow coefficient (meridional velocity /local blade speed ) 


x = work parameter (total enthalpy added per stage 
kinetie energy of meridional velocity) 

work coefficient (total enthalpy added per stage/kinetic 
energy of blade speed) 


Subscripts 
= at design (no loss 
L = for the loss fluid 
-m = meridional component 

u = tangential component 

1 = before rotor 

2 = after rotor 7 


! Compressor Aerodynamicist, Flight Propulsion Laboratory De- 
partment, General Electric Company. Assoc. Mem. ASME. 

Contributed by the Gas Turbine Power Division and presented at 

the Annual Meeting, New York, N. Y., November 25-30, 1956, of 
THe AMERICAN Society oF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, October 
10, 1956. Paper No. 56—A-206. 
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Introduction 

Wuen the flow pattern entering a stage in a compressor has 
been distorted by upstream losses or obstructions, the outlet flow 
from that stage will also be different from the design outlet 
flow. In general, however, the stage will have an equalizing effect 


on the flow so that the outlet distortion will be of smaller magni- — 


This ability of a stage to smooth out 
Certain types 


tude than that at the inlet. 
distortion has been given the name “recovery.” 
of stage velocity diagrams will have higher recovery characteris- 
tics than others. It is the purpose of this paper to determine 
the stage parameters which govern the recovery. 

Alford? has reported that velocity distortion at the inlet to 
axial compressors has been found to have an adverse effect. on the 
performance of some jet engines. The distortion generally tends 
to decrease the mass flow, the compressor efficiency, and the stall- 


pressure ratio; it tends to increase the engine specific fuel con- | 


sumption. Although the exact mechanism by which the distor- 


tion causes the loss in performance in a multistage compressor is — 


not completely understood, it is reasonable to believe that rapid 
smoothing of the distortion by high-recovery inlet stages allows 
the following compressor stages to operate more efficiently. 

There are two basic types of distortion—radial (axisymmetric ) 
and circumferential (periodic around the circumference). Al- 
though both types have been found to affect engine performance, 
only the radial distortion will be analyzed in this paper. 


Formulation of the Recovery Ratio 
A qualitative feeling for the recovery concept can be obtained 
by studying the characteristic diagram of a compressor stage, Fig. 


1. This diagram applies to a radius somewhere along the span 
of the rotor; different blade elements at other radii will generally 


if 


have characteristic curves with different slopes. The design flow 
coefficient and work coefficient are denoted by ¢p and Wp, respec- 
tively. If a loss is caused ahead of the rotor, such as by some 
obstacle in the stream, the flow coefficient is reduced in the wake 
to some value ¢,. Fig. 1 shows that the rotor will add more 
energy to the loss fluid, by an amount proportional to ¥, — Wp. 
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Fig. 1 Characteristic diagram for a compressor blade element 

Hence the defect in the total-pressure profile that existed up- 
stream will be at least partly removed by the rotor. For small 
total-pressure defects it is not necessary to know the complete 
characteristic curve, only dy/dg at the normal operating point. 


?“Inlet Duct-—-Engine Flow Compatibility,”” by J. S. Alford, pre- 
sented at the Fifth International Aeronautical Conference, June 20- 
24, 1955, Sherman Fairchild Preprint No. 566. 
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Although the example just given serves well to illustrate the re- 
covery principle, there are certain undesirable features in the 
characteristic-diagram approach. First, it is not clear which 
value of ¢, should be used, that upstream of the rotor or that 
downstream. In order to draw the diagram it is necessary to 
make some assumption about the meridional velocity change across 
the rotor. Usually it is assumed that there is no change, 
but when the inlet ¢ drops locally because of a loss, this assump- 
tion is no longer valid. Second, the amount that the inlet ¢ is 
decreased by a loss does not depend on the magnitude of the 
loss along. Hence it is not immediately clear what the magnitude 
of dy/dg must be to give assurance that a given upstream defect 
will be removed. 

In order to overcome these objections, a parameter will be de- 
fined which gives numerically the amount of extra total pressure 
added by a rotor as a function of the decrease in total pres- 
sure resulting from a loss upstream. This new parameter will be 
called the recovery ratio and will be denoted by ®. When the 
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recovery ratio is equal to unity, all of the upstream loss in total 
pressure will be recovered by the rotor, so that the downstream 
total-pressure distribution will be smooth. The recovery ratio 
then takes the form — 


The differential operator d used in Equation [1] can be 
thought of in two different ways: It can represent a change that 
oecurs when a loss is added to a flow that previously did not have 
a loss; or it can represent the difference existing between the flow 
in a loss wake and the no-loss flow along a neighboring stream- 
line. 

In order to write a usable expression for the recovery ratio it will 
be necessary to make some assumptions’: 


1 The outlet angle from a blade row varies with the inlet 
angle as predicted by Weinig’s flat-plate cascade theory. 

2 Compared to the radial blade height, the loss covers a small 
portion of the blades so that the flow through blade elements not 
in the loss region remains unchanged. 

3 The static pressure in the loss region is the same as the static 
pressure in the neighboring no-loss streamlines. 

4 The polytropic efficiency in the rotor is the same for the loss 
fluid as for the no-loss fluid. 

On the basis of these assumptions, an equation for the recovery 
ratio is derived in Appendix 1 | 
sin B2 cos + sin COS 


hy 2 


sin cos s8in cos cos? cos? a; 
P21 


exp | (cos B: + 1 £00 Ps gece (2: - i). [2] 


where the subscripts 1 and 2 refer to stations before and after 
the rotor, respectively. Thus, in order to calculate the recovery 
ratio at any radius, we need to know the geometry of the velocity 
triangles, the solidity, the efficiency, and certain thermodynamic 
properties. 

If, in addition to the four assumptions already made, it is as- 
sumed that: 

5 The fluid is incompressible 
Equation [2] reduces to 


* A discussion of these assumptions is given in the section, Dis- 
cussion of Results and Assumptions. 
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jsin cos Bz a cos 
sin B2 cos sin a, cos a; 


exp | (cos Bz + 


R = 


cos? B: cos? a; 


Partial Check Using Off-Design Calculation Procedure 


An off-design flow-caleulation procedure has been used to 
demonstrate the recovery concept and to provide a partial check 
of Equations [2] and [3]. The off-design procedure itself is, of 
course, based on certain assumptions, the principal one being 
axial symmetry; but these are less restrictive than the assump- 
tions on which the recovery ratio is based. Hence the compari- 
sons which follow are between two theoretical methods. 

All the configurations investigated with the off-design proce- 
dure had a hub/tip radius ratio of 0.8. The flow was found for 
eleven equally spaced radial positions at each axial station investi- 
gated. The hub and casing surfaces were assumed cylindrical, 
and meridional streamline slopes and curvatures were neglected 
(simple radial equilibrium). The cascade solidity was assumed to 
be high enough so that the blade outlet angles were fixed. Hence 
no check on the solidity term in Equations [2] and [3] was ob- 
tained. 

The flow through each blade row was assumed frictionless, but 
a loss at mid-span was assumed to have occurred upstream, so 
that a pit in the inlet total-pressure distribution existed. The loss 
was put at the pitch line, rather than at the blade ends where such 
a loss might be expected, because it could be studied better there. 

Most of the cases tried were at low Mach numbers. In Fig. 2, 
at the top, the upstream total-pressure distribution is shown 
without loss (solid line) and with loss (broken line). The up- 
stream flow is purely axial with an absolute Mach number of 
about 0.18. Four rotors with different blade speeds and no inlet 
guide vanes were designed to take the same inlet flow. These 
have been designated I, II, III, and IV; the pitch-line velocity 
diagrams are shown in Fig. 2 next to the downstream total- 
pressure distribution that each produced. These rotors were all 
designed to produce the same total-pressure rise based on the 
same outlet velocity. The total-pressure rise that was obtained 
was not the same for all rotors, as can be seen in Fig. 2, because the 
decrease in meridional velocity caused by the slight compressibil- 
ity has a larger effect on the high-blade-speed rotors. The values 
of recovery ratio calculated from the no-loss pitch line diagrams 
using Equation [3] are given adjacent to each total-pressure 
curve. The agreement appears to be quite good. The fact that 
all the rotors did not produce the same total-pressure rise is 
irrelevant because the recovery ratios were calculated from the 
actual no-loss diagrams. 

Rotors V and VI in Fig. 2 were designed with inlet guide vanes. 
The agreement with the calculated recovery ratios again appears 
to be quite satisfactory. With purely meridional inlet flow to the 
rotor, as for rotors I through IV, a decrease in the design flow co- 
efficient ¢ always increased the recovery ratio. Rotors V and VI 
show that this is not always true when the inlet flow is not 
meridional. Rotor VII demonstrates that the recovery can be 
greater than 100 per cent. 

Although rotors II and V both have a recovery ratio of 0.99, 
and both have essentially the same pitch-line flow coefficient, 
¢g = 0.44, the effect on the separate velocity components is dif- 
ferent. The upstream velocity distributions with and without 
loss for both cases are shown at the top of Fig. 3, ahead of the inlet 
guide vanes for rotor V. Below, the tangential and meridional 
velocities downstream of the rotors are shown. Although the dis- 
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Fig. 2 Total pressure distributions showing the effect of velocity- 
diagram type on recovery 


tribution of the magnitude of the absolute-velocity vector has no 
bumps for either rotor, as attested by the 99 per cent recovery; it 

is seen that the component distributions for rotor II do have 
bumps. On the other hand, rotor V has not only smoothed out 
the total-pressure distribution, but also the downstream-ve- 
locity-component distributions. From the point of view of the 
following stator, the more-symmetrical-type velocity diagram of 
rotor V would thus be preferable. From the point of view of 
the rotor itself, however, the meridional inflow (rotor II) might be 
preferable, because the mismatch in rotor incidence angle caused 
by the upstream loss would probably be less. This benefit is 
somewhat questionable, however, because the tolerable range in 
incidence is less at the higher blade-chord angle and higher Mach 
number of rotor II. 

In order to get an idea of the effects on recovery of a higher 
Mach number, one case having an inlet absolute Mach number 
of 0.61 was tried. The rotor that was used had the same geometry 
(air relative outlet angles) as rotor IV shown in Fig. 2. In Fig. 4 
the inlet and outlet total pressure distributions are shown. The 
recovery is seen to be slightly negative. The recovery ratio cal- 
culated using the compressible equation, Equation [2], has the 
value —0.12, which agrees well with Fig. 4. The incompressible 
equation, Equation [3], however, gives the value +0.34, which 
is noticeably different. The total-pressure ratio used in this ex- 
ample has the rather high value of 1.63, so that the discrepancy 

= is more than would be typical, but it is clear that caution 
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Fig. 3 Velocity distributions for two different velocity-diagram — 
types, both having the same recovery ratio 
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Fig. 4 Total pressure distributions for a case with significant com- 
pressibility effects 


must be exercised so as not to carry the incompressible assump- 
tion too far. 


Recovery Ratio as a Function of Reaction Ratio, Work Parameter, 
and Flow Coefficient 


The recovery ratio as given by Equation [3} is somewhat elusive, 
in that it is given in terms of angles rather than in more familiar 
parameters. Moreover, the manner in which the angles enter the 
formula is such that it is difficult to immediately ascertain what 
values of angle are desirable. We will now write the recovery 
ratio in terms of more useful parameters. 

The parameters which h have been chosen for this representation 


| 
| 
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(Ah) rotor 
(Ah) stage 


In order that the parameters given in Equations [4] to [6] be suf- 
ficient to determine the incompressible recovery ratio, it is neces- 
sary to make three more assumptions: 


1 The no-loss meridional velocity is assumed constant across 
the rotor. 

2 The solidity is assumed to be high enough so that the last 
term in Equation [3] can be neglected. 

3. The efficiency is assumed to be 100 per cent. 


Thus the results are restricted to the indication of trends rather 
than exact values, but this in itself is quite useful, and the 
original equation can conveniently be used for finding the more 
exact values once the actual velocity diagrams have been fixed. 
The work parameter x based on the meridional-flow kinetic 
energy was chosen rather than the more familiar y based on the 
rotor kinetic energy because of the anticipated use of the results. 
If the mass flow per unit of frontal area has been set, the merid- 
ional velocity level is essentially fixed, and with the total en- 
thalpy addition per stage also fixed, a value of x can be calculated 
immediately. Thus this variation is eliminated to a large extent 
from further consideration, so that the effects of reaction ratio 
and flow coefficient alone can be studied. 

The equation for the recovery ratio in terms of the aforemen- 
tioned parameters has been derived in Appendix 2 


GR = 4(A + B) — 16AB 


where 
4(1 — R) — x¢? 
16g? + [4(1 — R) — x¢?}? 
4R — x¢? 
Be 9] 
16g? + [4R — 
Note that R in Equation [9] is replaced by 1 — R in Equation 
{8]. Thus since Equation [7] is such that A and B can be inter- 
changed without changing the equation, it follows that the re- 
covery ratio has the same value for (1 — R) as it does for R. 
Hence we can say that the recovery is symmetrical about 50 per 
cent reaction. 

In Figs. 5 to 7, plots of recovery ratio versus flow coefficient 
are given for different values of work parameter and reaction 
ratio. It is interesting to note that, for stage-velocity diagrams 
which are symmetrical, or nearly so, the recovery ratio peaks at a 
value of flow coefficient slightly less than 0.5 for all values of 
work parameter. 


Discussion of Results and Assumptions 
The conclusions reached when Figs. 5 to 7 are studied follow: 


1 The flow coefficient should be 0.5 or somewhat less. It 
is not difficult to obtain this value at the tip of a compressor, 
but with low hub/tip-radius-ratio inlet stages it is difficult to ob- 
tain such low values at the hub. 

2 Light loading is generally desirable, this being especially 
important at the higher flow coefficients. 
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Fig. 5 Recovery ratio for stages with 50 per cent reaction, constant 
meridional velocity assumed. 
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Fig. 6 Recovery ratio for stages with 25 and 75 per cent reaction, 
constant meridional velocity assumed. Work parameter, y = AH 
(Cm?/2). 


RECOVERY RATIO -2 


o2 04 10 it2 14 «616 


FLOW COEFFICIENT, em 
Fig. 7 Recovery ratio for stages with 0 and 100 per cent reaction, 


constant meridional velocity assumed. Work parameter, x = AH/ 
(Cm?/2). 


3 The recovery ratio is not a strong function of reaction ratio; 
at some values of ¢ and x the recovery is better with symmetrical 
velocity triangles while for others skewed triangles are to be pre- 
ferred. 


Because of item 1, the achievement of high mass flow per unit 
frontal area, which is important in jet-engine applications, is 
somewhat in conflict with the achievement of high recovery. 
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There are two reasons for this: (a) Higher meridional velocities; 
and (6) lower hub-blade speeds due to lower hub/tip-radius 
ratios. At first, it appears that these difficulties could be over- 
come by using higher rotor angular velocities, but this leads to 
higher blade-element Mach numbers, and a smaller allowable 
range in angle of attack. There is one compensating effect, how- 
ever. If higher meridional Mach numbers are used, the com- 
pressor-inlet distortion magnitude is somewhat less severe be- 
~ cause less diffusion is required in the inlet ducting. 

Since the recovery ratio, and hence the deductions of this 
paper, is based on the assumptions given previously, a critical 
look at these is in order: 


1 The outlet angle from a blade row varies with the inlet 
angle as predicted by Weinig’s flat-plate cascade theory. 

This assumption would be adequate if the flow were two di- 
mensional, but since this is not the case, with this assumption we 
are ignoring the effects of secondary flow. Since it is well known 

that secondary flows do cause significant angle distortions, this 
assumption is perhaps the most restrictive. We can make the 
following general statement about the secondary flow which is 
caused by a localized-loss region, whether at the hub, casing, or in 
the free stream: The fluid near the center of the loss region, where 
the loss is highest, tends to be overturned by the blade row; 
while that in the outer part of the loss region tends to be under- 
turned. Hence secondary flow causes fairly severe outlet-angle 
distortions, but the average angle in the loss region may not be 
greatly changed. It is probably obvious, but should be men- 
tioned for completeness, that this assumption also restricts ap- 
plication of the theory to cases for which the distortion is not so 
large that boundary-layer separation (stalling) occurs on the 
blades: 

2 The loss covers a small portion of the blades compared to the 
radial blade height, so that the flow through blade elements not 
in the loss region remains unchanged. 


This assumption, which is necessary to keep the theory simple, 
excludes cases for which the loss region has a significant displace- 
ment thickness. An off-design analysis such as that used for 
the check cases should be performed if the loss region is not 
small. 

3. The static pressure in the loss region is the same as that of 
the neighboring no-loss streamlines. 

With radial (axisymmetric) distortions, the meridional stream- 
lines through the inlet guide vanes and rotor might appear as in 
Fig. 8. Approximately half of the total radial shift or a stream- 
line can be expected to have occurred by the time a particle has 

_ reached the center of pressure of the rotor blades, which should be 
near the leading edge for the loss fluid. If station 1 is far enough 
upstream so that the streamlines have not yet begun to contract, 

or have not contracted a significant amount, the static pressure 
will not vary significantly across the loss region. Likewise, if 
station 2 is far enough downstream so that the streamline con- 
traction is nearly complete, there will be no significant static- 
pressure gradients. For high-aspect-ratio blading this assumption 
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Fig. 8 Meridional streamlines for flow with recovery 


The differential of P; is now taken. 
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is admittedly somewhat dubious, but it should not hinder studies — 
aimed at comparing different velocity-diagram types to determine | 
their relative recovery potentialities. 

4 The polytropic efficiency in the rotor is the same for the 
loss fluid as for the no-loss fluid. 

For high-Mach-number machines, it is well known that small 
changes in incidence angle can cause large changes in loss. If 
keeping a low incidence-angle variation were taken as a criterion — 
for excellence, it would be possible to define another parameter in — 
much the way the recovery ratio was defined. This would indi- 
cate the kind of velocity diagrams for which an upstream loss — 
would cause the least incidence variation. Unfortunately, the 
problem is not that simple because the tolerable range in incidence — 
depends on other cascade parameters, chiefly chord angle and 
Thus without knowing the functional relation- { 
ship which gives loss as a function of incidence, chord angle, 

Mach number, and so forth, we cannot define a useful parameter 

to indicate how much additional induced loss will be caused by — 
an upstream loss. This point is not to be taken lightly; assump- 

tion 4 is made because we are interested here chiefly in the re- 

covery, not in loss prevention. For this reason, high efficiency and — 

high recovery do not necessarily go hand in hand. 

5 The fluid is incompressible. 

Although the one high-Mach-number example given previously : 
indicated a significant difference between the compressible and 
incompressible recovery ratios, it is probably true that in most ‘ 
practical cases the discrepancy will not be nearly as large. At — 
any rate, the incompressible formula should be quite satisfactory _ 
for making comparative studies. 


Mach number. 
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APPENDIX 1 


The recovery ratio as expressed by Equation [1] can be written — 


.% 
For polytropic compression in the rotor 7 ims 
n 


The derivative of P2: with respect to P,; is now taken. According 
to assumption 4, the polytropic exponent n remains constant; 


also H,; remains constant. Hence 
Py n P, dH. 
Rei-— -— [12] 
P, H, dP, 
Static and total quantities at station 1 can be related by ape 


hy 


According to assumption 3, 
Hence 


P, = 


p: remains constant; also H; remains constant. 


|_| 
| | 
But, since H, is constant 
C2 


80 that Equation [14] can be written 


Y P; 
dP, = —— —d 
Equation [16] is now substituted into Equation [12] to eliminate 
dP,. Using also the definition of the polytropic efficiency 


Hy d(C;?/2) 


It would appear that Equation [18] is no improvement over 

Equation [10], since the derivative of a downstream quantity 

with respect to an upstream quantity still remains to be taken. 

The manipulation was performed in order to be able to work 

directly with velocities—H; is tied to velocities through the Euler 

equation of turbomachinery. The aim is to formulate the re- 

covery ratio in terms of the velocity-triangle shape. 

The total enthalpy behind the rotor can be written 


Hz = he + (1 + tan? ae) 3 


The geometry of a velocity triangle yields the expression 
U 
tana + tan 8B = — 
Cm 


a Hence Equation [19] can be put into the form 


Cu,* 


sec? Ba — tan = Ha — he >... [21] 


Taking the derivative of Equation [21] with respect to C;?/2 we 


find 
d(Crm2/2) Cms? d(sec? Br) d(tan Bi) 
se 


Bs + 2 a(tanB,) d(C,/2) 


Us d(Cm,?/2) U: e(tan B:) d(tan B,) 


— — tan ——™— —¢,, 
tan Pa d(C;2/2) d(tan B;) d(C,2/2) 
dH; 


d(C;2/2)  d(C,?/2) 


© 

d(tan B2) 

~~ d(tan B;) 


Detining 


and using Equations [15] and [20], and the fact that a, remains 
constant, the last equation can be written 

dh, 
d(Cm°/2) dh, 


d( C,?/2) shea 


tan Bz 


U 
sec? Bs tan Bs 


1 Cm2? cos? ay 


Ca? tan Bs 


The Euler equation of turbomachinery is 


H, = UAU2 — Cn, tan Be) — UiCm, tan a, + Mi, 
U2? — U2Cm, tan B2 — Ur sin mC, + A, 
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Differentiating 


dH, Ur 


U1 Cm? 
tan 
i 
SIn COS Q, 


We now eliminate d(C,,,2/2)/d(C,?/2) between Equations [23] 
and [25] yielding 


_ aH, dhs U 


Os) 
~ 2) sin Bz cos B; + —— sin a cos a; 


dh, Cm Ca, 
Cs sin cos B 

—— gi sin cos 

Ca, Cus n cos B2 sin cos a 

~4 

a Ca, Cm, cos? 8; cos? a, 


The term dh:/dh, in Equation [26] will now be evaluated. As- 
suming a polytropic exponent k which pertains to static quan- 
tities 


| 


Since p, and pz are constant, differentiation of this equation 
yields, assuming k is also constant‘ 


By using Weinig’s flat-plate cascade theory* an approximation 
of v has been obtained (see Equation [22] for the definition of v). 
Neglecting the change in C,, through the cascade, Weinig found 


where qg is a known function of solidity o and flat plate stagger 
angle &. This writer has found, by studying graphs of the exact 
function, that v can be represented with reasonable accuracy by 


the equation 
( at ry 1 — cos sec [28] 
1.28 


vy = exp | - 


In using this result in Equation [26] two further approximations 
are made: (a) Since the cascade theory holds strictly only for 
Cry = Cmy We assume C,,,?/Cm,? = 1; and (b) since £ is not usually 
known explicitly we replace it with B2, this being reasonably ac- 
curate because cos £ and sec £ are not very strong functions of £ 
for & less than 45 deg; also, 82 will in most cases differ from £ by 
only a few degrees. 

Substituting Equations [27] and [28] into Equation [26], and 
Equation [26] into Equation [18], the recovery ratio becomes 


Pr hy fhe sin B: cos Bs 


sin COS 


sin 8: cos Bz sin a; cos @; cos? cos? 


4 There is a slight inaccuracy here in that k will generally not be 
constant if n is constant. The error should be negligible for practical 
cases. 

“Die Strémung um die Schaufeln von Turbomaschinen,” by F. 


einig, J. A. Barth, Leipzig, Germany, 1935, 


ses 
Equation [12] becomes 
[26] 
| 
Pr 
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where 


If the fluid is incompressible, this reduces to — 


sin cos Bs 
Bs cos Bs 


sin COS Q 


R=n 


{ 
t sin Bs cos sin a cos cos? Bz cos? a 
exp | - (co Bo + Bs sec [3] 
APPENDIX 2 


A stage-velocity diagram is shown in Fig. 9. For an axial-flow 
stage with no change in axial velocity 


R = {29 
Af 


Fig. 9 Velocity triangles for rotor with no change in meridional 
velocity and no change in radius 


From the geometry of Fig. 9 this reduces to - 
We 


Since AW, = AC,, we have, factoring the numerator and de- 
nominator of Equation [30] 
+ Way 


R= Sl 


Using the substitutions 


and C,, = U — Wi, 


<& 


we obtain from Equation [31] 


(: 
~ U U 
1 
(1 — ¢ tan + ¢ tan B:2) 
or 
tan — tan = 
From the definition of x we obtain 
—— 
C,,2/2 
U(Cy 
2/2 


523 
UU — Wa Cu) 
C,,2/2 
tan Bs 
¢ ¢ 
or 
[33] 
2 
4 
‘Equations [32] and [33] can be combined to give 
4R — xe? 
tan = ——= [34] 
and 
wet 
[35] 


By expressing the sine and cosine in terms of the tangent, Equa- 
tions [34] and [35] can be substituted into Equation [3] for the 
recovery ratio. This yields the result 


= 4A + B) — 16A4B...............|7] 

« 

where 

4(1 — R) — x¢?_ 
16g? + [4(1 — R) xe") 
4 2 


+ [4R — x¢?]? 


Discussion 


George C. Ashby, Jr. Until the present time, the major 
effort to effect a solution to the inlet total-pressure distortion 
problem has been directed towards reducing the distortion before 
it reaches the compressor. Significant success has been achieved; 
however, the compressor will still be subjected to some flow dis- 
tortion. The paper is a valuable contribution towards the 
establishment of compressor stage design requirements as 
affected by total-pressure distortions. 

The Cascade Aerodynamics Branch of the NACA Langley 
Laboratory has also arrived at some of the conclusions pointed 
out by this paper. Since our approach was somewhat different, a 
brief presentation of it at this time would emphasize some of the 
important points. 

We limited ourselves to the incompressible flow case and the 
analysis was made on the basis of the same assumptions used to 
determine Figs. 5, 6, and 7 of the paper. A geometrical analysis 
of the velocity diagrams of representative inlet stages showed that 
a 90-deg included angle between the relative and absolute flow 
directions, at either the inlet or exit of the rotor, is optimum for 
eliminating total-pressure distortions across the stage. In a 
discussion with the author of this paper at the Langley Labora- 
tory, he informed us that he had derived an equation for the 
variation of total-enthalpy rise, across a stage, as a function of 
the square of the entering velocity. The form of this equation 
was not such that we could readily verify the conclusion of the 
velocity diagram analysis. Subsequently, an equation for the 
downstream total-pressure deficit was derived in terms of the up- 


stream total-pressure deficit and the included angles. Using _ 
this equation, the recovery ratio can be written as shown in Fig. 
€Cascade Aerodynamics Branch, NACA, Langley Aeronautical 
Laboratory, Langley Field, Va. ed 


if 
atte 


1 — Br sec 
P, = 
¢= U 
4 
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1- [cos 1B, + cos + ag) 


Fig. 10 Recovery ratio expressed in terms of flow angles 


10. This recovery ratio equation can be obtained from Equation 
[3] of the paper by ignoring the solidity term and assuming the 
efficiency to be 100 per cent. This equation verifies the analysis 
of the velocity diagrams. It can be seen that if either or both 
of the included angles (8; + a:) and (82 + ae) is 90 deg, the re- 
covery ratio will be 1.0. <A flow coefficient of 0.5 or less is re- 
quired for a 90-deg included angle; therefore as pointed out in 
the paper, the flow coefficient should be 0.5 or somewhat less for 
the greatést recovery. The conclusion that the loading should 
be light can also be arrived at from this equation. Since the 
term cos @2/cos a: varies directly with loading, for included 
angles other than 90-deg, light loading will produce the greatest 
recovery. In addition, it is interesting to note that if either 
included angle is greater than 90 deg, the recovery ratio will be 
greater than 1.0; however, if both angles are greater than 90 deg, 
it will be less than 1.0. 
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Tocheck the conclusions established by the analysis of the ve- 
locity diagrams and the equation, the wake of a !/,-in. diam rod 
was introduced upstream of a low-speed compressor rotor. Fig. 11 
shows some of the results of these tests. In this figure, we have 
the upstream and downstream wakes measured at the mean 
radius plotted as the ratio of the total-pressure deficit to the 
dynamic pressure at the rod against the circumferential distance 
measured from the center of the wake. In addition, we have the 
downstream wake estimated using the recovery ratio equation. 
The plots are arranged in order of increasing downstream in- 
cluded angle and provide some proof that a 90-deg included angle 
would be optimum for eliminating a total-pressure distortion 
across a stage. The included angles are 51.1, 64.3, and 79 deg, 
respectively. The values of the recovery ratio estimated using 
the equation with and without this included angle term, cos 
(82 + as), are shown in Fig. 11. Without the included angle 
term, we have recovery ratios of —0.01, 0.02, and 0.06, respec- 
tively. The differences between them are small, whereas includ- 
ing this term the recovery ratios are 0.39, 0.58, and 0.81, respec- 
tively, indicating by the larger differences between the three con- 
figurations that the predominant term is the exit included angle. 
The measured recovery ratios 0.64, 0.77, and 0.97 have differences 
between them of the same order as between the estimated values. 
Therefore the advantage of the exit included angle approaching 
90 deg is evident. Incidentally, the difference between the esti- 
mated and measured downstream wakes is a result of the small 
circumferential extent of the wake. 

It is hoped that this discussion has helped confirm the con- 
clusions of the subject paper. 


Author’s Closure 


I would like to thank Mr. Ashby for his comments. He is 
quite correct in stating that a recovery ratio of unity is assured 
when either the upstream or downstream velocity triangle has a 
90-deg vertex angle. Physically this can be seen to be true by 
considering that when the relative and absolute vectors are per- 
pendicular, a small change in the length of one does not affect 
the length of the other, and hence does not cause a total pressure 
perturbation relative to the other. 

Although I would not have guessed that the recovery ratio as 
formulated in this paper would apply to circumferential distor- 
tions of any kind, it is interesting to note that Mr. Ashby’s ex- 
periments are at least in qualitative agreement with this theory. 
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Cutting Temperature Distributions | 


af By G. S. REICHENBACH,' CAMBRIDGE, MASS. 


Two new methods of measuring cutting temperatures 
have been evaluated. The first is a radiation technique 
using a lead-sulfide cell. The cell is arranged to sight 
through a small hole drilled in the work material sensing 
radiation from the shear plane and clearance face of the 
tool. Peak temperatures in these regions have been ob- 
tained but shear-plane temperature distributions could 
not be determined successfully. The second technique 
uses a 0.005-in. single wire imbedded in the side of a work- 
piece as a thermocouple. With orthogonal cutting the 
tool passed beneath the wire so that the wire passed up the 
tool face still imbedded in the chip. By this method it 
was possible to determine the temperature field through- 
out the chip and work. These temperature fields have 
been compared to theoretical predictions and show only 
fair agreement. The lack of agreement is due partially to 
the simplifying assumptions of orthogonal cutting and a 
true geometric shear plane necessary for theoretical solu- 
tion. The necessity of locating the thermocouple junc- 
tion on the side of the work introduced errors from side 
flow of the chip and certain other edge effects. The itera- 
tion procedure of Trigger and Chao has been extended to 
tools of any rake angle and simplified by use of a conduct- 
ing-paper electrical analog. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


b = chip width 
E = electric voltage 
& = power component of cutting force 
F, = normal component of cutting force 
i = electric current 
K, = thermal conductivity of cutting tool 
= heat flux 
r = chip-length ratio 
S = radius of thermocouple wire 


T = dimensionless time 


t = chip thickness 

i’ = time 

V = cutting velocity 
= influence coefficient 
@ = temperature 
§ = average temperature 
« = thermal diffusivity 


INTRODUCTION 


The temperature distributions around and within a metal- 
cutting tool have long been of interest to those concerned with 
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increasing productivity of machine tools. The most common 
cause of tool wear and failure is the high temperature which is 
inherent in the cutting operation. A knowledge of the ways in 
which the cutting conditions, tool material, and work materials 
affect this temperature is helpful in choosing correct combinations 
and ferreting out troubles. 

Numerous investigators have attacked this problem of tem- 
perature distributions from both the experimental and analytical 
aspects with varying degrees of success. The subject in the gen- 
eral case is very difficult and we are a long way from a final answer. 
This paper hopes only to push back the cloud a little way. 
of the most significant efforts have been those of Herbert (1),? 
Gottwein (2), and Shore (3) who first developed the chip-tool 
thermocouple concept. Schwerd (4) with a radiation technique 
obtained some early information on temperature fields, much of 
which unfortunately has not been published. Schallbroch and 
Lang (5) applied temperature-sensitive paints to the tool. Axer 
(6), Kusters (7), Rall and Geidt (8) have buried thermocouples 
within the tool to obtain temperature fields therein. Schmidt 
(9) used calorimetric methods to obtain average temperatures. 

On the theoretical side, Hahn (10), Weiner (11), and Leone 
(12) temperature distributions. 
Loewen and Shaw (13) have calculated average temperatures on 
both the shear plane and tool-chip interface. Bickel (14) com- 
bines experiment and the conducting-paper electrical analog to 
calculate tool-chip interface temperature. Rapier (15) caleu- 
lates temperature fields based on the assumption of average shear 
plane and tool-chip interface temperatures. Trigger and Chao 
have contributed extensively to this field. Their latest works, 
(16, 17) present an iteration procedure which for the first time 

allows calculations of the temperature distribution along the 

_chip-tool interface. Vieregge (18, 19) has used graphical relaxa- 

tion procedures to calculate temperature fields within the chip, 
tool, and work. 

All of these theoretical calculations make simplifying assump- 

tions which may or may not be true in a particular cutting 

operation. 


Some 


have predicted shear-plane 


EXPERIMENTAL TECHNIQUES 


Radiation Method. Two new techniques of measuring tem- 
perature distributions in the cutting region have been evaluated 
here. The first was only moderately successful, the other seems 
capable of giving information about the temperature field within 
the chip and work. The first technique is shown schematically 
in Fig. 1. The actual cutting was done on a 24-in-stroke shaper. 

The stroke was set at 10 in. and cutting was done on a 6-in-long 
specimen. The cutting velocity was checked stroboscopicaliy 
and was essentially constant during the cut. The shaper was 
powerful enough so that it did not slow down appreciably in 
taking the rather heavy cuts necessary. 

The temperature-sensing element was a PbS (lead-sulfide) 
cell, a fairly recent development (20, 21, 22). A PbS cell is essen- 
tially a resistance of about '/2 megohm which changes its resist- 
ance slightly when exposed to radiation in the infrared region of 
1 to3 microns. This corresponds to the peak intensity of black- 


2 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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Fic. 2. Exvectricat Circuit Usep ror PsS Ceti 


body-radiation distributions in the approximate range of 500 to 
2000 F. The cell has a frequency response of 10,000 (cps). 7 
electrical circuit used is shown in Fig. 2. Changes in cell resist- 
ance are noted as changes in voltage on the oscilloscope. Th 
cell was mounted facing a 0.020-in. hole drilled in a workpi 
5/, in. thick. When a cut was taken on the opposite side, the 
following sequence of events occurred: First the cell sights out 
through the hole upon the spotlight which was placed at a con- 
siderable distance to ensure parallel light rays. There was 
sufficient infrared radiation in the light to activate the cell. As 
the tool advances, the shear plane arrives at the hole and closes 
it over, as shown in Fig. 1, cutting off the light and producing a 
voltage change in the PbS cell. This signal was used to trigger 
the sweep on the oscilloscope. As the cut proceeds the PbS cell 
sights on various points of the shear plane and then on the clear- 
ance face of the tool. Finally the flat reference edge of the t: 
passes re-exposing the spotlight. Fig. 3(a) shows the tre 
obtained during such a cut. The shaper is then run witho 
cutting and a trace as in Fig. 3(b) is obtained. The two traces 
in Fig. 3(b) represent the cutting and return stroke of the shaper. 
The cutting stroke, the longer trace, is scaled off and the same 
distance measured on the trace obtained during cutting. Since 
this square wave represents the width of the tool this procedure 
locates the cutting edge of the tool. Also, if the width of the tool 
from cutting edge to reference edge is known it gives a convenient 
relation between shaper cutting speed and oscilloscope sweep 
rate. 
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Fic. 4 Metnop or Catipratinc Cert With ELectricatty 
HeaTep SuRrACcE 


A calibration of the cell is needed before the trace of Fig. 3(a) 
can be interpreted. The cell was calibrated in place by removing 
the cutting tool from the shaper and placing in the tool holder a 
small electrically heated furnace, Fig. 4. The shaper was then 
set in operation reciprocating the furnace back and forth. Each 
time the heated surface passed the 0.020-in. hole a signal was 
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recorded on the oscilloscope. A standard chromel-alumel 
thermocouple monitored the furnace temperature. Various sur- 
faces were placed on the furnace to check the effect of changes in 
emissivity. If one starts with a clean surface of 1020 steel the 
calibration curve on rising temperature is not the same as that 
with falling temperature as a result of oxidation, Fig. 5. Since 
it was felt that the hot surface in the actual cutting test would 
not be oxidized, owing to the very short time available, the initial 
portion of the calibration curve was extrapolated (dotted line) 
to higher temperatures parallel to the descending temperature 
curve. A similar curve run with 304 stainless showed very little 
oxidation and consequently only a single curve. The stainless 
had a considerably lower emissivity than the 1020 steel. How- 
ever, the change in cell output varies so rapidly with temperature 
that not knowing the exact emissivity was not too important. 
The reproducibility of this method while cutting was estimated to 
be +25 deg F. The speed of the shaper had no effect on the cell 
output in the range 65-240 fpm. As progressive cuts are taken, 
the work becomes thinner and a greater amount of energy reaches 
the PbS cell. It was necessary to correct all readings back to a 
full §/,-in-long hole. It can be shown that the energy passed is 
approximately proportional to /'/* where J is the hole length. 
This was checked experimentally by cutting under identical con- 
ditions with various thicknesses of the workpiece and found to be 
true. 

The minimum temperature which gives a useful reading is 
about 450 F. For the materials tested the shear-plane tem- 
peratures are below this except near the face of the tool; there- 
fore the hoped-for shear-plane temperature distribution along the 
shear plane could not be obtained over its entire length. Also, 
the fourth-power radiation law gives such a large variation in 
reading that when the attenuation on the oscilloscope was set 
high enough to keep the maximum readings on scale the low- 
temperature regions could not be noticed. There is a 100 to 1 
change in reading when going from 500 to 1000 F. 

High-strength materials and low-rake-angle tools would lead 
to high shear-plane temperatures but this combination unfor- 
tunately tends to give very discontinuous chips at large depths 
of cut. At small depths of cut (less than 0.010 in.) the length 
of the shear plane will be less than the hole diameter. To obtain 
a reasonable indication of distribution the shear plane should be 
several times the hole length. 

Maximum temperatures always were obtained at the tool point 
and this maximum is reported here. This temperature does 
not come to equilibrium in the length of cut possible with a 
shaper, Fig. 6. Fig. 7 shows the effect of various materials and 
depth of c ut. Since the length of cut is important all these data 
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orkpiece a small distance down from the top. If a planing cut 
made with sufficient depth of cut so that the tool point passes 
below the thermocouple, a complete history of temperature at 
the thermocouple is obtained. As the tool approaches, the tem- 
perature rises ahead of the shear plane by conduction; as the 
shear plane passes, there is a sharp rise in temperature caused by 
the plastic deformation. The chip still containing the thermo- 
couple now slides up the face of the tool and additional heating 
due to friction is recorded. Fig. 9(c) shows a trace of such an 
eration with the output of the thermocouple fed into a pre- 
mplifier-oscilloscope combination. Fig. 10 shows the side of a 
1ip with the thermocouple wire still imbedded after the cut. 
he wire has been bent over to make its position clear, the hole 

»ing normal to the surface. 

The wire used was 0.005 in. constantan which was staked into 

hole drilled about 0.020 in. deep with a 0.005-in. spade drill. 
Che staking procedure imbedded the wire firmly enough so it was 

ossible actually to lift the specimen by means of the wire. The 
rearing operation tends to deform the round hole into an ellipse, 
gripping the wire all the more firmly. 

All cuts using this procedure were at a 0.050-in. depth of cut 
since it was felt that with any lighter cut, the diameter of the 
wire would be too great a percentage of the chip thickness and 
would interfere with the cutting process. 

The point at which the temperature is measured is by necessity 
close to the side surface and the temperatures here may be less 
than average. Radiation losses should be small but there are 
losses due to conduction along the wire. The most serious 

bjection is that the cutting operation is not completely two- 
imensional there being some side flow which is not uniformly 
istributed. Most of the side flow takes place near the side 
irfaces and hence this is a region of less severe plastic flow than 
verage. However, in spite of these difficulties, the readings are 
speatable and form a temperature field similar to what was 
xpected. 

There was some question whether the thermocouple wire would 

ome to equilibrium as it goes through the shear process. To 

rrive at an approximation of the time constant, the following 
ssumptions were made: 


(a) The thermocouple wire does not deform itself and hence 
oes not generate any energy within its boundaries. 

(b) The wire surface is maintained at the temperature of the 
irrounding bulk material. 


Fic. 9 ImBEDDED THERMOCOUPLE OUTPUT AT VARIOUS POSITIONS 
DurinG a Cut 


are for the temperature at the tool point after 3'/2 in. of cutting. 
The range of cutting conditions used was limited due to the 
tendency of the 0.020-in. hole to close over with a burr. This was 
especially troublesome at small rake angles and slow speeds. 
Thermocouple Method. The second and more successful tech- 
nique is schematically shown in Fig. 8. The measuring element 
is a small single-wire thermocouple imbedded in the side of the Fic. 10 Sipe View or Carp With THERMOCOUPLE IN PLACE © 


- 
= 1 Below new surf 
+ + ; + 4... 4 4 
Middle of chip 
> 
‘ 4 


APRIL, 1958 


(c) For the readings to be useful, the wire surface should be 


essentially at equilibrium in less than the time it takes to move 
0.005 in. 

(d) The thermocouple junction may be approximated as an 
infinite cylinder with a constant surface temperature. 

Jaeger (24) gives a solution for the foregoing problem in terms 
of the dimensionless time 


where 
« = diffusivity of cylinder = 0.0101 in.?/sec for constantan 
time 
S = cylinder radius 


~ 
ll 


For 0.005-in. constantan wire cutting at 30 ips, 7 = 0.3. 
From Jaeger’s plot’ the following conclusions can be drawn: 
The temperature at the wire axis has reached 70 per cent of the 
interface temperature, and at 90 per cent radius the temperature 
is 96 per cent of the interface temperature. Since the actual 
junction is at the surface, it seems reasonable to assume the actual 
surface temperature is measured. 

The problem of correlating shaper speed with oscilloscope 
sweep rate and locating temperature readings with specific points 
on the work is again presented. This has been overcome by 
using a dual-beam oscilloscope with both beams sweeping on a 
common time base. A chopper was attached to the cutting tool, 
the front edge of the chopper being lined up with the cutting 
edge. The previously described PbS cell was attached to the 
work on the far side of a 0.020-in. hole. A spotlight was set so 
that the chopper interrupted the light path to the cell, resulting 
in a square wave on the screen. The scope was set on triggered 
sweep, the sweep being triggered by the output from the PbS 
cell. The 0.020-in. hole was located 0.250 in. ahead of the 
thermocouple so that the sweep was well in progress when 
the thermocouple first began to heat up. The thermocouple is 
connected to the second channel of the scope through a pre- 
amplifier. 

With careful location of the holes using a toolmaker’s micro- 
scope, it was possible to locate readings to +0.003 in. on repeat 
runs. The smallest temperature capable of being read was 0.1 
deg F, being limited by extraneous noise and 60-cycle pickup. 
The exact location of the thermocouple in the vertical direction 
was obtained from the chip which was recovered after the cut 
and measured with a microscope. 

Fig. 9(a, b, c) shows a series of traces from a typical group of 
Fig. 9(a) is the temperature below the new surface, the 
thermocouple not having been cut away. Figs. 9(c, d) show cuts 
with the thermocouple located progressively closer to the tool 
It should be noted that the temperature rise starts rela- 
tive to the timing trace earlier and earlier. This is because the 
shear plane precedes the tool and hits the thermocouples near the 
surface sooner than those located at a depth. The trace below 
the surface, Fig. 9(a), is retarded by the time it takes the tem- 
perature wave to progress down into the metal. Extra traces 
on some of the pictures are due to the fact that the camera was 
operated with an open shutter. The experimental procedure 
was to set up the equipment, feed the shaper down the desired 
depth of cut, open the camera shutter, engage the shaper clutch, 
and close the shutter after the cut. If the shutter was not closed 
soon enough, the chopper would trigger a second sweep on the 
return stroke of the shaper. To obtain a set of traces as in Fig. 9 
requires three specimens. 

The voltage readings may be interpreted as temperatures with 


3 Reference (24), p. 175. 
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a suitable calibration. For the runs in which steel was cut, a 
calibration of constantan wire versus 1020 steel was used. This 
did not differ by more than 10 per cent from the standard pure 
iron versus constantan tables. For the runs in which copper 
was cut, the standard copper-constantan tables were used. 

The data of a set of photographs, such as in Fig. 9, are sufficient 
to plot a temperature field. Using a pair of dividers one can 
locate points on the oscilloscope trace representing convenient 
temperature levels, say, 100, 200 F, and soon. Then, using the 
second trace given by the chopper, the location of these points 
with respect to the tool point in a horizontal direction may be 
determined. The vertical position of the point in question is de- 
termined by measuring the location of the imbedded wire after 
cutting. If four or five specimens are cut and their traces read 
in the fashion described, a plot of the temperature field in the 
work and chip may be constructed, each specimen giving tem- 
perature information along a given horizontal line. Fig. 11 
shows several fields plotted from information obtained from 
this imbedded-thermocouple technique. The circles representing 
data points have been drawn to scale so that they represent 0.005 
in. which was the thermocouple-wire diameter. 

The data for cutting steel at 100 fpm stops at the shear plane. 
This was due to the fact that the chips were on the verge of be- 
coming discontinuous and the stress concentration induced by the 
hole was sufficient to cause a crack to advance across the chip. 
The thermocouple wire would fall out when the chip broke. 
Other steels such as 4340 and stainless tend to be semidiscon- 
tinuous at a large depth of cut and the shaper speeds were not 
great enough to avoid discontinuity. This limits the technique 
to relatively few metals. 

Temperature distributions along the shear plane and tool face 
also may be extracted from these data and will be discussed. 
The tool-face distributions necessitate extrapolation of the iso- 
therms to the face. However, this is not a serious source of 
error as the temperature gradients are not very steep within the 
chip. 


ANALYsIS OF EXPERIMENTAL RESULTS 


Before the results can be compared with any theory, it must 
be decided whether they are for the steady-state condition or 
whether transients still exist. 

The experimental results show an apparent contradiction. The 
results from the PbS cell show a definite rise in temperature with 
time, equilibrium not having been approached even after 0.2 sec. 
Chip-tool thermocouple measurements show essential equilibrium 
after only 0.045 sec. 

The shear-plane temperatures must come to equilibrium very 
quickly. Consider the model proposed by Loewen in which the 
chip arrives at the shear-plane temperature with essentially no 
delay. The shear-plane temperature is likened to a frictional 
slider. Jaeger shows that for a nonconducting slider, equilibrium 
is obtained by the time the slider moves about three times its 
own length. In all the experimental work, the shear-plane sliding 
was at least ten times its own length and for all the inserted 
thermocouple tests it was 35 times its own length. 

The chip-tool interface does not come to equilibrium as 
quickly. For the shear plane, there is no extensive heat sink 
which must come to equilibrium. However, the body of the tool 
can absorb quite a bit of energy before it reaches temperature 
equilibrium. 

Cutting-tool temperatures can be visualized as three superposed 
phenomena. As the cut starts, small asperities heat up and 
come to a quasi-equilibrium very rapidly as indicated by the 
tool-chip thermocouple. However, as heat flows into the tool 
proper, a second much slower transient comes to equilibrium. 
Finally, the workpiece temperature gradually comes to equilib- 
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rium. This has been noticed before in the work of Schwerd, 
Rall and Geidt, Schallbroch and Schauman—all of whom noticed 
that steady-state temperature distributions took one to two 
minutes to be reached. 

Shear-Plane Temperatures. Fig. 12 shows a plot of shear-plane 
temperatures for steel and copper obtained from the thermo- 
couple technique. Also plotted are the theoretical values from 
Loewen’s and Vieregge’s theories. In calculating these values, 
there was some question as to what the proper chip-thickness ratio 
was. If one looks at the cross section of an experimental chip, 
it is not a rectangle. Fig. 13 shows typical cross sections. Ini- 
tially, chip-thickness ratios were obtained in the usual manner 
by measuring chip lengths. Temperatures calculated from 
these were much higher than the experimental values. There 


apparently is some side flow which is not uniform but rather is 
concentrated near the edges. Since the inserted thermocouple 
is near the edge, it measures the temperature there. With side 
flow, the shearing process becomes very complicated and is not 
easily analyzed. As an approximation to the actual strain, the 
chip-thickness ratio at the chip edge was used to calculate the 
shear-plane temperatures. This lowers Loewen’s result for aver- 
age shear-plane temperature so that it coincides quite well with 
experimental evidence. 

Vieregge’s theoretical curve is a little too high in average value 
and is of an entirely different shape from the experimental curve. 
Weiner’s results are essentially the same as Vieregge’s. There 
are three factors which might contribute to this discrepancy. 
First, the side flow is more extensive near the top of the chip 
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both Vieregge and Wiener essentially neglect heat flow in the 
direction of cutting so that calculated temperatures on the for- 
ward end of the shear plane will be higher than in reality. 


than near the tool face, side flow being restrained by the bulk of 
the work and the friction on the tool face. Secondly, as Loewen 
points out, the shear strain is not uniform across the chip thick- 
ness, but is greater near the tool face. This nonuniformity of 
strain was inferred from microhardness reading across a chi 
Thirdly, none of the theories takes into account the influence 
the friction process on the tool face. This undoubtedly raise 
temperature on the shear plane near the tool face. In addition, 
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material 


ips 
30 
42 


Rake, 
deg 
15 


F, 
2050 
1675 


Fy 
500 


Table 1 gives the experimental conditions. @ is calculated 
from Loewen’s theory using the average chip thickness while 6’ 
is calculated using the chip thickness at the edge. 

From Vieregge’s paper one also can calculate the temperature 
gradient ahead of the shear plane. The calculated gradients are 
much steeper than those indicated in Fig. 11. The distance ahead 
of the shear plane at which ambient temperature obtains is in 
actuality 10 to 12 times the distance which present theories pre- 
dict. This probably results from the fact that the mathematical 
model of a simple shear plane is not true but that rather a shear 
zone of some finite thickness is more realistic. This would cause 
shear energy to be released over an extended volume, resulting in 
a more extended zone of high shear temperature. 

Tool-Face Temperatures. The results on the tool face are not 
so easily explained. Fig. 14 shows the imbedded thermocouple 
results plotted along with several possible theories. The experi- 
mental points have been obtained by extrapolating the experi- 
mental isotherms to the tool face, a distance of about 0.003 in. 
Chip-tool thermocouple measurements also have been obtained 
in the usual manner and are included. 

The theoretical curves shown could not be calculated directly 
by any of the presently published theories. The work of Trigger 
and Chao is limited to cutting tools with a 90-deg included angle 
and steady-state conditions. It also requires the use of a digital 
computing machine which may not always be convenient. A 
new method of calculating tool-chip interface temperatures will 
be outlined. This technique draws strongly on the iteration 
procedure of Trigger and Chao but has important differences 
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Aver- Edge 
age r val.r 
0.48 
—120 0.45 


6, deg F 6’, deg F 
450 341 
286 243 


(t) b 
0.62 0.050 0.187 
0.54 0.050 0.250 


SOURCE 


Fic. 15 Metuop or Breaxinc Up Toor-Cuip INTERFACE 
which may make it desirable in certain cases. The basic iteration 
idea has been retained with the new method of calculation. The 
iteration procedure breaks the interface up into n small areas, 
Fig. 15. The temperature distribution in the direction of chip 
flow is calculated assuming that each small area is at uniform 
temperature. The rate of generation of thermal energy is con- 
sidered uniform and equal at each small area but the partition 
between tool and chip varies from area to area. 

Trigger and Chao set up two mathematical models to describe 
the temperature distribution along the chip-tool interface in 
terms of the heat flux of each segment. The first model is a set 
of n simultaneous equations which describe the temperature 
distribution on the tool side of the interface due to an arbitrary 
heat-flux distribution. The second model is a set of simple sum- 


_ mation equations which describes the temperature distribution 


on the chip side of the interface due to an arbitrary heat-flux 
distribution. In the iteration procedure the total tool-chip 
interface energy is partitioned so that both mathematical models 
give the same temperature distribution.‘ 

The possibility of solving this problem by electrical analog is 
appealing. It limits the solution to two-dimensional cutting. 
This may be an improvement on Trigger and Chao’s analysis 
since they consider a somewhat approximate model. The tool 
is treated by use of rectangular sources on a semi-infinite body. 
The chip is treated by use of a moving-band source on a semi- 
infinite body. The mid-point temperature distribution for the 
rectangular source is equated to the band-source distribution. 
This is only approximately true. 

Electrical analogs using conducting paper take advantage of 
the similar laws governing temperature fields and voltage fields. 


The following proportionalities hold —_ 


Voltage gradient ~ temperature gradient 
Current ~ heat flow —s 


Resistance ~ 
A model, Fig. 16, was cut from conducting paper with a geom- 
etry similar to the tool. Along the chip-tool interface A, ten 
segments were given a coating of Woods metal. The far side of 
4A recent paper has been brought to the author's attention in 
which Trigger and Chao change this process to be noniterative al- 
though a digital computer is still used: ‘Temperature Distribution 
at Tool-Chip and Tool-Work Interface in Metal Cutting,”’ by B. 
T. Chao and K. J. Trigger. Trans. ASME, vol. 80, 1958, pp. 311- 
320. 
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the tool B was coated with a continuous strip of Woods metal to + 
indicate the tool support and sink for the heat. Wood’s metal 7 


is easily and quickly applied with a hot plate, while the usual 
conducting silver paint takes considerable time to dry. There 
are two possible ways to use this model. The first is to ground 
the sink and apply a voltage to each of the ten sources which is 
proportional to the temperature at the equivalent spot on the 
tool. This procedure was tried but it was a very difficult trial- 
and-error procedure to adjust the voltages on the interface 
Changing one voltage affects all the others. Possibly if a very 
low-resistance voltage-dividing network had been used for the 
supply voltages, a faster adjustment would have been possible. 
Once the voltages have been adjusted, the current flow into each 
source is measured. The following relation then converts cur- 
rent into heat flow 


_.. K (OPS) 
E (area) [2] 


where 


q = heat flow, Btu/sq in. sec 
K = thermal conductivity of metal, Btu/in. sec deg F 
E = voltage applied 
i = current flow, amp 
area = equivalent area on tool of unit thickness through which 
heat flows 
OPS = resistance of conducting paper ohm/square (this value 
is independent of size square chosen) 


The second method of using the analog is described in a recent 
work by Bonneville (23). He recognizes that the governing 
equation of heat flow (or electrical flow) is a linear one and that 
simple solutions may be added to obtain a complex solution. 
For instance, if a unit voltage is applied to one of the segments 
and all the rest are grounded, current will flow in at the chosen 
segment but out through all the others. If a different segment 
is then put at unit potential and all the remaining ones grounded, 
a second set of current flows will be obtained. If both segments 
had been put at unit voltage simultaneously, the resultant cur- 
rents in all segments would simply be the sum of the two indi- 
vidual cases taking careful account of plus and minus signs. 

Bonneville suggested determining a set of influence coefficients 
for any model. Each segment is independently put at unit 
potential and the currents measured at all segments. This deter- 
mines a group of influence coefficient a;; meaning that if the ith 
station is at unit voltage, a current a will flow through the 


Too. 


Fie. 17 Circuit ror MEasuRING INFLUENCE COEFFI 
CIENTS 


jth station. A plus sign indicates current flow to the model, a 
minus sign out of the model. 

Fig. 17 shows the circuit employed for measuring the currents 
when this analog was applied to a model of a cutting tool. Cor- 
rections for ammeter resistance may be made for greater accu- 
racy. Bonneville describes this correction. However, in this 
work the increase in accuracy was not significant when actually 
tried. In terms of the influence coefficients, the heat flow into 
any segment 7 is 


where a@;; has been put into heat units according to the analog 
concept. 

Using this analog, one can then essentially solve the simul- 
taneous equations of Trigger and Chao and eliminate the necessity 
for a digital computing machine. Influence coefficients have 
been determined for the 90-deg included-angle tool of Trigger 
and Chao as well as tools with included angles of 70, 55, and 
40 deg. The coefficients for a 70-deg tool are given in Table 2. 

As a check on the accuracy of the method, a temperature dis- 
tribution determined on the computer by Trigger and Chao has 
been applied to the analog and the resultant heat flow deter- 
mined. When this is compared to the computer solution for 
heat flow, the differences are too small to have any influence on 
the temperatures. 

The iteration procedure is followed as before except that when 
using the influence coefficic..ts a simple set of summations is in- 
volved rather than simultaneous equations. 
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TABLE OF INFLUENCE COEFFICIENTS FOR 70-DeG INcLUDED ANGLE 
(Resistance of paper 1410 ohms per square) 


Current Flow out of each Segment - Milliamps 


Segment at 4 volte 


8 


This manner of calculation has been used first assuming a uni- 
form distribution of tool-chip interface energy and secondly 
assuming the same total energy to be liberated with a triangular 
variation. Twice the average value is liberated at the tool edge, 
the value dropping off linearly to zero at separation. 

The results for steel show the analog solution much higher 
than experiment. To see if the difference could be explained 
by the lack of time to reach equilibrium, a simplified mode! for 
the tool has teen set up. It was reasoned that for early stages 
of heat flow into each of the ten small areas on the tool, the sources 
would show very little influence on each other. The heat flow 
into each has been approximated as a semi-infinite body with a 
constant surface temperature. Jaeger gives the resulting heat 


This approximation should be quite good except for the last 
segment at the point of separation. 

Since this flux is time-dependent, the time for the tool to travel 
from the start of the cut to the thermocouple has been used. 

This results in a higher heat flux to the tool than in the steady 
state, the extra energy being absorbed by the heat capacity of the 


tool. The iteration procedure is the same as before except the 
tool-flux distribution is determined from Equation [4] instead 
of the analog method. This lowers the calculated curve some- 
what to the curve marked short time of Fig. 14. However, for 
steel, the discrepancy is still very large. This may be due to a 
nonuniform distribution of pressure across the tool-chip inter- 
face. Since the pressure is low near the side surface, the friction- 
energy release will be less than average and the resultant tem- 
perature rise will be reduced. It also was necessary to make the 
tool slightly wider than the work to insure complete orthogonal 
cutting. This extra metal on either side of the tool is at variance 
with the assumed orthogonal model. More heat would be ex- 
pected to flow into the tool near the side face. Examination of 
the rake face of the tool after cutting, Fig. 18, shows that tem- 
percolors indicate lower temperatures at the edge. It is unfor- 
tunate that tempercolors cannot be calibrated accurately as they 
would be a valuable tool to investigate temperature fields. It 
also follows that if temperatures are below average on the edge 
they must be above average elsewhere. 

Several qualitative conclusions can be drawn from Fig. 18. 
The peak temperature as indicated by the tempercolors seems 
to be near the center of the contact area and not near the point 
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of separation as calculated by Trigger and Chao. The contact 
does not seem very complete as the point of separation is reached 
but is quite sketchy. The build-up near the center of contact 
is probably not there during cutting. At the end of a stroke the 
chip is usually welded to the tool and breaks off on the return 
stroke leaving some build-up. At higher speeds this build-up is 
not present at all. The tool in the illustration was freshly ground 
and then used to make one pass, 6 in. long, on a 1020 steel speci- 
men at 0.050 in. depth of cut. 

The copper results do not show as great discrepancies as those 
of steel. With copper, very little of the friction energy goes to 
the tool—only 1.1 per unit. Also, temperature gradients across 
the chip would level out more rapidly owing to the high con- 
ductivity of copper. 

As a final check on the meaning of the experimental temperature 
measurements the partition of cutting energy was determined. 
The heat flow to the tool was measured directly by using the 
tool as its own calorimeter. A thermocouple was attached to 
the tool body, a cut was taken, the tool was then rapidly trans- 
ferred to a thermos flask, and finally its temperature allowed to 
come to equilibrium. From a knowledge of the tool-bit weight, 
specific heat, and time of cut, the heat flow to the tool was caleu- 
lated. The heat contained in the chip was determined from the 
temperature distribution across the chip at the point of sepa- 
ration. The heat flow to the work was calculated from Loewen’s 
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analysis. The over-all cutting energy is known from dynamom- 
eter measurements. 

One can now make a heat balance on the cutting operation. 
The over-all cutting energy as measured by a dynamometer 
should be equal to the sum of the heat flowing into the tool and 
the work, plus the energy contained in the hot chip. Since such 
a large portion of the total energy is in the chip, if the experi- 
mental points were in error as much as the theoretical calcula- 
tions seem to indicate the heat balance would have a much larger 
unaccounted-for term than was obtained. The total energy in the 
chip is close to that calculated; however, it is much more spread 
out and not concentrated near the interface, Table 3. 

Taste 3 Curtinc-ENerRGy DISTRIBUTION 
Chip, Tool, Work, Unaccounted, 


percent percent percent per cent 
Steel at 150fpm .. 58.6 21 13.5 6.9 
Cu at 217 fpm..... 51.2 9.9 23.8 15.1 


The unaccounted-for energy term does not seem to be large 
enough to account for the discrepancy between theory and ex- 
periment in the case of steel. If all the unaccounted-for energy 
is assumed to be released at the tool-chip interface and the ex- 
perimental temperatures raised by an appropriate factor, the 
copper results fall almost exactly upon the curve marked “short 
time.’’ The steel experimental values are raised only slightly and 
the lack of agreement is essentially unchanged. 

The heat flux to the tool as measured corresponds almost ex- 
actly to the tool flux as calculated by the short-time procedure, 
giving further confidence that the measured tool temperatures 
are those actually existing and that one must look to the theo- 
retical calculations to explain the discrepancy. 

If one theoretically calculates temperature gradients normal to 
the shear plane or tool face, and compares these values with ex- 
perimental values, it is found that the experimental gradients 
are much less steep than the moving heat-source theories pre- 
dict. This again would seem to indicate that cutting energy is 
not released on simple planes but rather the shear plane is a broad 
zone, and that there is much secondary shear within the chip 
as it slides up the tool face. This observation is especially im- 
portant with respect to the tool face. If the tool-face cutting 


‘ energy is not released on a plane but rather is spread out over 


a significant volume, the moving heat source is much less intense 
and the resulting gradients not so steep. The net result is that 
peak temperatures are much less than expected. 

The whole concept of secondary shear or additional deforma- 
tion within the chip after passing the shear plane is not well 
understood. Its extent seems to depend markedly on cutting 
speed and chip thickness. The conclusions drawn here for rather 
thick chips may not be true for thinner chips or higher velocities. 


CONCLUSION 


The results presented in the paper are far from definitive and 
do not propose to resolve the question of cutting temperatures. 
However, several conclusions can be drawn. First, the shear plane 
and tool face cannot be considered as simple mathematical, plane 
heat sources. They are both zones of finite thickness throughout 
which energy is liberated. The assumption of a plane does not 
affect to a large extent the peak values of the shear-plane tem- 
peratures since shear-plane temperatures depend more upon the 
total shear energy released per unit volume of metal than 
the manner in which it is released. However, on the tool 
face the peak temperatures depend strongly upon the distribu- 
tion of the tool-face energy. If all the energy were liberated at 
the actual tool-chip interface much higher temperatures would 
result since the energy can flow into the chip only by conduc- 
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tion. On the other hand, if the amount liberated in secondary 
shear is significant, the total energy will be spread out over a 
greater volume and peak temperatures will be less. 

The conclusions just drawn may be important for a large 
depth of cut (0.050 in.) while for smaller values the assumptions 
in the usual theories may be more nearly true. Using special 
drilling equipment, which was not available when this work was 
done, it should be possible to drill holes 0.001 in. or smaller and 
investigate temperature fields in thinner chips by means of the 
imbedded-thermocouple technique. The finer wire also would 
have less tendency to promote cracks and discontinuous chips. 

The shape of the shear-plane temperature distribution is con- 
siderably affected by the foregoing conclusions. If secondary 
shear is important it will raise temperature on the shear plane 
near the tool face. Also, if the shear plane is actually a zone, 
there will be more time for and area from which the shear energy 
may flow into the work. 
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Discussion 


W. H. Grept. The extensive investigation reported in this 
paper was clearly carefully conducted and resulted in very in- 
teresting and informative data. The comparison between the 
measured and theoretical shear-plane temperature distributions 
in Fig. 12 is particularly revealing. The experimental curves in- 
dicate a relatively high heat rate (inferred from the slope of the 
curves) parallel to the shear plane near the cutting edge. This 
gradually decreases to zero at the outer surface of the workpiece. 
The high rate near the tool cutting edge is quite understandable 
in view of the greater deformation of the chip in this region and 
the heat generated by the friction between the chip and tool. 
The zero value at the free surface is consistent with observations 
[see e.g., reference (8) of the paper] that convection heat losses in 
the cutting process are negligibly small. In contrast to the experi- 


7 5 Associate Professor of Mechanical Engineering, University of 
California, Berkeley, Calif. Mem. ASME. 
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mental temperature distribution, the theoretical curves indicate 
a zero heat rate parallel to the shear plane near the cutting edge, 
increasing to a very high value at the outer surface of the work- 
These differences point out sharply shortcomings in the 
analytical approaches to the problem, and of course suggest where 
improvements must be made. 

The extrapolation of the measurements to obtain tool-chip in- 
terface temperature distributions and the comparison with availa- 
ble theoretical predictions yield very thought-provoking results. 
The generally good agreement between tool-chip thermocouple 
measurements and theory reported by previous investigators is 
an important factor in this matter and must not be forgotten. 
That the reported measurements may be low due to side flow in 
the chip has been noted by the author, although the energy- 
balance measurements tend to substantiate their reliability. It 
should be noted, however, that very high temperature gradients 
exist in the chip near the tool-chip interface, and significantly 
higher temperatures in this small region might not influence the 
energy balance greatly. 

Resolution of this question will require further measurements. 
Whether these can be accomplished with the embedded-wire tech- 
nique or not is difficult to say. The use of smaller wires as men- 
tioned by the author certainly merits investigation. The sugges- 
tion that holes in which they are mounted be drilled deeper will 
not, however, result in a measurement of the temperature closer 
to the center of the chip. This is because a thermocouple emf de- 
pends primarily on the temperature where the two dissimilar 
metals first meet, which in this case is where the wire enters the 
chip. Electrical insulation of the wire except near the bottom of 
the hole would achieve the desired result. The thickness of the 
insulation to be used and its integrity during the cutting opera- 
tion would, of course, require careful consideration and might 
present, serious problems. 


piece. 


M. B. Hotuanpver.® The author is to be commended for his 
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valuable contribution to the experimental measurement of metal- 
cutting temperatures. 

A similar experimental investigation, ‘Experimental Measure- 
ment of the Temperature Distribution in the Workpiece During 
Metal Cutting,” is the subject of this writer’s doctoral research 
at Columbia University.’ Both a single fine-wire-thermocouple 
technique and an infrared microradiation-pyrometer technique 
were employed. In view of the similarity between the author’s 
techniques and those of the writer, the following comments are 
offered: 

In order to obtain a reliable thermocouple junction, the writer 
elected to solder a single, fine thermocouple wire into a drilled 
hole on the side of the test slab. A peened joint, as the author 
used, does not necessarily guarantee good electrical and thermal 
contact around the circumference of the thermocouple wire al- 
though the junction may be mechanically strong. Complete 
thermal and electrical contact are necessary for reproducible 
thermocouple data. 

Paschkis* predicted very steep temperature gradients in the 
workpiece. He computed that shear-plane temperatures drop to 
50 per cent of their maximum value 0.005 in. beneath the ma- 
chined surface. In order to measure these steep gradients, it was 
decided to solder a very fine constantan wire, 0.0005 in. diam 


7 The early phase of this research was conducted with the financial 
support of the ASTE. 

8“Temperature Distribution in the Workpiece by Means of Elec- 
trical Analogy,” by V. Paschkis, ASTE Research Report No. 1, Nov. 
5, 1954, Columbia University, New York, N. Y. 
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into a hole 0.001 in. diam, The author used a 0.005-in-diam 
peened junction. 

The writer made several 0.0025-in. cuts without destroying the 
junction. It was found when measuring temperatures near the 
shear plane, that the 0.0005-in-diam wire was not thin enough. 

Figs. 19 and 20 of this discussion contain the results of typical 
experiments using an aluminum and a brass slab. There seems to 
be agreement between the author and the writer in so far as indi- 
cating that the temperature gradients in the workpiece are ex- 
tremely steep. The author took heavy cuts and attempted to de- 
termine shear plane and chip temperatures. The writer took fine 
cuts and was concerned with the temperature distribution be- 
neath the shear plane in the workpiece. 

The writer employed an elaborate electronic and optical ar- 
rangement for position marking of the thermocouple junction 
during the short interval of time the junction was in the immediate 
vicinity of the cutting tool. The junction was located to an ac- 
curacy of +0.0002 in. A high-gain, microvolt, low-noise pre- 
amplifier was employed in conjunction with the position-marking 
circuit in order to measure temperature increment as low as 1 deg 
F to an accuracy of +0.05 deg F. 

In the course of collecting data, the writer found several oscillo- 
scope records indicating that the thermocouple junction was car- 
ried through the shear plane and into the chip before being de- 
stroyed, Fig. 21. In Fig. 21 the interrupted sweep is accomplished 

*The cutting geometry and workpiece material were selected in 
order to evaluate Paschkis’ heat and mass-flow analyzer solution. 


Fic. 20 Temperature DistripuTion 4 Brass Workpiece Durtnc OrTHOGONAL MetaL 
— 


Fic. 21 Oscrttoscope Recorp or TEMPERATURE History tn Brass 

Workpiece WHERE THERMOCOUPLE Passes InTo SHEAR PLANE. 

Cuiippep SEGMENT OF Sweep Represents 0.020 In. Eacu 
VerTICAL ScaLe Division Equats 30 Dec F Rise. 


by the electronic and optical arrangement for position marking. 
Each segment of the sweep represents 0.020 in. of tool travel. 
The writer doubts that the thermocouple junction is stable 
enough to give reliable data during transition througb the shear 
plane and into the chip. The exact location of the junction is 


questioned because of lateral translation upon passing into the 
chip. Only data similar to those shown in Fig. 22, where the junc- 


tion passed beneath the shear plane and was neither damaged 
nor destroyed, were considered as admissible. A series of oscillo- 
scope photographs for several uniform cuts over the thermo- 
couple junction represented by Fig. 22, herewith, were used to 
prepare Fig. 20. 

Force dynamometer data were obtained along with thermo- 
couple data in order to provide a check on the accuracy of suc- 
cessive cuts. The force dynamometer also supplied useful informa- 
tion about the horizontal and vertical cutting forces for compari- 
son with theory. 

It can be observed from Figs. 19 and 20 that the author’s 0.005- 
in-diam thermocouple junction would be too large to measure the 
steep temperature gradients encountered in the workpiece. A 
heavy cut does not alter the distribution in the workpiece enough 
to warrant a large-diam wire. 

On the basis of Jaeger’s solution” for an infinite cylinder, the 
author assumed that the actual surface temperature at the con- 
stantan thermocouple wire was measured. The author should 
have considered heat transfer to the ambient via the leads as 
described by Baker." 

The author’s radiation technique appears to be very limited, 
capable at best of measuring shear plane temperatures. The 
writer doubts its usefulness as a tool for measuring cutting tem- 
peratures. The author’s estimate that the PbS detector cell can 
measure temperatures to an accuracy of 25 deg F is unsupported. 
The writer does not believe that the author was correct in using 
a small electrically heated reciprocating oven of unknown emis- 


10 ‘‘FTeat Conduction in Solids,” by H. S. Carslaw and J. C. Jaeger, 
Clarendon Press, Oxford, England, 1947. 

11“*Temperature Measurement in Engineering,” by H. D. Baker, 
E. A. Ryder, and N. H. Baker, vol. 1, John Wiley & Sons, Inc., New 
York, N. Y., 1953, pp. 68-83 
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sivity for calibration. No attempt is made to determine the emis- 
sivity of the shear plane and the long cylindrical cavity. A black- 
body cavity would appear to be essential to this type of ex- 
periment. The long cylindrical cavity with the shear plane clos- 
ing one end does not meet the requirements for a black body if 
thermal equilibrium for the entire enclosure has not been reached. 

Provisions for shielding should have been included to prevent 
radiation from neighboring machines, apparatus, or lights from 
being reflected onto the PbS detector cell. 

The sensitivity of the PbS detector cell is a function of wave- 
length and exposure time. If the author allowed the radiation 
from the 0.020-in-diam cavity to fall upon the cell at a cutting 
speed of 217 fpm [author’s Fig. 11(a)], the exposure time would be 
450 microsec. The author stated that the frequency response of 
the detector was 10,000 cps. This response is too slow to measure 
a temperature variation over the shear plane. The author’s Figs. 
11(a), 11(b), and 11(c), indicate a nonuniform shear-plane tem- 
perature distribution. This suggests the advisability of selecting 
a detector cell having a much higher frequency response. 

Fig. 11(a) indicates shear-plane temperatures in the neighbor- 
hood of 150 F. At this temperature level, only 0.1 per cent of the 
infrared radiation can be detected by a PbS cell whose spectral 
sensitivity range is 0.5 to 2.5 microns. This would seem to indi- 
cate that there is insufficient energy emerging from the cavity to 
affect the cell, particularly, since no focusing or collecting mecha- 
nism was employed. 

The writer constructed an infrared microradiation pyrometer 
employing reflecting-type microscope objectives as a second means 
of measuring cutting temperatures. Radiation from a small tar- 
get area (a square, 0.0004 in. on the side) on the side of the work- 
piece was focused upon a thermister bolometer whose spectral sen- 
sitivity range is 1 to20 microns. Fig.23 shows the optical arrange- 
ment. A two-surfaced gold mirror of optically flat glass with 
three equally spaced (60-deg) segments is mounted ona shaft 
supported on both ends with precision bearings. A synchronous 
motor drives this radiation chopper and a slip-ring arrangement 
is employed to rectify the a-c amplified bolometer signal. As the 
gold-mirrored disk rotates, radiation from the hot target reflected 
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through the microscope objective and onto the thermister bolome- 
ter is interrupted. When the radiation is interrupted from the 
workpiece by the first surface of the mirror, the second surface re- 
flects radiation from the reference black body onto the detector. 
Simultaneously, the observer views the area under investigation 
through a microscope eyepiece by reflection from the first surface. 
A 60-deg erecting prism is placed in front of the eyepiece in order 
to rotate the viewing system for convenient observation. Parallel 
light is projected onto the surface of a 50 per cent silvered mirror 
located between the prism and the chopper mirror at an angle of 
45 deg to illuminate the area under investigation during the view- 
ing cycle. The observer may continually view the target during 
the measurement of temperature since the mirror rotation is con- 
tinuous. The rapidly rotating chopper mirror compares the radi- 
ant energy from the area under investigation with the energy 
from the reference source. For low-temperature levels, i.e., close 
to ambient, the reference source can be replaced by a cold source. 
The interrupted variations in energy produce variations in bolome- 
ter resistance. These varying energy levels result in an a-c volt- 
age from the bolometer bridge to the preamplifier. 

In conclusion, the writer feels that, when similar experimental 
research is conducted independently, a challenge is presented to 
the researchers to correlate the data and to evaluate their tech- 
niques. 


E. G. Loewen.*? To appreciate the author’s efforts in helping 
to clear up some controversial questions one has only to turn to 
a recent article? which tells us that “direct methods of evaluating 
temperature distributions do not seem practical.” This paper 
represents the first worth-while contribution to experimental tem- 
perature-distribution measurement in chip and workpiece since 
Schwerd’s work 25 years ago. The single-wire thermocouple 
probe has now been proved a powerful tool and the path to 
further work in this direction clearly outlined. In particular, finer 
wires will allow finer feeds to be used, although patience and ex- 
perimental skill will then play an increasingly important role. 

The presence of side flow in chips seems to impose the most 
serious handicap in matching experiment and theory. Unfor- 
tunately, there doesn’t seem to be any easy way to escape this 
difficulty. 

One clear conclusion from this paper is that the instantaneous 
shearing in a pure shear plane, on which all mathematical models 
have been based, is only a convenient fiction, sometimes closely 
approached, more often not. Where there is a reasonable approach 


12Staff Engineer, The Taft-Peirce Manufacturing Company, 
Woonsocket, R. I. Mem. ASME. 

13*4 Method of Assessing the Wear Patterns on Tungsten Carbide 
Tools,” Ay 2 E. Y. C. Sun and W. B. Heginbotham, Microtechnic, vol. 
xi, no. 2, May, 1957, p. 71. 
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to a sharp shear plane, there seems to be good correspondence be- 
tween the average shear-plane temperature calculated [author's 
reference (13)] and experimentally observed, Fig. 12 of the paper. 
However, the sharp temperature rise at the tool end of the shear 
plane is in excess of what has been predicted theoretically, so far. 

The results of greatest practical interest concern the tool-chip 
interface temperatures, as shown in Fig. 14. There seems to be 
good agreement on the following counts, for steel: Average tem- 
perature (from short-time curve), chip-tool-thermocouple 
measurement, and the Loewen-Shaw method all lead to about 
the same result (1300 F). In addition, the Loewen-Shaw method 
for calculating the energy going into the tool checks the experi- 
mentally found value of 21 per cent. It is most surprising then 
that the chip temperature, as extrapolated from data obtained by 
the new method, falls so very much lower (about 850 F, average 
in the case of steel, particularly when the correspondence in the 
case of copper is so much better. Perhaps unaccounted for heat 
losses can explain part of the difference, effect of work-hardening 
on thermoelectric properties another part, but it appears to the 
writer that by far the greatest source of discrepancy lies in lack of 
true two-dimensional conditions at the edge of the chip where 
unfortunately the constantan wire has to be burred. This points 
up the need to search for a technique that will allow the wire to be 
set in to depth of at least 0.50 in. 

It would be interesting if the author were to include a brief 
discussion of the difference between heat flow inside a square tool, 
as used in all mathematical models, and that in a practical tool 
with rake and clearance angles. Is there a significant difference? 


AuTHorR’s CLOSURE 


Professor Giedt’s observations on the temperature gradients is 
especially interesting and the author is in complete agreement. 
The possibility of very steep temperature gradients near the tool 
face cannot be excluded. The temperature gradients as measured 
0.003 in. to 0.050 in. from the tool chip interface are much less 
steep than those predicted by moving heat source theory indicat- 
ing a significant amount of secondary flow. The use of finer 
wires might allow measurements closer to the surface but this has 
not been attempted. The author does not feel that insulated 
wires penetrating to the center of the chip is experimentally 
feasible. 

The author was very happy to hear further on Mr. Hollander’s 
work and will await with interest the final report when it is 
ready. The use of a peened junction did not seem to introduce 
any scatter on repeat runs. There will be at least two junctions 
on opposite sides of the wire and the thermocouple output will be 
the average of these. Good electrical contact is probably due to 
freshly machined surface and appreciable plastic deformation 
when making the junction. 

Mr. Hollander’s temperature fields in the workpiece are an in- 
teresting addition to the author’s temperature fields which are 
primarily for the shear zone and chip. In view of the fact that 
Mr. Hollander is using such a small diameter wire I hope that he 
will be ab‘e to extend his work into the regions which are of great 
practical concern to metal cutting. The maximum temperature 
reported, 72 F, in Figs. 19 and 20, indicates that the region of real 
interest is still to be investigated. 

The author is familiar with the work of Baker, et al., but did not 
apply their results to this investigation since Baker is concerned 
only with steady-state heat-transfer loss to the leads while Jaeger’s 
work is an approximation to the transient case. Whichever 
analysis is used it shows that the error in temperature ‘is of the 
order of a few degrees and may be safely neglected here. 

The author did not mean to infer that the radiation technique de- 
scribed was at best anything more than a qualitative technique 
for determining shear plane temperatures. All the results used 
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in subsequent comparison with theory were taken from the im- 
bedded thermocouple method. In particular, Figs. 11, 12, and 14 
all refer to the data of the imbedded thermocouple. 

In the radiation technique as described, the most serious source 
of error is the unknown emissivity of the chip surface. The cali- 
bration technique described with extrapolation of the curve for a 
typical metal surface to high temperatures was felt to be the best 
compromise to minimize errors. The use of a black body for 
calibration does not get around the difficulty of knowing the 
emissivity of the chip or work surface. 

For the higher cutting speeds 150 or 200 ft/min the PbS cell 
does not have sufficient frequency response to give information on 
distributions of shear plane temperature and only maximum 
readings are reported in Figs. 6 and 7. The cell was of course 
shielded from all extraneous sources of radiation so that the only 
source possible was the radiation coming through the 0.020-in. 
hole. 

The author finds the microradiation pyrometer a very interest- 
ing device. It is very similar to one available from the Olympic 
Development Company of Stamford, Conn. It undoubtedly has 


the required sensitivity and since it is fixed with regard to the 
temperature field of interest frequency response is not of im- 
portance. However, the question of the emissivity of the chip 
surface still remains and limits the reliability of the results. A 
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second trouble which may arise when the unit is put into use is 
that of vibration. Schwerd (4) found when using a radiation 
technique employing an elliptical mirror and bolometer that he 
was unable to focus on a chosen spot with sufficient precision due 
to the unavoidable vibration set up by the cutting operation. 
However, time will tell and the author wishes Mr. Hollander the 
best of luck. 

I am very flattered by Dr. Loewen’s comment but do feel that 
he has been overgenerous. The question about relative thermal 
resistance of 90 deg included angle tools versus those of realistic 
rake angles can be answered. The following table gives relative 
heat flows to different tools for the same constant temperature 
over the tool-chip interface. These are based on conducting 
paper measurements. 

Included angle Relative heat flow 
90° 1.00 
70° 0.91 
55° 0.77 
40° 0.63 

This suggests that a very radical tool of 40 deg rake angle and 
10 deg clearance angle would conduct away only 37 per cent less 
energy than a 0 deg rake and clearance angle tool. Since only a 
small portion of the cutting energy usually goes to the tool this is 
not too serious an error. 
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Shear-Zone ‘Temperature 


in Metal Cutting © 


and Its Effects on Shear-Flow Stress 


Relationships are given from which the mean shear-zone 
temperature in oblique, as well as in orthogonal cutting, 
can be calculated. The mean shear-zone temperature, 
developed when machining SAE 1015, 118 Bhn seamless- 
steel tubing under a wide range of cutting conditions, is 
calculated and is found to vary from about 410 to 840 F. 
The effect of the mean shear-zone temperature on the 
mean shear-flow stress is studied. In general, the mean 
shear-flow stress is found to decrease by about 1800 psi for 
a 100-deg F increase in the mean shear-zone temperature 
within the range of 410 and 840 F. This compares with the 
little or no effect of the mean shear-zone temperature on 
the mean shear-flow stress reported by Shaw and Finnie 
(1)? and Chao and Bisacre (2), respectively. A more com- 
prehensive approach is proposed to establish the effect of 
the important shear-zone factors on the mean shear-flow 


stress. 
Ne )MENCLATURE 
The following nomenclature is used in the paper: 
b = width of cut or tube-wall thickness, in. 
C = mean specific heat of workpiece material integrated from 
T, to T, Btu/lb/deg F 
D, = tube outside diameter immediately before a cut is taken, 
in. 
D, = tube outside diameter at room temperature, in. 
F, = shear force; machining-force component acting along 
shear zone, lb 
F, = lateral force, lb awe = 
F, = cuttingforee, Ibo 


F, = thrust force, Ib 


i = inclination angle, deg 
J = mechanical equivalent of heat = 778 ft-lb/Btu 
K = mean thermal diffusivity of workpiece material inte- 
grated from T) to T, sq in/sec 
! = length of “chip’’ before removal from workpiece, in. 
l. = length of chip after removal from workpiece, in. 
L = Peclet’s number = V,,l,,/10K, dimensionless 
l,, = one half slider length or one half length of heat source 
(shear zone) in direction of motion of heat source, in. 
R = fraction of thermal energy generated in shear zone and 


available to heat up shear zone 
r, = chip-cutting ratio = l,/l 


1 This paper is based on the author’s PhD dissertation at Purdue 
University, Lafayette, Ind. 

? Assistant to Director of Mechanica] Engineering, Industries 
Group, Allis-Chalmers Manufacturing Company. Mem. ASME. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Research Committee on Metal Processing and 
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cisco, Calif., June 9-13, 1957, of THe American Society oF Me- 
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r, = chip-thickness ratio = t/t, 


7 = mean shear-zone temperature, deg F 
t = depth of cut or feed, inches per revolution (ipr) 
t, = thickness of chip, in. 
To = workpiece temperature immediately before a cut is taken, 
deg F 
T, = room temperature, deg F 
u, = shear energy per unit volume of shear-zone material, in- 
Ib/cubic in. 
V = cutting velocity; velocity of tool relative to workpiece, 
fpm 
V,, = slider velocity; shear velocity along shear zone, fpm 
V, = shear velocity; velocity at which shear takes place in 
shear zone, fpm 
a, = normal rake angle, deg 
8 = coefficient of linear expansion, in/in/deg F = 6.7 X 10-* 
in/in/deg F for SAE 1015 steel 
‘ = true shear strain undergone by chip during its formation 
‘Y = mean shear-strain rate of chip formation, per sec 
6, = angle force in shear plane (F,) makes with normal to 
cutting edge in this plane, deg 
¢, = difference between shear flow angle (7,) and angle (6,), deg 
7. = chip-flow angle; angle between perpendicular to cutting 
edge and direction of chip flow over face of tool, meas- 
ured in plane of tool face, deg 
n, = shear-flow angle; angle between direction of shear in shear 
zone and perpendicular to cutting edge of tool, measured 
in shear zone, deg 
_ p = mean specific weight of workpiece material between 7 
and T, pei 
7 = mean shear-flow stress in shear zone, psi 
¢, = normal shear angle, deg = 


INTRODUCTION 


In a previous paper of the author (3) it was emphasized that, if 
the factors affecting the primary physical property of the work- 
piece material—the shear-flow stress (7) in the shear zone—were 
determined and their level of significance established, a major 
contribution would have been made toward the goals of the 
metal-cutting theory. One of these goals is to determine the 
machining-force components, chip geometry, tool life, energy 
consumption, and surface finish of workpiece from a knowledge 
of the physical properties of the workpiece and tool materials, 
and of the cutting conditions alone. Another goal is to develop 
the process of metal cutting into a testing method for the deter- 
mination of the dynamic physical properties of machinable ma- 
terials. 

The factors that affect 7 might be the mean shear-strain rate 
7, the preflow, the depth of cut, the mean shear-zone temperature 
7, the normal compressive stress acting on the shear-zone, the 
shear strain y, and the shear-zone size. The effect of 7 on 7 was 
presented in detail, and the effects of preflow and depth-of-cut size 
were discussed in a previous paper (3). The objective of this 
paper is to present the mode of variation of T with the cutting 
conditions, and determine the effect of T on 7, in an attempt to 
come closer to the goals of the metal-cutting theory. The effects 
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on 7 of the last three factors mentioned will be the subject of a 
subsequent paper. 
METHOD OF CALCULATION OF MEAN SHEAR-ZONE TEMPERATURE 
IN ORTHOGONAL AND OBLIQUE CUTTING 

There is no direct experimental method known with which the 
mean temperature in the shear zone may be determined. Conse- 
quently T has to be computed. Loewen and Shaw (4) presented 
a method to calculate 7 in orthogonal cutting. However, to cover 
a wide range of cutting conditions and thus obtain values of T 
and 7 that vary widely and permit a more exact correlation be- 
tween T and 7, oblique, as well as orthogonal, cutting data were 
obtained for this paper. Therefore the Loewen and Shaw method 
was extended by the author to enable the calculation of the mean 
shear-zone temperature in oblique cutting also. 

The mean shear-zone temperature may be calculated from (4) 


where the shear energy per unit volume may be calculated from 
the following relationship given by Shaw, Cook, and Smith (5) 
F, cos 
The fraction (R) of thermal energy available to heat up the shear 
zone may be calculated from (4) 


In Equation [2] the shear force may be calculated from (5) 
F, = [(F, cosi — F, sin i)? + (F, cos ¢, sini 
+ F, cos ¢, cos i — F, sin ¢,)*]'/* 
and 
where the shear-flow angle may be calculated from 


tan i cos (yg, — @,) — tan 7, sin ¢, 


and angle 6, from 


F, cosi — F, sini 


tan = 


- [7] 


tan 6, = —F, cos sini — F,cos¢g, cosi+F,sing, 


In Equation [6] the normal shear angle may be calculated from 


r, COS @, 
1 — 7, sin a, 


and the chip-flow angle from 


In Equation [2] the shear velocity may be calculated from 


V cos i cos @, 
cos n, cos — 


In Equation [3] the shear strain may be calculated from 


_ cot + tan (Gp — 
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and Peclet’s number is defined as ‘ 
L 


[12] 


In oblique cutting, the slider velocity (V,,) may, with reasona- 
ble approximation, be taken to be the shear velocity (V,), and 
one half the slider length (/,,) may be taken to be 


t 
2 sin cos 7, 
These sevunptions are justified because in oblique cutting the 
directions of maximum shear stress and shear strain in the shear 
plane are nearly colinear for values of i even up to 35 deg. Sub- 
stitution of Equations [11] and [13], and of V, for V,, in Equation 
[12] gives 


yVt cosi 


20K cos n, 


The mean shear-zone temperature is then calculated as follows: 
From a knowledge of the cutting conditions, the machining-force 
data obtained with a dynamometer, and chip-geometry data, the 
quantities expressed by Equations [4] through [11] are calcu- 
lated first. Then the mean shear-zone temperature is estimated 
and the appropriate values for C, K, and p are obtained. The 
values of L, R, and u, are calculated from Equations [14], [3], 
and [2], respectively. Finally, using the values calculated pre- 
viously, the mean shear-zone temperature is calculated from 
Equation [1]. If the value of 7 just calculated is within 50 deg of 
the estimated value then this is the sought value, because the 
calculated values of 7 are not very sensitive to the temperature 
variation of C and K; otherwise, the calculations are repeated 
with a new estimate for 7. It may be seen that the oblique cut- 
ting relationships have been used in Equations [2] through [11] 
and in Equation [13] to extend Loewen and Shaw’s (4) method of 
calculating the mean shear-zone temperature to oblique cutting. 
Furthermore, the newly derived Equation [14] differs from the 
orthogonal relationship for L by the factor (cos i/cos n,). Equa- 
tions [1] through [14] apply to both orthogonal and oblique 
cutting; however, in orthogonal cutting i = 7, = n, = 6, = 
¢, = 0. These angles, the oblique cutting geometry, and the 
machining-force components may be seen in Fig. 1. 

Several assumptions are involved in the foregoing equations 
and for extensive discussion of these assumptions the reader is 
referred to the following sources: Shaw and Finnie (1), Loewen 
and Shaw (4), Jaeger (6), Trigger and Chao (7), Shaw (8), and 
Chao and Trigger (9). It is believed, however, that the mean 
shear-zone temperature calculated from the foregoing equations 
would not deviate from the actual value by more than 35 deg F. 


CuttinGc ExpeRIMENTS 


SAE 1015, 118 Bhn seamless-steel tubing was the workpiece 
used to determine the mode of variation of the mean shear-zone 
temperature with the cutting conditions and to find out whether 
any correlation between 7 and 7 exists. The tube outside 
diameter was 3.257 in. and the wall thickness was 0.169 in. 
Dry end cutting was employed. All-purpose, steel-cutting grade 
carbide-tipped tools were used. Sixteen tools were used in all, 
which incorporated various combinations of normal rake and in- 
clination angles that varied from —10 to 36.5 deg and from 0 to 
35 deg, respectively. Cuts were taken at the four cutting speeds 
of 126, 332, 638, and 746 fpm, and the three feeds of 0.004, 0.008, 
and 0.012ipr. The tools were held in a three-component machin- 
ing dynamometer. End-cuts of about 20 sec duration were taken 
on the tube to measure each one of the three mutually perpen- 


_ Y cos 1, V sin g, cosi dicular components of the machining force. Chip-thickness and 
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Fic. 1 Cutting GEOMETRY AND Forces IN Enp-CuTtTInG 
width measurements were made on selected chip specimens from 
each ‘cut. Details of the cutting conditions, the tool geometry, 
and the dynamometer, as well as data on the machining-force 
components and the chip geometry are given in a previous paper 
of the author (10). 

The cutting experiments were conducted in quick succession, 
and the tube end.did not cool down to room temperature but was 
at a temperature between about 80 and 150 deg F before each cut. 
The tube-end temperature before each successive cut was de- 
termined to obtain the mean shear-zone temperature. The tube 
outside diameter at room temperature and the tube-end outside 
diameter before each cut were measured. The following relation- 
ship was then used to calculate the tube-end temperature 


A significant length cf the tube end was at essentially uniform 
temperature and the restraint offered by the cooler portions of the 
tube to the tube-end diameter was relatively small, hence the 
foregoing method gave ambient temperatures within acceptable 
accuracy. 


Mean SHEAR-ZONE TEMPERATURE 

To calculate the mean shear-zone temperature from the pre- 
vious equations the appropriate values of C, K, and p for the work- 
piece material must be known. The former two quantities vary 
appreciably with temperature; namely, the temperature of the 
shear zone. To account for this variation in C and K, Figs. 2 and 
3 were prepared, respectively, where the mean values of C and K, 
integrated between the mean tube-end ambient temperature of 
100 F and the mean shear-zone temperature 7’, are given. The 
value of p does not vary much with temperature; consequently, 
a mean value of 0.282 pci was used. The mean shear-zone tem- 
peratures for 130 different cutting conditions were calculated by 
the procedure outlined previously using the cutting conditions, 
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machining-force components, and chip-geometry data given in a 
previous paper (10) and the values for C, K, and p given previ- 
ously. Representative values of 7’, together with corresponding 
values of 7 calculated in a previous paper of the author (3), are 
given in Table 1. All values of 7 are shown plotted versus 7 in 
Figs. 4(a, b, c, and d) for a, of approximately “‘35,’’ “20,’’ “5,’’ 
and ‘“‘—10’’ deg, respectively. Quotation marks are used about 
the angles to indicate that in some cuts these angles did not 
exactly have these values. The exact angles are given in Table 1 
and in a previous paper (10). 

The following general observations may be made from a study 
of Table 1 and Figs. 4 (a, 6, c, and d): 


1 T decreases about 40 deg for a 5-deg increase in a,,. 

2 T decreases about 5 deg for a 5-deg increase in i. 

3 The decrease in 7’ per degree increase in a, is eight times 
that per degree increase in i. 

4 T does not appear to vary consistently with ¢. 

5 T decreases about 20 deg for a 100-fpm increase in V. 

6 An increase of 5 deg in a, produces the largest decrease in 
T, an increase of 100 fpm in V produces a smaller decrease, and 
an increase of 5 deg in i produces the least decrease in T. A 
change in t from 0.004 to 0.012 ipr produces no consistent change 
in 7. 

7 The minimum value of 7 encountered in these cutting ex- 
periments was 410 F and was obtained when a, = 36 deg, i = 10 
deg, ¢ = 0.008 ipr, and V = 332fpm. The maximum value of 7 
was 840 F and was obtained when a, = —10 deg, i = 30.5 deg, 


= 0.012 ipr, and V = 332 
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The primary objective of this paper is to find out whether or 
not the mean shear-zone temperature has any effect on the mean 
shear-flow stress at the shear zone, and to determine the mag- 
nitude of this effect. This objective may be attained by a study 
of the results given in Table 1 and in Figs. 4 (a, b, c, d, e, and f). 
The following facts are revealed by this study: 


1 Fig. 4(a) indicates a general and slight decrease in 7 with an 
increase in T’ up to 7 = 540 F. Fig. 4(b) indicates a general and 
slight decrease in 7 with an increase in 7, up to JT = 540 F, and an 
increase for higher 7, up to 7 = 630 F. Fig. 4(c) indicates a 
general and slight increase in 7 with an increase in 7, up to T = 
720 F, and a slight decrease inv for higher 7. Fig. 4(d) indicates 
no apparent trend; however, the decrease in 7 for higher 7’, indi- 
cated in Fig. 4(c), might be prevailing in Fig. 4(d) also. 

2 If Figs. 4(a, b, c, and d) are superposed to provide a large 
range of data and thus see the general trend, Fig. 4(e) is ob- 
tained. To establish the existence of any relationship between 7’ 
and 7, two possibilities may be considered: (a) A “best fit’’ line 
may be found by the method of least squares for the data points 
of Fig. 4(e). (b) A complex regression line may be fitted. These 
possibilities are discussed next. 

3 The line drawn in Fig. 4(f) is the best fit line as deter- 
mined by the method of least squares, and is expressed by 


The correlation coefficient between the data points and Equation 
[16] is —0.395. Assuming that Equation [16] is acceptable, r 
decreases from an average of 76,200 psi at 410 F to 68,400 psi at 
840 F. The decrease in 7 is about 1800 psi for a 100-deg increase 
in T. The minimum and maximum calculated values of r were 
61,700 and 83,600 psi, respectively. 

4 It would be futile, at this time, to fit to the data points of 
Fig. 4(e) a regression line other than a straight line to improve on 
the correlation coefficient, because besides 7’ the shear strain, the 
shear-strain rate (3), the compressive stress in the shear zone, 
and the shear-zone size might be affecting r. A true regression 
analysis should include the simultaneous effects of all of these 
factors on r. This will be the subject of subsequent papers. It 
must be mentioned here that the low correlation coefficient of 
Equation [16] is due to the effects of the additional factors men- 
tioned previously on 7, to experimental error, and to the as- 
sumptions made in the calculation of r and T. 

5 Increasing T and y have been shown (1) to have opposite 
effects on t under dynamic conditions. The results presented here 
indicate that this is, in general, true in metal cutting also. How- 
ever, it must not be construed that the opposing effects of T and 
y on 7 necessarily cancel each other under metal-cutting condi- 
tions. Many cutting conditions may be found in Table 1 and Fig. 
4(e) under which a significant increase occurs in both 7 and 7 and 
yet 7 also increases significantly. A comparison of the results in 
items Nos. 41 and 29, and items Nos. 30 and 169, in Table 1, will 
show this to be true. 

6 In a previous paper of the author (3) it was stated that 
there was a consistent gncrease in 7 with an increase in a. Such 
a behavior was attributed to either a decrease in the shear-zone 
size or a decrease in the shear-zone temperature with an increase 
in a,. Fig. 4(e) shows a very significant decrease in 7’ with an 
increase in @,; whereas, the results in Table 1 of a previous paper 
(3) showed no major effect of a, on shear-zone size. This sug- 
gests that the increase in 7 with an increase in a,, is substantially 
the result of a decrease in 7 rather than an increase in shear-zone 
size. 
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‘Summary anp ConcLusions 


The use of oblique cutting relationships and of a new expression 
for one half the slider length in the shear zone made it possible to 
calculate the mean shear-zone temperature in oblique, as well as 
in orthogonal cutting. 

Oblique and orthogonal cutting, together, provided conditions 
that gave a wide range of mean shear-zone temperatures and mean 
shear-flow stresses, when SAE 1015, 118 Bhn seamless-steel tub- 
ing was dry, end cut with general purpose, steel-cutting grade 
carbide-tipped tools. The tools had normal rake angles that 
varied from —10 to 36.5 deg and inclination angles that varied 
from zero to 35 deg. The feeds varied from 0.004 to 0.012 ipr and 
the speeds from 126 to 746 fpm. Under these cutting conditions, 
the mean shear-zone temperature varied from 410 to 840 F. The 
mean shear-zone temperature, in general, decreased about 40 deg 
for a 5-deg increase in the normal rake angle, 5 deg for a 5-deg in- 
crease in the inclination angle, and 20 deg for a 100-fpm increase 
in the cutting speed, but did not vary with the feed consistently. 

In general, the mean shear-flow stress was affected only slightly 
by the mean shear-zone temperature. The mean shear-flow stress 
decreased from an average of 76,200 psi at 410 F to 68,400 psi 
at 840 F, or a decrease of 1800 psi in the mean shear-flow stress 
for a 100-deg increase in the mean shear-zone temperature. This 
behavior compares with the findings of Shaw and Finnie (1) and 
Chao and Bisacre (2), who have reported little or no effect of the 
mean shear-zone temperature on the mean shear-flow stress. 
However, these conclusions are based on a correlation between 
the mean shear-flow stress and the mean shear-zone temperature 
alone; whereas, it is known that while the mean shear-zone tem- 
perature varied in the data points of Fig. 4(e), other factors, like 
the shear strain, the shear-strain rate (3), the compressive stress 
in the shear zone, and the shear-zone size also varied simul- 
taneously. The best approach appears to be the determination 
of the shear strain, compressive stress, and shear-zone size also, 
and the subsequent undertaking of a multiple correlation analysis 
among all the factors mentioned. Only then can the true effect of 
these factors on the mean shear-flow stress be determined. Such 
an approach will be attempted in subsequent papers. 
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Discussion 


J. R. Rovsix‘ anp A. O. Scumipt.‘ The experimental! data of 
this paper are a welcome addition to the available metal-cutting 
information. The author is certainly fully aware of the sig- 
nificance as well as the limitations of these tests as he discusses 
them. 
Orthogonal cutting tests (ASME Paper No. 57—SA-101) have 
been carried out by the writers with steel-cutting-grade carbide 
tools and 120 Bhn, SAE-1015 steel tubing under the following 


range of conditions: at, 


0.005 to 0.010 ipr 
Cutting speed 
‘ Research Engineer, Kearney & Trecker Corporation, Milwaukee, 
Wis. Mem. ASME. 


150 to 600 fpm 


fs 


(me 
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—10 to +10 deg 


cept that his tests extended to rake angles of about 35 deg positive 
and also were for oblique cutting. 

The writers found that for 10-deg negative rake and 0.010-ipr 
feed the computed shear-zone temperature was 775 F at 150 fpm 
cutting speed, decreased steadily to 710 F at 450 fpm, and then 
increased to 725 F at 600 fpm. For a 10-deg positive rake angle 
the shear-zone temperature was 525 F at 150 fpm and increased 
steadily to 550 F at 600 fpm cutting speed. This is contrary to 
the author’s finding that the shear-zone temperature decreased 
at about 20 deg F for each 100-fpm increase in cutting speed. A 
maximum shear-zone temperature of 775 F was obtained in 
orthogonal cutting tests at 150 fpm and 0.010 ipr feed with a 
10-deg negative rake angle, as compared toa maximum of 840 F 
obtained by the author. 

The writers also found that average shear stresses in the shear- 
zone generally were about 15 to 20 per cent higher than reported 
by the author, and did not appear to bear a well defined relation 
to shear-zone temperature. The values of shear stress were 
appreciably higher at the finer feeds, over-all average values of 
shear stress being 95,700 psi at 0.005 ipr and 89,600 psi at 0.010 
ipr feed. The range of shear stresses encountered was 81,800 to 
113,600 psi as compared to the author’s reported range of 61,700 to 
83,600 psi, 

We agree with the author that other factors, among them shear 
strain, compressive stress on the shear-zone, and shear-zone size, 
probably have individual or combined effects on the shear stress 
of greater significance than the shear-zone temperature alone. 
We hope that the author with future contributions will help to 
determine more completely the reasons for the behavior of shear 
stress in metal cutting. 


Thus the conditions investigated were similar to the author’s ex- 
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. By C. F. KAYAN,' NEW YORK, N. Y. 


In process-plant engineering, systems of process-fluid 
heating combined with power generation are often of such 
complex character that orthodox analytical methods of 
mathematical, graphical, and numerical nature prove in- 
adequate. In general, solution of thermal-energy flow 
processes, particularly under off-design conditions, is 
fraught with many complications; under these circum- 
stances, recourse to analysis via the resistance concept of 
energy flow, offers distinct advantages. Furthermore, in 
terms of the concept which expresses flow as the result of 
a motivating force acting against resistance, processes may 
be simulated analytically by electrical flow with its attend- 
ant circuitry; that is, by electrical analogy. 

In the heat-and-power process plant treated, a prime 
mover, such as a steam turbine, exhausts directly to a 
vapor-condensing fluid heater, thus serving, in effect, as a 
power-producing “reducing valve.” In such an arrange- 
ment, the performance of the turbine, as to steam con- 
sumption and corresponding steam exhaust, is greatly in- 
fluenced by the heater conditions; conversely, the heater 
performance is directly dependent on the associated 
steam-turbine performance. The prediction of over-all 
performance characteristics of such an integrated complex 
is one in which the resistance concept is of unique value. 
Adaptation to simulation via electrical analogy thus intro- 
duces another tool for the study of combined process- 
and-power systems, the demonstration of which is the par- 
ticular purpose of the present paper. 

te: = inlet process-fluid temperature, deg F 

tee = outlet process-fluid temperature, deg F 

tp = condenser-heater condensing-vapor temperature, deg F 
= process-fluid temperature rise, deg F 
At,, = heat-transfer mean-temperature difference, deg F 

A = condenser-heater energy-transfer area, sq ft 
U = over-all heat-transfer conductance, Btu/(hr-sq ft-At,,) 
u over-all energy-transfer conductance, Btu/(hr-sq ft-Ah, ) 
q. = turbine exhaust-energy flow rate, Btu/hr Wms 
Ww turbine work-energy flow rate, Btu/hr 
= condenser-heater energy flow rate, Btu/br 
P = pressure, psia - 

s = fluid entropy, Btu/(lb-deg Rankine) 

1 Professor, Department of Mechanical Engineering, Columbia 
University; and Consulting Engineer, New York. Mem. ASME. 

Contributed by the Process Industries Division and presented 
at a joint session of the Process Industries and Petroleum Divisions 
and the Solar Energy Application Committee at the Semi-Annual 
Meeting, San Francisco, Calif., June 9-13, 1957, of Tae AmeRICAN 
Society or MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 


of the Society. Manuscript received at ASME Headquarters, Feb- 
ruary 26, 1957. Paper No. 57—SA-16. 


NOMENCLATURE 
~The following nomenclature is used in the paper: 


ll 


Performance Prediction 
Heat-and-Power Complex 
by Resistance Concept 


| 
ora Process 
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h = fluid enthalpy, Btu/lb 
h, = initial steam enthalpy, Btu/lb 
h, = liquid enthalpy, saturation conditions, Btu/lb 
hy = liquid enthalpy corresponding to condensing-vapor tem- 
perature ty, Btu/lb 


ha = liquid enthalpy corresponding to temperature t1, Btu/lb 
he = liquid enthalpy corresponding to temperature t.2, Btu/Ib 
Ah,, = mean enthalpy difference, Btu/Ib 
Ah, = condenser-heater enthalpy difference, Btu/lb 
Ah, = expansion machine exhaust energy, Btu/Ib 
Ah, = expansion machine work energy, Btu/Ib 
Ah; = over-all cycle enthalpy difference, h, — hy, Btu/lb 
W, = process-fluid flow rate, lb/hr 
R = energy flow resistance, based on enthalpy difference, 
enthohms 
E = electrical voltage 7 
I = electrical current 


7 = internal engine efficiency 


INTRODUCTION 

Systems of process-fluid heating combined with power genera- 
tion, as found in process-plant engineering, are often of such com- 
plex nature that orthodox analytical methods of mathematical, 
graphical, and numerical nature prove inadequate. As particular 
aspects of applied analysis, the general solution of thermal-energy 
flow processes, particularly under off-design conditions, is fraught 
with many complications; under these circumstances, recourse to 
analysis via the resistance concept of energy flow offers distinct 
advantages. Furthermore, in terms of the concept, processes 
may be simulated analytically by electrical flow with its attend- 
ant circuitry, that is, by electrical analogy. Such analysis by 
resistance concept is necessarily predicated on the acceptance of 
the basically assumed original data; accordingly, in the develop- 
ment as a computer technique, the procedure produces results 
which are only to be interpreted in terms of the fundamental in- 
formation, similarly as for any other contemporary computer. 

In the field of resistance-concept analysis, especially by way 
of rheo-electrical analogy applications, many studies have been 
carried on in heat-conduction problems; reference may be made 
to some different steady-state developments in this realm by the 
author, using both geometrical sheet-analog methods (1, 2, 3, 4)* 
and network (5) methods. Further extension of the concept has 
covered the heat-exchanger problem (6), combined heat and 
vapor flow (7), then the energy-transport principle as applied to a 
refrigerating-plant complex (8, 9), and more recently, the applica- 
tion to analysis of a process-fluid-flow-network distribution sys- 
tem (10). In the present study, the resistance concept is still 
further extended to cover off-design performance involved in the 
steady-state heating of process-plant fluid, coupled with simul- 
taneous generation of process power. 

The heat-and-power process-plant equipment arrangement is 
shown in salient detail in Fig. 1. Herein it may be presumed 
that the prime mover, such as a steam turbine, exhausts directly 


* Numbers in parentheses refer to Bibliography at at end: of paper. 
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to the vapor-condensing fluid besten, ‘and thus serves, in effect, 
as a power-producing “reducing valve.’’ With fluid flow of a 
given rate and inlet temperature, and a heat exchanger of given 
characteristics, the fluid will be heated to some resultant tempera- 
ture. If it be required that the fluid achieve some specified final 
temperature, as for the process-fluid distribution-network system 
previously referred to (10), a second-stage heater taking live 
steam through a temperature-controlled reducing valve may be 
incorporated into the flow circuit for this purpose. The primary 
interest in the present paper is in the steam circuit of the prime 
mover and the connected first-stage heater. 

In such an arrangement, the performance of the turbine, as to 
steam consumption and the attendant steam exhaust, is greatly 
influenced by the heater conditions; conversely, the heater per- 
formance is directly dependent on the associated steam-turbine 
performance. The prediction of over-all performance charac- 
teristics of such an integrated complex is one in which the resist- 
ance concept is of great value. Adaptation to simulation via 
rheo-electrical analogy thus introduces another tool for the study 
of combined process and power systems, the demonstration of 
which is the particular purpose of the present paper. The par- 
ticular motivating force selected to effectuate the resistance con- 
cept here is the thermodynamic property “enthalpy,” i.e., heat 
content or total heat; in previous heat-flow studies it has been 
temperature. 

In the present analysis, many simplifying assumptions will be 
found expedient. Idealized performance for the sake of clarifi- 
cation will be assumed, although it is visualized that adjustments 
and corrections to account for the performance of commercial 
equipment may readily be made, as well as extension to more 
complicated heat-power processes. As pointed out previously, 
the essential goal of the present paper is primarily for the de- 
velopment further of another tool for use in electrical analogy- 
computer operations. Hence this tool may serve for prediction 
of over-all performance characteristics of an integrated ‘‘energy- 
transport’? machine and heat-transfer complex. 
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APPLICATION OF RESISTANCE Concarr TO 


THERMAL-ENERGY FLow Circuit 


In a vapor-source fluid heater, condensing vapor (pure) yields 
up its heat at constant temperature over the heat-transfer sur- 
face, while the fluid warms progressively as it flows through from 
inlet to outlet. Considering turbulent fluid flow, the mean tem- 
perature difference may be established in terms of the logarithmic 
relationship. Parenthetically it may be pointed out that when 
the objective is to heat a fluid, the apparatus may be termed a 
fluid heater; when it is to condense a vapor, it may be termed 
a condenser; in the flow circuit of Fig. 1 it represents both simul- 
taneously. For the hourly heat flow gr the following relation- 
ships apply 

gr = (AU)AL, 


At, = (ter — ta) 
(tp — tea) 
(tr tee) 
Actually, as previously demonstrated (6), the hourly heat flow 
in the condenser heater may be considered to vary with the over- 
all temperature difference (At; = tr — ta). The pertinent tem- 
perature relationships are shown in Fig. 2 as a function of the 
fluid-flow path. 

It is, however, interesting to note that for the condenser-heater 
the energy-transfer relationships may be represented in terms of 
fluid enthalpy, a thermodynamic property, in place of tempera- 
ture which is another of the six-in-total thermodynamic proper- 
ties. For water, in the range of general interest here, there is a 
distinct regularity in the variation of enthalpy with temperature, 
with deviations from constancy of such small order of magnitude 
that they may be neglected quite acceptably. Table 1 illustrates 
the point in question, as taken from current steam tables (11). 


(tp — ter) 


TABLE 1 


ty 32 90 120 150 180 210 240 
hy 0.00 28.06 57.99 87.92 117.89 147.92 178.05 208.34 
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OS , These relationships are shown on a general basis in Fig. 3, as 
CONDENSING VAPOR 


plotted against fluid-flow rate W,. Inasmuch as for practical 
purposes here, the deviations from regularity of enthalpy versus 

“temperature will be neglected, it also may be assumed that 
numerically u (based on h) and U’ (based on t) may be taken as 
equal. If otherwise, a modifying factor could readily be applied 
tou. The hourly energy transfer gp may now be defined 


dr => (Au)Ahm..... . 


The calculation of Ah,, parallels that of At,, given in Equation 
[2]. 


Vapor Power-Cyc_e RELATIONSHIPS 


In vapor-expansion cycles, the value of the fluid enthalpy at 
different points is an index to the extent of transformation into 
work. In the interpretation of vapor power cycles, the relation- 
ship between vapor pressure and temperature under saturation 
conditions is significant and is represented by the P-¢ curve shown 
in Fig. 4. Here a corresponding liquid-enthalpy /y,-scale has 
been included also, to show the interrelationship of the three 
FLUID FLOW PATH properties. Of useful significance as well is the pressure-enthalpy 
(P-h), Fig. 5, which is one of the Mollier diagrams. Here the 
my thermodynamic power cycle may be interpreted readily as to the 
energy disposition under conditions of pressure change. 

For the cycle as shown in Fig. 5, ideal expansion under con- 
stant entropy s (reversible process) is presumed. Terminal points 
for the cycle correspond to those shown in the flow diagram of 
Fig. 1. As is readily apparent, the total enthalpy spread Ah; 


TEMPERATURE 


FLUID ENTHALPY 


2 


between steam-generator supply condition h, and vapor-conden- 
sate condition h,, is divided into two parts, Ah, and Ah,, work and 
exhaust energy, respectively. 
i. Fig. 6 presents the power cycle on the conventional enthalpy- 
| > -- entropy (h-s) diagram, another and perhaps better-known Mollier 
i 7 chart. For completeness, the power cycle of Fig. 1 has been aug- 


mented by the addition of the fluid-flow heating phase (points 


Lite 
THERMAL RESISTANCE, 


= 1,2) as well as by a second expansion line (illustrating the irre- 
= | = 
= COOLANT FLOW RATE, W, 
-_ Fie. 3 = 


If one conceives of a perfect fluid heater, the outlet fiuid tem- 
perature would be that of the condensing-vapor source. Accord- 
ingly, in dealing with energy transfer in terms of enthalpy-poten- 
tial difference, the fluid enthalpy value h, corresponding to the 
vapor temperature may be utilized as the source level of energy 
flow. Fig. 2 incorporates the corresponding relationships from 
the enthalpy viewpoint. 

The hourly energy transfer gr, paralleling the treatment given 
in a previous paper in terms of temperature (6), may now be set 
up Via resistance on an enthalpy-difference Ah, base 
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versibility aspect) under entropy increase. The latter represents 
the expansion process in a real machine, contrasted to the ideal 
process with constant entropy. The pressure lines correspond 
to the admission and exhaust pressures, with initial superheat. 
The division of the over-all enthalpy difference Ah; into Ah,, and 
Ah, may well be differentiated in the ideal versus real case. In 
the real cycle, quite obviously, a smaller fraction is transformed 
into Ah, (work) while a correspondingly larger amount appears 
as Ah, or condenser energy. In other words, there is a greater 
exhaust-energy transport in the real cycle. Another viewpoint 
is to regard the ideal cycle work Ah, as modified by an internal 
engine-efficiency factor, 7, which may be defined as 


Ahy, reai/Ahw, idea. ees 


The magnitude of the back-pressure value has a significant 
effect on the efficiency of transformation of the available Ah, 
into work Ah, and thus a corresponding effect on the magnitude 
of Ah,. This is well illustrated in Fig. 7 which is based on con- 
stant entering steam condition h, and varying exhaust-steam 
back pressure. Values of Ah, and Ah, are shown in conjunction 
with liquid enthalpy hj-values corresponding to the steam back- 
pressure and temperature conditions (as presented in Fig. 4). 
With decreasing values of back pressure, and correspondingly also 
of hy, the energy developing as work Ah, increases. Equally 
significant is the typical presentation of Fig. 8, with component 
Ah-values shown against Ahy, under constant admission condition 
h,, i.e., variations of Ah, and Ah,. 

It is to be noted that the available work per pound of cycle 
fluid leads to the very significant rate-of-steam-consumption 
value, i.e., the familiar “water rate’ or hourly steam flow rate 
per unit of kilowatt power production. Thus 


Water rate: WR = 3415/(7Ahw, idea!) 


In the ideal cycle, 7 is obviously 1.00, and in real cycles, less than 
1.00. In steam turbines its value depends on a variety of factors, 
such as size of unit, the over-all steam operating conditions, the 
speed, the partial load fraction; and so on. 

Typically, Fig. 9 shows the variation of ideal and real water 
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rates with fluid enthalpy A, corresponding to the exhaust-steam 
temperature under constant turbine output and maintained 
steam-admission conditions. 


APPLICATION OF REsISTANCE CONCEPT TO EXPANSION MACHINE 


In previous studies on energy transport via machines (8) such 
as refrigeration compressors, the potential difference associated 
with the resistance to energy flow was taken as temperature dif- 
ference. Here, inasmuch as work energy seems to assert itself 
in terms of enthalpy-potential difference Ahr (based on hy), it 
seems desirable to develop the resistance concept with the moti- 
vating force taken as enthalpy-potential difference Ahy. As a 
first step, therefore, on the basis of 1 kw turbine output, Fig. 10 
typically shows the variation of g, (exhaust-steam energy trans- 
ported to the condenser per hour) versus Ah,, for both the ideal 
machine and the less-than-ideal (real) machine, to show their 
relative positions. Corresponding exhaust-energy-flow _resist- 
ance may now be defined 


CONDENSER ENERGY FLOW RATE, BTU/HR 


EQUIVALENT CONDENSER-ENERGY FLOW RESISTANCE 


4h, 
& ont Aa 

R, = Ahr/@, 


Fig. 10 incorporates resistance curves corresponding to the ideal 
as well as the real machine. Actually, the resistance curve could 
equally well be shown as a function of hy and used accordingly. 

Similarly, the expansion energy transformed into work output 
may be considered. Fig. 10, based on 1 kw output, includes a 
line, g, = 3415 Btu/hr and constant over the Ah; range. It is of 
course to be noted that the exhaust-energy values are presented 
in terms of the power output. A resistance value R,, for the out- 
put may be set up 


Re = = 


This would be equally applicable to ideal and nonideal systems, 
since it represents a general frame of reference, with the signifi- 
cant variations in g, representing the effect of 7 superimposed 
on the general influence of Ahr variations. 


INTEGRATED-SysTEM PERFORMANCE CHARACTERISTICS VIA THE 
REsISTANCE CONCEPT AND ELEcTRICAL ANALOGY SIMULATION 


It is now apparent that resistance values for energy flow may 
be set up for both the prime mover and for the condenser-fluid 
heater, and correspondingly a simulating electrical-analogy cir- 
cuit may be developed. Such a circuit is represented in Fig. 11, 
and includes the power-output branch as well as the secondary- 
heater branch serviced through a reducing valve. Our main in- 
terest here is directed to the prime part of the circuit dealing 
with the turbine-expansion condenser-heater system. 

Reference to the thermodynamic-property values represented 
in the h-s diagram of Fig. 6 shows that the over-all spread between 
the high-side entering steam-enthalpy value h, (point 7) and the 
inlet process-fluid enthalpy ha (point 1), is represented by the 
sum of Ah, + Ahr. Both the power unit and the condenser- 
heater unit are sensitive to the intermediate value of the fluid 
enthalpy corresponding to the exhaust back-pressure tempera- 
ture t,. In effect, in this integrated system, the machine per- 

ow 
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formance is directly dependent on the back pressure and, simi- 
larly, the condenser-heater performance is directly dependent on 
the condensing temperature realized in the exchanger. Con- 
sidering the exhaust-steam energy as flowing through in the role 
of “‘rejection”’ energy, it must now be apparent that this same 
energy, under adiabatic conditions, must flow through the con- 
denser heater and ultimately assert itself as a temperature rise 
At, for the process fluid flow of the system, W,. 

Hence, under equilibrium conditions, on the basis of A, and 
ha, and in terms of a given power output and fluid-flow rate W,, 
there will be some value of hy for which the hourly exhaust-steam 
energy equals the hourly energy to the condenser heater. 

In Fig. 11, with the different points coinciding with those shown 
in the Fig. 1 flow circuit, an automatic servocontrolled resistance 
value R, (a function of Ahr) is indicated; it is defined via Equa- 
tion [10]. Likewise R, and R,, for the condenser heater, are in 
accordance with Equations [3] to [6]. A direct-current supply 
provides the current source, and in simulation, electrical voltage 
represents enthalpy potential in proper scale relationship. For 
1000 kw power output, the following conversion factors would 
apply: 1 volt = 10 units of enthalpy h; 1 amp = 1,000,000 Btu/ 
hr; and 1 ohm = 10-*enthohms. (In the absence of a standard 
designation for the unit of energy-flow resistance, for conven- 
ience here, as suggested by electrical practice, the term “‘enthohm”’ 
is used. One enthohm: 1 unit of Ah per Btu energy-flow rate 
per hour.) With ground representing 0 value of the enthalpy 
scale, and appropriate voltage applied for the source h, voltage 
for point 7, the initial fluid enthalpy h-; (point 1) may be estab- 
lished either by manual control of the adjusting resistance F,, 
or through servocontrol thereof via voltage FZ. 

Under balance conditions, E; represents the intermediate con- 
densing-temperature enthalpy h, and E, the voltage indicating 
he of the outlet process fluid. Since the reference value of kilo- 
watt output is constant, with the only variation for the turbine 
arrangement taking place in the exhaust energy-condenser 
heater circuit, this is the particular one of interest. In Fig. 11 
the energy flow in the power circuit is regarded as constant, and 
may be so set, with an automatic current regulator to maintain 
it so, if desired. Not of primary interest here, the electrical dia- 
gram also shows the additional provisions for the continued heat- 
ing of the process-fluid flow in a second-stage heater to some par- 
ticular desired value. This uses a heater circuit similar to that 
of the primary condenser heater. The required outlet potential 
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via Ey, serves to direct the necessary current flow through a varia- 
ble resistance which simulates a pressure-reducing valve, with 
the second-stage inlet fluid constantly regulated to coincide with 
£., either manually or automatically. 

Whereas in this heat-power analog, the adjustment of the dif- 
ferent controlling resistances to maintain values of h, and of 
variable resistance FP, as a function of Ahr, may be accomplished 
manually, still this is a matter of manual dexterity, greatly sim- 
plified, as noted, by the use of automatic equipment. 


ILLUSTRATIVE EXAMPLE 


A system such as represented in Fig. 1 operates with steam at 
250 psia and 200 F superheat (h, = 1319 Btu/lb), and employs 
a base-load turbine designed to have a continuous output of 
1000 kw under the varying back-pressure conditions. Internal 
turbine efficiency, 7 = 0.65, may be considered as constant over 
the range of back-pressure variation. The condenser-heater 
consists of 2250 sq ft of surface. The process-fluid flow rate 
W,. = 335,000 lb (water) per hr. (a) Plant performance predic- 
tions as to condensing temperature ¢p and fluid-outlet tempera- 
ture ¢.2 are desired for varying inlet temperatures from 40 to 
130 F. (b) Under constant inlet-water temperature of 60 F, the 
variation of condensing temperature tr and of water-outlet tem- 
perature ¢.2 are required for varying water-flow rates from 
200,000 to 480,000 Ib per hr. 

Such a system represents the process-fluid-heater facility to be 
provided for the fluid-flow-network distribution system described 
in a recent paper (10). 

Fig. 12 shows the operating characteristics of the condenser 
heater, from which the value of R; and the intermediate value F., 
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for the flow rate of 335,000 Ib per hr, are available as 4.27 and 


2.98 micro-enthohms, respectively. 
Fig. 13 shows the performance characteristic of the turbine, 
eo under fixed admission conditions as specified in the foregoing; 
- i.e., h, = 1319 Btu per lb, for both ideal (7 = 1.00) and real (yn = 
7 +1000 0.65) cases. Values for 1 kw output are specified, namely, “water” 
‘al rate, in lb of steam per kwhr, and the corresponding exhaust 
energy, Ah, Btu/lb, and plotted against enthalpy-potential dif- 
ference Ahr. Thus this represents performance under different 
> back-pressure conditions. 
7 6g ] Fig. 14 then translates the performance values for ultimate 
ig 7 “ use in the analysis. It shows for the “real” case, the variation 
A ja of exhaust energy from the 1000-kw-output turbine to the con- 
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denser heater, g., Btu/hr, and the corresponding value of the 
exhaust-energy resistance F,, enthohms, via Equation [10], 
plotted against 

Fig. 15 shows the actual relationship of h for water versus 
temperature ¢ (values of Table 1), for translation of analysis 
results from enthalpy-potential values into temperature. 

Fig. 16 shows results for the condenser-heater outlet-water 
temperature t, and the condensing temperature tr, as plotted 
against varying inlet-water temperature ¢,;. 

Fig. 17 shows the predictions under conditions of varying proc- 
ese-fluid flow rates, with fixed inlet temperature ¢,; of 60 F, giving 
the corresponding outlet-water temperature and the condensing 
temperature. 
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Discussion 


C.F. Hotske.* The author has ingeniously extended the scope 
of his electrical-analogy method of analyzing complex problems 
involving variable heat-flow conditions by using enthalpy 
as the motivating force rather than temperature. Obviously, this 
provides a new dimension for the electrical analogy and extends 
the possible usefulness of the method. 

A more direct and detailed explanation of the basis for selecting 
the enthalpy of condensate, h,, rather than the more obvious 
enthalpy of the exhaust steam, hex, as a criterion of prime-mover 
and condenser performance, would be a welcome addition. 

The author is to be congratulated on the progress he has made 
in demonstrating so many of the possible approaches to the ap- 
plication of this useful tool. 


AuTHOR’s CLOSURE 


The author much appreciates Mr. Holske’s thoughtful com- 
ment concerning the use of the enthalpy of exhaust steam rather 
than that of the condensate corresponding to the same conditions 
of pressure, that is, the enthalpy corresponding to Point 8 in 
place of Point 3 (Figs. 1 and 5) as a measure of prime mover per- 
formance. 

While it is recognized that the enthalpy of the steam at exhaust 
values of pressure and quality may define the prime-mover per- 
formance, still it must be remembered that essentially such 
performance depends on the back pressure itself. Likewise 
the performance of the condenser-heater also depends on the 
pressure of the vapor as the heat source, along with the incoming 
receiver-fluid temperature. The use of the condensate enthalpy 
as corresponding to the back pressure conditions thus serves to con- 
nect the performance of the prime mover with that of the heater. 
Point 3 (Fig. 6) then defines the prime mover performance and, 
through the Ah approach on the condenser-heater, simultaneously 
commands the extent of the energy-flow in this component. Ul- 
timately the exhaust energy flowing through the prime mover 
must in effect be represented in the condenser-heater; this is 
obvious from inspection of the thermal circuit represented in 
Fig. 11. ’ 
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The 1957 Status of Steam Properties — 


Py FREDERICK G. KEYES,! CAMBRIDGE, MASS. 


Introduction 


Tue September, 1954, Philadelphia Conference on steam proper- 
ties research, thirty-three years after the informal Harvard meet- 
ing which led to the organization of the first international steam 
research effort, marked the beginning of another international 
effort seeking to extend the known limits of steam properties to 
higher pressures and temperatures. 

The third conference in 1934 resulted in a definitive Interna- 
tional Skeleton Steam Table accompanied by “‘tolerances’’ which 
served to define an “International Table.’’ The limits of tabu- 
lated pressure in 1934 were 5000 psia and for temperature 1032 F. 
The 1954 Philadelphia meeting set the limits at 15000 psia and 
1500 F. 

The difficulties of accurate measurement attending the exten- 
sions in pressure and temperature are formidable partly because 
steam is increasingly active chemically as pressures and tempera- 
tures mount and also because the accurate analytical formulation 
of properties to the high limits set has never before been ac- 
complished for any substance. Accurate temperature measure- 
ments are increasingly difficult above the sulfur point (832.28 F). 
Indeed the platinum electrical-resistance standard means of 
measuring temperature requires, and is now receiving, the de- 
velopment needed to attain reliability and reproducibility per- 
haps to the gold point (1063.0 C: 1945.40 F). Investigation 
must also be carried out to provide the relation between the in- 
ternational scale of temperature and the thermodynamic scale 
which is alone strictly valid when the laws of thermodynamics are 
employed. 

In addition to the purely thermodynamic quantities which 
must be obtained at higher temperatures and pressures, the so- 
called transport properties virtually ignored in the earlier pro- 
gram must receive consideration. The properties of interest are 
the thermal conductivity and the viscosity for both the vapor and 
liquid phases of water. These two transport properties are indis- 
pensable for dealing with heat-transfer problems. Bothpro per- 
ties are being measured under the new program and if possible to 
15,000 psia and 1500 F. 

In the case of water substance, we deal with a substance whose 
molecules have special properties relative to, for example, nitrogen 
or methane whose molecules have a symmetrical quality as re- 
gards the molecular field of force. It is the intermolecular field of 
force of water molecules which determines how water fluid be- 
haves with respect to neighbors of identical species and, of course, 
other species. The water molecule is known to possess, as a conse- 
quence of its structure, a permanent electric dipole of large value. 
The presence of the dipole accounts in part for the enormous inter- 
molecular field of the molecule and the important property of 
ionizing salts in solution. 

It was long ago observed in attempting to obtain the ratio of 
the standard gaseous specific heats of carbon dioxide, C, divided 
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by C,, from the velocity of sound? that the ratios were too large 
relative to ratios obtained from static heat capacity measure- 
ments. The carbon dioxide molecule is linear, O = C = O, an1 
there are four normal vibrational modes of the atoms, two of 
which possess identical frequencies. When the sound wave 
passes through carbon dioxide gas the disturbed molecule’s vibra- 
tions cannot keep in equilibrium with the disturbance produced 
by the sound wave. The molecule, therefore, behaves as though 
C, possessed a smaller number of degrees of freedom than in the 
static case. Consequently the C,/C, = 1 + R/C, deduced is too 
large, i.e., C, is too small. The water molecule exhibits the same 
property, and therefore fast moving steam may not exhibit the 
same thermodynamic properties as slow moving steam where the 
molecules have time enough to adjust. A part of the new program 
is accordingly concerned with finding how steam behaves when 
transmitting sound. In recent years another method, using a 
pitot tube for measuring the modified properties of rapidly agi- 
tated molecules, has been developed. 

In summary, a new steam table must exhibit, in addition to 
tabulations of equilibrium thermodynamic quantities, tabulated 
information for thermal conductivity, viscosity, and Prandtl 
numbers over the pressure and temperature range. Tabulations 
of standard specific heats should also appear and, of course, ade- 
quate information on relaxation time from velocity of sound 
measurements or perhaps also from other methods of measure- 
ment. 


The Pressure, Volume, Temperature Properties of Steam 


The desirability of analytical formulation of the pv7’ properties 
of steam for steam tables purposes is obvious to all having first- 
hand experience with gas properties derived from actual measure- 
ments. In the past when accurate factual knowledge of gas and 
liquid pvT properties was less abundant the hope was fostered 
that the kinetic and statistical theory utilizing a knowledge of 
intermolecular forces would lead to a rational equation of state. 

In the case of the water molecule the presence of a permanent 
dipole introduces a temperature-dependent element inte the total 
of items required to specify the molecular field and, in contrast to 
the spherical symmetry of the field of the monatomic gases, the 
water molecule has a very dissymmetrical field. The effect of this 
field condition is to impose a great difficulty in computing from 
the theory of the equation of state, for example, the third virial] 
coefficient C in the expansion form of the equation of state 
namely 


1 
v v2 


However, the second virial coefficient, defined for binary colli- 
sions only, is not nearly so strongly affected by field dissymetry. 

The foregoing brief reference may be sufficient to justify turning 
to empirical formulations of the equation of state for representing 
pressures to 1000 atm from the critical temperature to 870 C, 
while utilizing all established results of theory. Indeed, it has 
often occurred that an empirical formulation of physical facts has 
provided valuable hints for the guidance of theoretical concepts. 

Returning to Equation [1] we may write, where p is the recipro- 
cal of the specific volume » 


2 (vel. sound)? = +yRT at low pressures where y represents the 
ratio of the specific heat at constant pressure (, to constant volume 
specific heat C». 


a 
= | 
+ ¢ 
$3 
| | | 
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i) =B+Cp+.....[la] 


The left hand member contains only observable quantities and is 
designated by Prof. B. H. Sage as the function L = L(o, T); 
(o@ is here the molal density) a quantity which may be correlated 
empirically. L tends to B, the second virial coefficient for ¢ — 0, 
and B finally tends to zero for T — ~.% Professor Sage has ex- 
panded the empirical values of the L function employing Tchebi- 
chef polynomials (1).‘ 

The Equation VII, a closed form, was devised during the prepa- 
ration of steam papers VI (2) and VII (3). The following state- 
ments make clear the course of the evolution of Equation VII and 
also VII Rev., the latter a further development of VII. 

Beginning with Equation [1] we may proceed by expressing it 
as 


= In(1 + Bp + [2] 


p 
R1 
Expand the right hand member and there results 
sa] B+ Cp+.... 
The coefficients B, C, ete., of Equation [3] are functions of T 
or more conveniently in practice of reciprocal T, say, 7. It will 


be seen therefore that » In = is a compact expression which may 


sum partially the effect of the right hand member of Equation 
[3]. On trial this proves the fact, for all the isotherms are closely 
linear in the variable p. 

A further device was to introduce a quantity 6, a volume func- 
tion equal to Be~%? where 8 is the analog of van der Waals’ b and 
aa constant. The origin of this form goes back to a paper (4) 
wherein it was shown that for the gases O2, Ne, air, and Hz above 
0 C the peT relations could be represented to about 1000 atm, and 
for Hz to nearly 3000 atm, by a van der Waals type equation in 
which “‘b’’ had to be replaced by Be~%?.5 The quantity 6 was in- 
troduced in the way van der Waals did because his simple form 
reproduces qualitatively the characteristics of fluids in the critical 
region. There results then the following transformation where 
Yo is a temperature function assigned by van der Waals the value 
a/RT 
-y 


w RT 
— = for v large or p = —e€ . [4] 
w 


RT 


- 


4 


> 


Rearranging this form we find 


which for large v becomes 
1 
= In(1 — Bo) + 
where it may be assumed that for v large 


B — Wo 


3’ The van der Waals equation leads to B = b — = which for T —~ 


« gives B = b. Comment on this situation will follow. 
* Numbers in parentheses refer to Bibliography at end of paper. 
5 Beattie and Bridgeman expanded this term and adapted it to their 
equation. 
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Table 1 
Units = cc per g, standard atm 
tK By Theory (5) Bo(13)"obs” 
400 —19. —19.26 
450 —12.7$ —12 
500 —9. -9 
550 —6.96 
600 —5.46 —5.5 
6662/; —4. —4. 
750 —2.9 —3. 
(13)“obs” refers to the Steam Tables closed expression for Bo used to 
represent the second virial coefficients derived from the M.I.T. ex- 
perimental data. The equation is No. 13, p. 15, of the Keenan and 
Keyes’ Steam Tables. 


The right-hand member of Equation [4] [WV = Wo + f(Wor)p] is 
the equivalent at high temperatures of the van der Waals expres- 
sion for the second virial coefficient, namely 


a 1 2 
b — — since Y = const X — e€?’’ from empirical experience. 
RT RT 


The Equation [4] may also be expanded and for v large gives 


RT 


w v? 


which as stated above is identical with van der Waals’ form if Wo 
is set equal to a/RT. 

The empirical expression for B given in equation (13), p. 15 of 
the Steam Tables, is of the form 


where 8 is ?/;N2a', o is the diameter of the molecules, A a con- 
stant analogous to van der Waals’ a, and ¢ a constant. The 
theoretical expression derived by W. H. Stockmayer (5) and 
Equation [6] was shown to be in good accord (Table 1) and 8, A, c 
were related to the molecular constants ¢, k, and wu. Equation [6] 
may be regarded as a tolerable closed form equivalent to the 
theoretical series in the case of the water and also the ammonia 
molecule. 


The Steam Equation of State—Equation VII Rev 


The prT data available in 1936, the date of issue of the “‘Ther- 
modynamic Properties of Steam,’’ are summarized in the report of 
the Third International Conference in 1934. These data extended 
from 195 to 460 deg and included volumes from 150 to 2 ce per 
gram corresponding to a highest pressure of 367 int. atm. 

Later, observations of the isothermal enthalpy change with 
pressure were obtained from 38 C to 125 which confirmed fairly 
well the extrapolation of the original equation of state (eq. 13, p. 
15, Steam Tables). 

Data obtained in U.S.S.R. (6) have been reported extending 
from 431.34 to 600 and to pressures of about 500 atm, the ac- 
curacy of which was stated to be 0.2 per cent. Later Russian 
data were reported at theLondon meeting of the Fifth Interna- 
tional Conference in 1956 bringing the temperatures of the pv iso- 
therms to 650 deg and providing data in the critical region to 
about 1000 atm. 

The present range of pv7' data may be summarized as follows: 
The older M.I.T., data extending effectively from below 50 C to 
460 and 368 atm, are used as a basis for Eq. VII Rev. The Russian 
data comprise a total of 33 isotherms extending from the critical 
temperature (374.29-deg therm. scale) to 650 deg. Eight of the 
Russian isotherms extend to about 1000 atm and for one of the 
three 500-deg isotherms (500.27) to 925 atm. G. C. Kennedy (7) 
provides new data to 1000 C and 2500 bars, and G. C. Kennedy, 
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W. T. Holser, and W. L. Knight reported a special investigation 
not yet published (private communication, Dec., 1956) supplying 
new data at 500 C, 550, 620, 700, 800, 1000 to pressures of re- 
spectively 1400, 1200, 1200, 1300, 500, and 100 bars. 

The Eq. VII Rev., based on the original M.I.T. data, reproduces 
satisfactorily to 0.2 per cent or better the Russian data to and in- 
cluding 500 C and to volumes of 4 ce per g (500 atm). Above 
500 C the calculated pressures exceed the Russian observed values 
by amounts which attain 2.36 per cent at 650 C and 478.48 atm. 
The Kennedy, Holser, and Knight data are in agreement with Eq. 
VII Rev., for the 500 isotherm to pressures of about 592 atm, but 
yield larger pressures at temperatures greater than 500. 

Since the Kennedy, Holser, and Knight data extend to higher 
pressures at and above 500 deg than the data of Russian origin, 
and also because the K-H-K method involved the inclusion of CuO 
in the container to nullify the effect of hydrogen gas in the steam 
phase, Eq. VII Rev., was amended using the K-H-K data by in- 
clusion of a term (A) to the equation for ¥ in Equation [4]. The 
resulting Eq. VIIA Rev. represents the K-H-K data satisfactorily 
to approximately 3 ce per g, to within or better than the limits of 
error stated by the authors of the data; namely 0.2 per cent ex- 
cept the 800-deg isotherm where the average deviation over the 
whole range of pressure is 0.33 per cent. 

Using the “A amended”’ VITA Rev. equation, where the A term 
is based on the K-H-K recent data, pressures for the reported 
Russian volumes and temperatures may be computed. Since the 


Table 2 


Equation VIIA revised based on K-H-K data and showing 
deviations from the K-H-K observed pressures and the Kirillin 


and Rumyantsev observed pressures. (Units: nor. atm, cm* 
per g) 
7 1956 Kennedy-Holser-Knight data 
per cent 
v Povs tc diff.* 
2.944 592.15 500° +0.002 
8.671 296 .08 —0.19 
3.951 592.15 550° —0.02 
8.347 345.42 +0.06 
2.848 986 .92 620° —0.009 
3.627 789.54 —0.08 
S 6.455 493 . 46 —0.03 
9.952 345.42 0 
3.962 888 .23 700° +0.003 
6.265 592.15 —0.11 
9.937 394.77 —0.15 
9.103 493 .46 800° —0.28 
13.273 345.42 —0.59 
= 48 .536 98 .692 —0.09 
iA Kirillin and Rumyantsev, Russian data 
Per cent 
Prove tC diff* 
4.015 488 362 501.31 +0.008 
6.946 346.893 —0.06 
15.05 195.000 —0.02 
5.154 492.127 551.45 —0.14 
7.785 364.498 —0.19 
13.40 236 —0.22 
6.455 469 .673 600 .00 —0.54 
11.19 300.853 7 
16.90 210.321 
8.8365 381.10 
14.751 244.01 
7.1532 478.48 
9.1781 387 .21 
17.213 222.64 
— 


These tables contain portions of the observations along each so- 
therm. The deviations are, however, representative samples. 


K-H-K data are represented to be better than the claimed '/s per 
cent precision, a comparison of the pressures computed from the 
Russian volumes and temperatures above 500 deg affords a de- 
tailed comparison of the Russian data with the new K-H-K re- 
sults. Table 2 gives the computed pressures for enough K-H-K 
data and for the Russian data to give an impression of the com- 
parison status. It will be observed that uniformly the Russian 
computed pressures are larger than the corresponding Russian re- 
ported values of pressure. 

It was stated above that K-H-K introduced copper oxide into 
the steam container. Should interaction of the steam with the 
container-wall material produce hydrogen which diffused into the 
steam phase, an equivalent of copper oxide would be reduced and 
the equivalent of the hydrogen present would be replaced with 
steam. Thus automatic compensation for gas phase hydrogen 
from steam-steel chemical interaction is obtained provided the 
copper-oxide reduction takes place as fast as hydrogen appears. 

It should be stated that steam-steel interaction necessarily 
takes place at the surface of contact between steel and steam. 
Because of this fact, it is by no means certain that all hydrogen 
passes by diffusion from the steel-steam interface into the homo- 
geneous steam phase and ultimately into contact with the copper 
oxide. It is possible for part of the hydrogen at the instant of 
interaction to diffuse into the steel and only when the rate of 
steel-steam interaction reaches a sufficiently rapid rate will free 
hydrogen appear in the gas phase. Should the foregoing charac- 
ter of the interaction prove valid, copper oxide loose in the con- 
tainer would compensate for only a part of the lost water arising 
from steel-steam interaction. It would, however, be possible to 
deposit a layer of copper electrolytically on the inner surface of 
the container and subsequently oxidize the copper slowly at say 
400 C. Interaction at the steel surface by steam would then 
take place in the presence of copper oxide and perhaps all the 
hydrogen evolved would be converted to water. 


The Second Virial Coefficient for Steam 

The evaluation of the second virial coefficients for steam from 
p-v-T data may be carried out by at least three methods. The 
first and usual method is to construct a diagram for each tem- 
perature using as ordinates the left hand member of Equation 
[la] with density as corresponding abscissas. The ordinate inter- 
cept will then be the required B coefficient. A second method 
which has the advantage of causing the data to run linearly in the 
diagram to higher pressures as compared with the first method is 
to employ the left-hand member of Equation [3] as ordinates 
versus density. The ordinate intercept is again B, the desired 
second virial coefficient. A third device is to estimate the value 
of 8(8 = */;N7o*) from the molecular diameter (@) derived from 
viscosity values or z-ray data. The quantity v log RT'/pw may then 
be used as ordinates versus density. The intercept will now be 
Yo from Equation [4] and 8 — Y is the second virial coefficient. 

All three of these methods have been used for the steam data 
from all sources; B values averaged at each tem eratu'e and 
brought together into a single diagram. The form of the tem. era- 
ture dependent part of the second virial, Yo, which has been found 


= T-'; log (Tyo) = log (constant) + | 


6 Previous measurements by Kennedy (1950) encountered hydro- 
gen evolution by reaction between the water and bomb at high 
temperatures. 

“*Pressure—Volume—-Temperature Relations in Water at 500° 
and 700° at Pressure to 1400 Bars” (Contribution to the Fifth Inter- 
national Conference on Steam, London, England, July 10th to 12th, 
1956), by W. T. Holser and G. C. Kennedy. 


to be tolerably accurate is as follows 


Wo = constant X er" 
RT 


The refore, if ‘the v ine of lox TY) are entered ina diagram as 
ordinates with 7? as abscissas, the data could be correlated. Also 
should the form, Equation [7], be exact the data should be linear 
in the diagram. 

In Fig. 1 a second virial coefficient diagram is shown for the 
Russian data while Fig. 2 indicates the correlation of three groups 
of data using the form [7] given. The numerical (8 — Yo) equa- 
tion, or B equation, accepted for use in Eq. VII Revised is as 
follows 


ec/g atm units; B = 2.062 — ig) 


The usefulness of second virial coefficients is very great since 
the regularity of their course with temperature is a measure of 

the consistency of the original observational material and they 
Seed 
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may be compared with the deductions from the now greatly per- 
fected background of theory. No less important is the use that 
can be made of an accurate and well correlated analytical repre- 
sentation of second virial coefficients in constructing an empirical 
equation for extended ranges of density and temperature. In the 
case of steam Yo and 7 have been found to be convenient variables 
as appears in Equation [4]. A similar convenience has resulted in 
dealing with CO, Ne, air, hydrogen, and other gases to high 
pressures. 


Enthalpy, Specific Heat, Thermal Conductivity, and Viscosity 
Measurements 


The contributions of the Russian investigators of steam prT 
properties are extensive as the foregoing section indicates. 
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Fig. 2 The temperature-dependent portion of the second virial 
coefficient, equation By) = 3 — A re“?7* = 8B — Yo, derived from the 
older steam data is plotted to give a straight line with the 460 C point 
only represented. Similar temperature-dependent quantities de- 
duced using the most recent Russian experimental data and Kennedy 
data are entered in the figure employing In yoT, 1? = T? as co- 
ordinates. Above 500 C (932 F) the consistency of the new data is 
evidently not satisfying. 


Fifteen years ago a U.S.S.R. investigation of the viscosity and 
thermal ccnductivity of steam over a large range of temperature 
and pressure was reported and subsequently formulated for in- 
clusion in the U. S. Steam Tables. 

At the Fifth International Conference held in London in 1956 a 
wealth of detailed Russian data was presented, some of which was 
known only as semiquantitative impressions from the record of the 
World Power Conference of 1950. The data on steam specific 
heats, for example, are the most complete that have appeared for 
any substance. D. L. Timrot and his collaborators (8) and A. E. 
Sheyndlin (9) reported 246 measurements of specific heat in the 
range of the critical region and beyond; 350 to 600 C for constant 
pressures over the range 225 to 300 atm. The temperature range 
200 to 650 C for pressures 300 to 500 atm investigated by Sheynd- 
lin comprise 240 measurements of specific heat. These C, data 
may be used to give enthalpy values over the same range of tem- 
perature and pressure. Also from the prT’ values, along with the 
zero pressure specific heat computed from spectroscopic data, an 
additional set of enthalpies became available. The enthalpies 
from both sources were shown by the Russian contributors to be 
in substantial agreement, albeit the values from the pr7 data 
rend to exceed the enthalpies from specific heats. The values also 


are in agreement with the 1934 skeleton tables. Indeed, the Rus- 
sian contributors have already provided a considerable basis for 
a skeleton table covering, and in part exceeding, the temperature 
600 C, and also in instances attaining pressures of about 1000 atm. 

The extensive contributions cited are massive but the Russian 
delegates to the informal 1957 London Meeting of the Steam 
Co-ordinating Commission, July 15, 1957, Prof. M. P. Vukalovich 
of the Moscow Power Institute and Dr. N. B. Vargaftik of the 
All-Union Heat Institute, stated they have in progress or planned 
verifications of earlier results and important extensions to higher 
temperatures (900 C) and high pressures (1000 atm). The en- 
thusiasm and interest of the Russian contributors are no less than 
extraordinary. 

The British contributions comprise investigations directed 
toward the experimental measurement of enthalpy by Prof. D. M. 
Newitt and Mr. 8S. Angus at Imperial College where Callendar 
and Egerton developed their procedures for the measurement of 
steam enthalpies reported to earlier international group meetings 
prior to 1934. The expectation is that 700 C will be attained this 
year at Imperial College and extended to 300 atm pressure. The 
directly measured enthalpies are of fundamental importance not 
only for steam table use directly but also for cross checking en- 
thalpies derived from prT and C, data. 

At Glasgow, Prof. J. Small and Mr. G. D. Weir are now ob- 
taining steam viscosity measurements with a Rankine viscometer. 
They expect by the summer of 1958 to have attained pressures of 
500 to 700 atm, and temperatures of 700 C. Observations have 
been made from 200 to 500 atm and 550 C. A second type of vis- 
cosity measuring apparatus is also in the planning stage. In addi- 
tion to the program of viscosity measurements consideration is 
being given to facilities for measuring Joule-Thomson coefficients, 
and a suitable steam generator is under construction. 

Important studies of thermometric fixed points are in progress at 
the National Physical Laboratory, particularly with respect to 
the gold point. 

The German contribution also involves direct enthalpy meas- 
urements by Prof. F. Schmidt at Erlangen. Steam viscosity is 
under measurement by Prof. Ernst Schmidt at Munich using the 
capillary method with the goal of attaining 800 deg and 600 atm. 
Dr. Helmut Moser (10) at the Physikalish-Technische Bundesan- 
stalt, Braunschweig, Germany, is at work on a most important 
problem, that of the relation of the international to the thermo- 
dynamic scale of temperature. 

The steam properties investigations in the United States are 


directed to measuring the coefficient (2) ; the enthalpy change 
T 

with pressure at constant temperature. This coeffic'ent is a con- 

venient direct measure of the departure of a gas from the ideal gas 

state and therefore the values can be used to confirm the ac- 

curacy of puT' data. They may even be used to deduce volume 

data. An additional quantity obtainable from the same ap- 


o7 
paratus is the Joule-Thomson coefficient, x) , and the ratio 
Pp 


oh 
of (2) to the Joule-Thomson coefficient gives C,, the specific 


heat. Therefore these two coefficients are versatile and essential 
for verifying the accuracy of pv7’ data, C,, and also enthalpies. 
The importance of the coefficients is related to their freedom from 
effects of steam interaction with the container material since a 
continuous flow of fresh steam is employed. Adsorption effects, 
of course, cannot enter to vitiate data obtained with a flow 
method. These latter effects, container interaction and adsorp- 
tion, seriously decrease the reliability of py7 measurements made 
by using static methods. Prof. B. H. Sage at the California Insti- 
tute of Technology is directing the foregoing investigations. 
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The classical method of measuring viscosities makes use of fluid 
flow through a capillary tube of known dimensions. The quan- 
tity of fluid flowing per unit of time and the pressure drop across 
the capillary are the essential quantities measured. The method 
as employed by different observers has not provided concordant 
values for the viscosity of steam. The oscillating disk viscometer 
introduced by Maxwell about one hundred years ago has received 
important development, both theoretical and experimental, in 
recent years by Prof. Joseph Kestin at Brown University. The 
apparatus devised by Professor Kestin for measuring steam vis- 
cosities is not only capable of yielding highly precise viscosity data 
but can be adapted to obtain densities. In addition to Professor 
Kestin’s viscosity investigations Prof. T. W. Jackson at the 
Georgia Institute of Technology is perfecting an annulus flow 
installation for measuring steam viscosity. The basic principle 
of the annulus type of flow viscosimeter is closely related to the 
classical capillary flow viscosimeter but offers advantages par- 
ticularly with respect to apparatus dimensions. 

The question of how rapidly steam can adjust to the equilibrium 
state after a disturbance is important in view of the high speeds 
of modern turbines and other power devices. Of course steam 
tables list thermodynamic equilibrium properties, and it is at 
present unknown what magnitude of effect may arise through the 
neglect of considerations of disturbed equilibrium, for example, in 
turbine design. One form of disturbance is that produced when a 
sound wave of certain frequencies is carried by a fluid. In this 
case the rapid rarefactions and compressions produced in the gas 
by the sound wave are known to cause a variation in the value of 
the specific heat ratio in the case of carbon dioxide as referred 
to earlier. The nature of the effect is as follows. 

A water molecule consists of an oxygen atom to which two 
hydrogen atoms are chemically bonded; the angle between the 
bonds being about 104 deg. It will be perceived that such a 
molecule will have three degrees of rotational freedom about the 
center of inertia of the molecule and in addition three modes of 
vibration, one each for the two hydrogen atoms relative to the 
oxygen atom and one for the vibration of the hydrogen atoms rela- 
tive to themselves. Evidently a diatomic molecule will have two 
degrees of rotational energy but only one vibrational mode, while 
a monatomic molecule is devoid of rotational and vibrational de- 
grees of freedom; argon for example, can only exhibit energy of 
translation. From considerations, both theoretical and experi- 
mental, it is known that the translational energy of a molecule 
in an assembly of like molecules adjusts with great rapidity, per- 
haps in a single collision. The rotational energy also adjusts 
rapidly but more slowly than the translational. The vibrational 
energy is however usually very slow of adjustment and may re- 
quire several hundred collisions to effect equilibrium. The time 
quantity required for the molecular energies to adjust is desig- 
pated the “relaxation time”’ and is the time constant with which 
discrepancies in the vibrational energy are reduced to zero. Prof. 
R. B. Lindsay of Brown University is directing the investigation 
of relaxation times for the water molecule by the velocity of 
sound method. 

The thermal conductivity of steam is in principle being meas- 
ured by Prof. W. B. Harrison at the Georgia Institute of Tech- 
nology. The method employed is directed actually to measure- 
ment of the thermal diffusivity coefficient, in symbols \/C,p 
where A is the thermal conductivity, C, the constant pressure 
specific heat, and p is the density. 

The thermal conductivity was measured at M.I.T. several years 
ago to 150 atm, and at high temperatures and low pressures by 
Robert G. Vines (1954). The low pressure values are in tolerably 
good agreement with the values reported by N. B. Vargaftik, 
namely the order of one per cent. At higher pressures the M.I.T. 
results (11) tend to lower values. The thermal conductivity of 
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steam is to be reinvestigated both in Russia and the United 
States. 

Reference was made above to the importance of a knowledge of 
the relation of the international scale of temperature and the ther- 
modynamic scale, Kelvin or Rankine (F) scale. Were the 
thermodynamic scale definitively established it would become 
the international scale. Thus, the present international scale exists 
for convenience and world uniformity as an interim provision. 

The agreement reached with regard to the temperature scale to 
be used in the international steam properties research is the in- 
ternational scale. However, with the results of James A. Beattie’s 
investigations (12) of the temperature scale from 0 C to 444.6 it 
became possible to test the thermodynamic consistency of the 
steam data from the early international investigations. The re- 
sult was highly satisfactory and the inference is justified that the 
steam properties data (1934) are accurate and thermodynamically 
consistent, also that the Beattie scale differences are correct. 

The new tables which are in prospect will extend to 1500 F 
(815 C) and it would be irrational to employ the international 
temperature scale in compiling the projected tables. For this 
reason the technical committee of the ASME recommended that 
a temperature scales project be sponsored. Dr. Harold L. Stimson 
of the U.S. Bureau of Standards is engaged with the project which 
will advance our knowledge of scale differences from Prof. 
Beattie’s upper limit of 444.6 C, to the gold point, 1063.0 C. 

Actually Dr. Stimson has been at work many years perfecting 
many important features of the gas thermometric apparatus re- 
quired which is fortunate for without this “head-start’’ even his 
highly competent abilities would be taxed to produce the data 
required for a new steam table before 1960. 

Prof. Moser in Germany, as noted above, is also undertaking 
gas thermometry investigations which indicates the interest in 
providing a sound scientific basis for future steam tables. 
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Overstrain and Bursting Strength 
Thick-Walled Cylinders 


By S. M. JORGENSEN,' N 


A description is given of the stress distribution in elastically 
strained and partially overstrained thick-walled cylinders, fol- 
lowed by a method of determining the most advantageous degree 
of overstrain. Ultimate strength is discussed and an empirical 
formula for the bursting strength is proposed. 


Nomenclature <a 
Tue following nomenclature is used in the paper: 
> 
P = bore pressure, psi ’ : 
P,; = radial pressure at ID, psi - 
Purr = bursting pressure, psi 
o = pressure summation, yie int to si 
Py tion, yield point to OD, p 
Pyy = pressure summation, initial to end of yield zone, psi 
y ’ 
Pyo = pressure summation, end of yield zone to OD, psi 
Pip = pressure summation, ID to end of yield zone, psi 
Pio = pressure summation, ID to OD, psi 
r = radius to any point, in. 
“% inside radius, in. 


~. 


-r, = outside radius, in. 
= 


radius to yield point, in. 
* radius to end of yield zone, in. aad > 7 
r, = intermediate radius, in. 
K = r,/r,; unstrained 
o, = tangential stress, psi 


o, = radial stress, psi 
a o, = longitudinal stress, psi 

o = combined stress, psi 

a; = combined stress at ID, psi 
oa, = combined stress at yield point, psi 
o, = combined stress at r,, psi 


4 . = ultimate stress, psi ts 


€, = strain at yield point, in/in. 
€, = strain at r,, in/in. 
€ 
€ 


» = strain at r,, in/in. 
= Strain at o,, in/in. 
) = coefficient of elasticity 30 x 108, psi 


Introduction 


The rapid expansion of the chemical and allied industries into 
the high-pressure field has presented the vessel designer with a 
number of new problems, of which one of the most important is 
the selection of a proper design formula and strength criterion. 
In the design of thick-walled cylinders the technical literature of 
today and responsible manufacturers consider only two strength 
criteria of the many available; namely the shear-stress theory 


1 Mechanical Engineer, Foster Wheeler Corporation, New York, 

Contributed by the Refining Committee of the Petroleum Division 
and presented at the Petroleum-Mechanical Engineering Conference, 
Tulsa, Oklahoma, September 22-25, 1957, of Tae AMERICAN Society 
or MECHANICAL ENGINEERS. 
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understood as individual expressions of their authors and not those of 
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and the strain-energy (von Mises). Both of these theories are 
shown in Fig. 1, where P/¢ is plotted against A, together with the 
ASME Code’s thick-wall formula. The thick-wall formulas ex- 
press the maximum pressure occurring at the inside diameter. 
The Code thick-wall formula is the Lamé formula for the cireum- 
ferential stress component. For increasing values of A, the 
Lamé formula deviates considerably from the two other thick-wall 
formulas. It should be realized, however, that the Lamé formula 
is used in the Code as representing the ultimate strength of a 
thick-walled cylinder, although there seems to be no theoretical 
justification for this being true. 


34 36 38 40 


12 4 16 18 20 22 24 26 28 30 32 


Fig. 1 Design formulas 

All thick-wall formulas produce curves asymptotic to some 
finite value of P/a, which, for instance, in the case of the strain- 
energy theory is P/o = 0.578. Present design practice is to limit 
the stress of the inside wall to a percentage of the yield strength, 
for instance, 50 per cent. For commercially available steels, the 
allowable stress would be limited to o = 35,000 psi. The pres- 
sure, which can be used in monoblock cylinders of conventional 
design, is therefore limited to P < 0.578 & 35,000 or P < 20,000 
psi. 

One of the methods proposed to permit higher internal pres- 
sures is the use of induced, controlled overstrain in the inner 
layers of the cylinder, by a method generally known as strain- 
hardening or autofrettage. 


Strain-Hardening 


As the mechanism of strain-hardening is amply covered in text- 
books only a short description is given here. When a ductile ma- 
terial is stretched beyond the yield point it becomes harder, and 
the effect is an increase of the yield point. Fig. 2 shows a stress- 
strain curve O-A-E, where A represents the yield point. After 
stretching to a point B, the pressure is unloaded and during this 
unloading the material will follow an approximately straight line 
B-C. Repeating the loading, the material will follow approxi- 
mately a straight line C-D, and will behave as a material with a 
stress-strain curve C-D-E with a yield point D. The material will 
have a permanent elongation represented by strain O-C. The 
time between unloading and reloading has great influence on the 
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shape of the reloading curve. Short time intervals will cause de- 


viations from the straight elastic lines and a greatly lowered pro- 
portional limit. The elastic properties can be recovered by a 
mild heat-treatment. 

When pressure is applied internally to a heavy-walled cylinder, 
the stresses in the cylinder wall, at low and medium pressures, 
will be within the elastic zone, the maximum stress being at the 
inner wall. As the pressure is progressively raised, the wall 
stresses will increase, and eventually the stress in the inner 
wall will reach the yield point. If the material has a pronounced 
vield zone, the stress at the inner wall will remain constant, while 
the yield zone will penetrate toward the outer layers at increas- 
ing pressures. The outer layers, if the cylinder is heavy enough, 
will remain elastic. 

Continuing the increase in pressure, the inner layer will reach 
the end of the yield zone and enter the semi-plastic or strain- 
hardening zone, while the yield zone will be displaced toward the 
outer layers. 


Fig. 2 Effect of overstrain 


If the stress distribution through the wall were to be illustrated 
graphically during this process of increasing pressures, it would 
seem as if the stress-strain curve were moving across the wall sec- 
tion from the inside to the outside wall. The strains will grow 
progressively larger toward the inner wall, and in the yield and 
semi-plastic zones permanent strains will be at a maximum at 
the inner wall. On unloading, the permanent deformation of the 
inner layers will resist the contraction of the outer layers, creating 
a system of residual stresses, compressive in the inner layers, and 
tensile in the outer layers. A low-temperature treatment to sta- 
bilize the elastic properties and the residual stresses completes 
the autofrettage process. 

The autofrettaged cylinder is completely elastic, and can be re- 
loaded to a higher pressure than before, because (a) the residual 
compressive stresses will counterbalance the working stresses in 
the inner layers, where the deciding stresses occur; (b) the yield 
points of the inner layers have been increased. Even if the ad- 
vantage of the higher yield points is ignored, substantial decrease 
in wall thickness may be permitted. 


Method of Calculations 


Much of the early development work on autofrettage was done 
= 


by Macrea (1),? who gave a practical solution to the problem, 
based on a tensile stress-strain diagram in which the curves were 
approximated by straight lines. In spite of these modifications, 
the method is very cumbersome and time-consuming. A newer 
method by Manning (2, 3) is based on a torsion stress-strain dia- 
gram. From an arithmetical integration of the stress-strain 
curve, Manning obtains a pressure-expansion curve, from which 
the bore strain and pressure can be obtained readily. 

Manning also uses his method for determining the ultimate 
pressure of a cylinder. This theory has been verified recently by 
Crossland and Bones (4) in a series of experiments, which show 
excellent agreement with Manning’s theory. 

The method proposed in this paper is suggested by Manning’s 
method. It differs from that method by using a stress-strain dia- 
gram based on a simple tensile test. There are several reasons for 
suggesting this approach: 


1 Tensile stress-strain diagrams are more readily available 
than a torsion stress-strain diagram, although the latter is just 
as easy to make. 

2 Calculations are somewhat simplified. 

3 The proposed method leads to an evaluation of the ultimate 
pressure based on the tensile stress-strain diagram without having 
to go through a pressure-expansion calculation. 


Elastic Deformation 


A short résumé of cylinder-design formulas will be helpful in 
discussing the benefits of overstrain. The equation for stress 
equilibrium is (5) 


The solution of this equation, as shown in the textbooks, is 
based on assuming the deformation to be symmetrical about the 
axis of the cylinder, and that the longitudinal stresses are uni- 
formly distributed over the cross section. On these assumptions 
the so-called Lamé equations are derived which for an internal 
pressure take the form 


For a cylinder with a closed end there will be a longitudinal 
stress due to the end load 


The maximum stresses are of particular interest. In the elastic 
state they occur at the inside wall 


The magnitude of the principal stress components defines the 
stress condition throughout the cylinder and also determines the 
magnitude of the resultant maximum stress, and the ultimate in- 
ternal pressure. 


2 Numbers in parentheses refer to the Biliography at the end of 
the paper. 
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The maximum stress @max, according to the two prevailing 


: theories, is as follows 
Distortion-strain-energy theory 
¥ 3 
In both of these equations omax is the equivalent simple stress, 
. as determined by the usual tensile test, which will produce a maxi- 


mum stress equal to that in a test piece subject to all three prin- 
cipal stresses. 

The maximum resultant stress, at the inside wall, in the elastic 
state is obtained by substituting into the two criteria Stress 
Equations [8] and [9], Formulas [5], [6], and [7] 

Maximum-shear theory 


2K? 
Strain-energy theory 
V 3 K? 

K?-1 

: The maximum-shear theory is included here because it is used 


by many engineers as a basis for design and vessel acceptance. 

However, in developing the overstrain formulas and diagrams, 

only the strain-energy theory will be used in the following: 
Taking o, as a compressive stress, Equation [1] can be written 


[12] 


substituting — from Equation [9] 


One more assumption must be made; namely, that the cross- 
sectional area of the cylinder remains unchanged, or that 


rér = const 


In the elastic state 


If the limiting radii are r, and r, then Equations [1] and [13] 


take the form 4 
2 To dr 
f de, = V3 


Yielding. For a material with a pronounced yield zone limited 
by radii r, and r,, the stress is considered constant and equal to 


o,. Equations [1] and [13] then take the form 
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Strain-Hardening. For the strain-hardening or plastic zone it 
is still assumed that thtecross-sectional area of the cylinder re- - 
mains unchanged. For small strains Equation [14] is still valid, 
but for large strains the more accurate equation is 


€(2 + €)r? = const... 


In this zone o is not a simple function, and Equation {1} must 
be integrated arithmetically 


The total radial stress at the inside wall is 
Pio = Pw + Poy + Poe 


Work-Chart Basis 


Formulas [1] through [20], when used with a stress-strain dia- 
gram, are sufficient to estimate the stress distribution through a 
heavy-walled cylinder subject to any amount of overstrain. 
To use them in this fashion, which would be similar to Macrea’s 
method, would involve a tremendous amount of work, especially 
if the amount of overstrain is not given. 

The amount of work can be reduced by means of a work chart, 
which must be developed for each specific steel. Three different 
steels are treated in this paper, with stress-strain diagrams shown 
in Fig. 3. 

The work charts are based on taking a cylinder with a radial 
ratio K = 10:1. For all cylinders with bore radius equal to 
unity, the radial ratio equals the outside radius. Assume that 
this cylinder is overstrained, so that the yield point or the be- 
ginning of the yield zone, is located at radius r, = A, = V 10. 
By means of Equations [1] through [20], the stress can be calcu- 
lated throughout the wall, as shown on the three charts, Figs. 4, 5, 
and 6. As suggested by Manning, the charts are plotted on 
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Fig. 4 Autofrettage work chart for T-1 steel 
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Fig. 5 Autofrettage work chart for A-302 steel 


semi-logarithmic paper, the logarithmic scale being used for the 
radial ratio. This has the advantage that all cylinders of 
the same K-ratio will be represented by equal lengths through- 
out the whole logarithmic scale. a 

With the yield point YP fixed at r, = K, = 10, the strain 
at this location is found to be 


According to Equation [14] 


€,7,? = ¢ (const) 


= 


et 
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point can be read off the stress-strain curve, or can be found from 
g,7," = o,7,? = 100, = 10 X YP 


Now the radial pressure summation for the P-curve can be 
found from Equation [15], which gives the total summation from 
r,tor,. Intermediate points can be found by substituting r, and 
o, for r, and a, in Equation [15]. 

For a steel with a pronounced yield the strain is found as for 
the elastic section, and the stress is, of course, constant. The P- 
curve is calculated from Equation [16] and intermediate points 
at r, are established by substituting r, for r,. 

In the plastic zone, the procedure is fundamentally the same. 
In dealing with the large strains, Equation [18] should theoreti- 
cally give more accurate results than Equation [14]. However, 
calculating the three charts, Figs. 4, 5, and 6, both ways, showed 
no appreciable change in shape or magnitude of the P-curves, al- 
though, the strain at ultimate tensile for A-212 is €, = 0.28, which 
is probably larger than any that will ever be used in autofrettage 
work. Hence it would seem that up to 0.28 strain the simpler ex- 
pression, Equation [14], is adequate, resulting in less complex 
calculations. 

Therefore the strain determination can be continued as before. 
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Fig. 6 Autofrettage work chart for A-212 steel 


The stress summation for the P-curve is to be done in accordance 
with Equation [19]. The wall thickness between r, and r; is 
divided into suitable increments. Assume two consecutive 
division points to be r,, and r,, the strains at these points to be 
€,, and €,, and the corresponding stresses, as taken from the 
stress-strain diagram to be g,, and ¢,. Then the values to be 
inserted in Equation [19] are 


ar = 7,(1 + €,) — Ta(1 + €,) 


come When plotting the three curves, the strained values of P, ¢, 


Thus the strain pattern throughout the walls of the 10:1 ratio 
cylinder can be established. The cylinder wall is divided into a 
number of sections, and the calculation for the chart is started at 
the outside radius 7,5 = 10. Between ro and r, the wall is elastic. 
With the strain at each subdivision established, the stress at each 


and € = dr/r should be plotted against the unstrained values of r 
(or K). 

The P and o-curves have been extended beyond the yield point 
(the dotted lines). This makes it possible to read off stresses re- 
leased during unloading from the autofrettage pressure, and 


similarly to find the stresses due to reloading to the working pres- 
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sure as explained in the following. Thus it is possible to get from 
the same chart all pertinent data on stresses and strains during all 


three operations: 
1 Overstraining. 7 ve 
» -4 
2 Unloading. ais 


3 Reloading to working pressure. 


Work Chart Use 


Assume a cylinder with a radial ratio equal to A and draw two 
vertical lines on the chart, A and B, representing the inside and 
outside radii. The distance between A and B is to be AK, as 
measured on the chart scale. If the cylinder represents a section 
of a 10:1 ratio cylinder, it is obvious that the intersection points 
between A and B and the ¢, P, and o-curves represent the radial 
strain and stress and the equivalent maximum stress at these 
points. From the form of the equations and the way they are 
plotted on the charts, it is also obvious that the magnitude of the 
strain € at any point K completely determines P and a. If the 
assumed cylinder A-B is an individual cylinder, and not part of 
a 10:1 ratio cylinder, with the same strains at A and B, the 
stresses must be the same. The difference between P-values at A 
and B in this case represents the internal pressure in the cylinder 
of inside radius A. The position of the lines A and B determines 
the amount of overstrain. When B is located to the left of K = 
V/ 10, the whole cylinder is overstrained. When A is located to 
the right of K = V 10, the whole cylinder is elastically strained. 
If kK = V 10 is located between A and B, the cylinder is part elas- 
tic, part overstrained. 

The problem in autofrettage is to find the optimum condition, 
for maximum utilization of material and with the maximum 
stresses within specified limits. Estimating the thickness of an 
autofrettaged cylinder of a given internal diameter and working 
pressure is essentially a method of trial and error. 

The first step is to make an intelligent guess of the thickness. 
A good approximation is to calculate a thickness from Equation 
{11] and use 75 to 80 per cent of this value as a first approxima- 
tion. The 75 per cent refers to high-strength steels (70,000-psi 
YP), and the 80 per cent to medium-strength steels (40,000-psi 

The second step is to choose a suitable location of the yield 
point, that is, the degree of overstrain that will produce the 
minimum stress. A number of calculations have shown that, for 
medium-strength steels, the optimum condition generally occurs 
when the mean geometric diameter, +/(ID * OD), is stressed 
to the initial yield point. For high-strength steels, the optimum 
condition will occur when the overstrain penetrates to a diameter 
slightly smaller than the mean geometric. The first try would 
then be to locate the yield point at the mean geometric diameter, 
and if subsequent tries are required, to move the yield point 
toward ‘the inside diameter. If the minimum stress thus found 
does not agree with the specified allowable stress, then another 
set of trial-and-error calculations must be made with a different 
wall thickness. 

If the thickness is assumed as suggested in the foregoing, it is 
seldom necessary to try for a different thickness. The main 
problem then is to try for the degree of overstrain. This part of 
the job is very easily done by means of the work chart, and gen- 
erally three or four tries for the location of the yield point are 
sufficient. Rather than draw lines on the chart, the use of a piece 
of transparent paper is suggested. Draw two vertical lines on the 
paper, representing the ID and OD of the assumed cylinder wall, 
the scale of the distance between the lines to be the same as the 
logarithmic abscissa scale on the work chart. The line on 
the left, Ki = 1.0, represents the inside diameter, the line on the 
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right, Kop = OD/ID, represents the outside diameter. A third 
line between the two others represents the location of the yield 
point for the first try. Draw four more vertical lines equidistant 
between the existing three lines, and note their A-values. Now 
draw a horizontal line, called the top line, at right angles to the 
vertical lines. Place the paper on the work chart, with the inter- 
section point, Aip-top line, on the plastic P-curve. Draw a 
horizontal line, called the bottom line, through the intersection 
point between the Kop line and the P-curve. The vertical dis- 
tance between top and bottom lines, when measured on the pres- 
sure-stress scale, equals the autofrettage pressure. The intersec- 
tions between the vertical lines and the plastic-elastic o-curve, 
represent the equivalent autofrettage stresses, at the diameters 
corresponding to the K-numbers on the paper, and can be read 
directly off the stress scale. 

Now move the paper to the right, the intersection point, Kop- 
bottom line, riding on the P-curve, until the intersection point, 
Kip-top line, hits the elastic P-curve (dotted line). The inter- 
sections between the vertical lines and the all elastic o-curve, 
represent the equivalent released stresses, at the diameters cor- 
responding to the A-numbers on the paper, and can be read 
directly off the stress scale. 

The residual stresses are the differences between the auto- 
frettage and the released stresses. 

Draw a horizontal line, the reloading line, on the transparent 
paper at a distance below the top line equal to the working or de- 
sign pressure of the cylinder. Place the paper on the work chart, 
so that the P-curve passes through the intersection points Kip- 
top line and Kop-reloading line. The intersections between 
the vertical lines and the o-curve represent the equivalent reload- 
ing stresses and can be read directly off the stress scale. 

The resultant working stresses are the sum of the residual and 
the reloading stresses. If the resulting stresses are above the 
specified minimum stress, another try is to be made, with a lower 
degree of overstrain. This can be done with the same trans- 
parent paper by drawing another bottom line above the first 
one, at a distance, for instance, of 2000 psi, and then repeat the 
foregoing procedure. This is to be repeated until the minimum 
stress has been found. 

Example. Assume a cylinder made from T-1 steel, and to the 
following specifications: a 

ID 


25 in. inside diameter 
15,000 psi design and working pressure 
35,000 psi maximum allowable stress 


Substituting the values for P; and o; in Equation [11], K = 
1.97, corresponding to a wall thickness equal to 12.15 in. Assum- 
ing 80 per cent = 9.72 in. to be the autofrettaged wall thickness, 
resulting OD = 44.44 in., corresponding to K = 1.78. The mean 
geometric diameter equals +/(25 X 44.44) = 33.3 in. The 
vertical lines, the top line, and the reloading line can now be 
drawn on the transparent paper, which is placed on the work 
chart with the mean geometric-diameter line on the work-chart 
yield-point line, and intersection point, K1p-top line, on the plas- 
tic P-curve. The intersection between the Kop line and the elastic 
P-curve locates the bottom line, which for this location indicates 
an autofrettage pressure of 65,000 psi. Three additional bottom 
lines are drawn for 63, 61, and 59 thousand psi autofrettage pres- 
sures. Table 1 shows the resultant working stresses for these four 
different autofrettage pressures. 

According to Table 1, an autofrettage pressure of 61,000 psi will 
give the lowest stresses throughout the wall. As the maximum 
stress, 35,000 psi, equals the specified maximum allowable stress, 
the assumed wall thickness, 9.72 in., and the autofrettage pres- 
sure, 61,000 psi, are the desired optimum for the specified vessel, 
steel. 
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Table 1 Autofrettage pressures and resultant working 


stresses 


—Resultant working stress, psi-—— 


21000 17000 17000 
1. 27000 23000 23000 
31000 26000 26000 
1 37000 31000 
1 36000 35000 
1 21000 23000 
—2000 1000 


“63000 61000 


25 1 
Autofrettage 
pressure, psi 
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sure, it is obvious that the maximum value of P, for a given A- 
ratio, must occur, when the sliding-line diagram reaches a point 
on the P-curve where it starts a downward slope. Fig. 8 shows 
the upper range of the P and o-curves of the work charts of the 
three materials previously described. It will be noticed that the 
downward slope of the P-curve starts at or near the ultimate 
strength of the material. It is therefore postulated that bursting 
will occur when the stress at the inside diameter reaches the ulti- 
mate. 

Draw a vertical line Kip on Fig. 8 through the point of maxi- 
mum stress, and another line Kop to the right of the first one. 
The distance between the two lines measured on the abscissa 


Table 2 Autofrettage cycle 


Autofrettage 
stresses, 
psi psi 
53000 
66000 
82000 
97000 
110000 
113000 
115000 


0.0.——— 
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61,000 ° FRETTAGE * 


LINE ~ 


RELEASE 
Fig. 7 Example of autofrettage cycle 
The different stresses obtained during the 61,000-psi auto- 
frettage process are shown in Table 2. 
The positions of the line diagram on the work chart producing 
the autofrettage, released, and reloading stresses are shown in 
Fig. 7. 


Ultimate Strength 


It was shown previously that for any given value of K the in- 
ternal pressure P can be found by an arithmetical integration of 
Equation [13], when the strain or stress at one point in the cylin- 
der is assumed known. When higher and higher values of the 
stresses are assumed, the value of P will pass through a maxi- 
mum. Manning postulated that this maximum is the ultimate 
or bursting pressure of the cylinder, and this theory is amply sup- 
ported by Crossland and Bones. As Manning used the stress- 
strain curve from a torsion test, the ultimate pressure could not 
be related to the usual mechanical properties of the material. 

From the way the work charts are used to find the internal pres- 
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Fig. 8 Ultimate frettage stresses and pressures 


scale will represent the K-ratio for a certain cylinder. The 
vertical distance between the intersections of the two lines with 
the P-curve will represent the bursting pressure of the cylinder. 
Fig. 9 shows the bursting pressures plotted against different K- 
ratios for three materials. 

The postulated bursting criterion can be used as a basis for an 
empirical formula for the ultimate or bursting strength of a 
cylinder. First a formula must be developed for the strained 
diametrical ratio A’. From Expression [18] for large strains 
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Also 
1+ & 
K’'’=K 
l+e, 
Eliminating € 
K’)? = 1 


This expression is shown graphically in Fig. 10. 

Several expressions for an empirical bursting pressure were 
considered and compared with the values obtained from Fig. 9. 
The first formula 
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Table 3 Bursting pressures for different equations 
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Eq. [23] 
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Bursting pressures, psi 


567 
Eq. [24] Fig. 9 
54000 52000 
90000 90000 
119000 119000 
143000 143000 
164000 164000 
180000 182000 
195000 196000 
204000 208000 
24600 30000 
52200 
68800 
$1000 82000 
92000 4000 
103000 103000 
112000 111000 
121000 119000 
22000 21000 
39500 39000 
53000 53000 
61000 64000 
68000 72000 
76000 78000 
81000 84000 
87000 $9000 


shows too high values for Putt for large valuesof A’. Another try 


was 


where A equals the area under the stress-strain curve between 


ordinates through €, and €. This formula showed similar de- 


2 
— log, K’ 


= V3 


o, — A/(e, — &) 


viations as the previous one although to a smaller degree. +) 


The final formula is 


Pur = 


The outside wall stress, oo, is taken from the stress-strain dia- 
gram. The corresponding strain is 


V3 


Table 3 shows the bursting pressures in accordance with the 
three equations and Fig. 9. 


Equation [24] shows very good agreement with Fig 9. The 


deviations are within the limits of accuracy used in the calcu- 


lations. 
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Discussion 

W. V. Bassett.? Mr. Jorgensen’s paper makes some valuable 
contributions to design methods for autofrettaged pressure vessels. 
Since several forged steel pressure vessels of this type have been 
manufactured at Bethlehem within the last few years, his paper 
has been read with considerable interest. For these vessels the 
stresses at autofrettage pressure, residual stresses, and the subse- 
quent stresses at operating pressure were computed by a numeri- 
cal procedure developed from the original work by Macrae on the 
overstrain of metals. We agree with the author that such a pro- 
cedure is time-consuming. 

In contrast, we have found the procedure described in Mr. 
Jorgensen’s paper to be a real time saver. The major part of the 
numerical effort is involved in setting up a work chart for 
the particular steel to be used and the line diagram to represent the 
proposed vessel. Once these have been prepared, the effects of 
various autofrettage pressures can be explored with comparative 
ease. By the completely numerical procedure, repetition for 
another autofrettage pressure requires nearly as much work as the 
first calculation and, since the calculation proceeds from an as- 
sumed bore strain, the pressure that results may not be suf- 
ficiently close to the desired value. However, with work charts 
prepared in advance for steels likely to be used, it should now be 
possible to determine the most suitable autofrettaged pressure 
vessel to meet specified requirements without the sometimes pro- 
hibitive expenditure of time that has been required. 

A second contribution is the development of a stress calculation 
procedure based on the von Mises or distortion-energy theory of 
yielding. - Along with others concerned with the manufacture and 
use of high-pressure vessels, we have come to consider the maxi- 
mum shear stress theory to be somewhat over-conservative, and 
to accept the distortion-energy theory as a more realistic basis of 
design. Several specifications for vessels of conventional elastic- 
stress design to operate at pressures above the 3000 psi range cur- 
rentl:; covered by the ASME Pressure Vessel Code adhere to the 


3 Plant Engineering Division, Bethlehem Steel Company, Bethle- 
hem, Pa. Mem. ASME. 
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distortion-energy theory, or to the shear-with-friction theory 
which gives essentially identical results. At Bethlehem we 
normally use the shear-with-friction theory. The inconsistency 
of the more conservative maximum shear stress theory with the 
other two theories has made difficult the comparison of alternate 
pressure vessel designs for a given requirement, one of them auto- 
frettaged and the other designed for elastic-state stresses, of 
shrink-fit multi-layer construction for example. Using the stress 
calculation procedure presented by the author it is now possible 
to compare both types of vessel on the basis of the more widely 
accepted stress theories. 

Since experimental work in the high-pressure field requires 
expensive apparatus, and experience with full-size vessels is still 
limited to a relatively small number of units, confirmation of 
theory applying to this field is necessarily not very comprehen- 
sive. Of the testing work that has been done, mainly with com- 
paratively small tubes, many of the tests have been carried 
through to bursting, and less emphasis has been placed on ex- 
perimental checking of the autofrettage process and the resulting 
residual stresses. Consequently it may be of interest to look at 
the performance of an actual pressure vessel during build-up and 
release of autofrettage pressure for comparison with the perform- 
ance originally predicted by Macrae’s method, and with the 
performance as it can now be predicted by Mr. Jorgensen’s 
method. 

The vessel had an OD to ID ratio of 2.7, an inside diameter of 
approximately six in., and was made of alloy steel of 88,000 psi 
yield strength (0.2 per cent offset) for an operating pressure of 
45,000 psi. The length of straight shell was about five times the 
inside diameter. End effects at the mid-section may not have 
been entirely absent, but are believed to have been small. The 
vessel was subjected to a maximum autofrettage pressure of 83,- 
000 psi, then given a low-temperature heat treatment, followed by 
a hydrostatic test to 67,500 psi for checking linearity. 

The illustration, Fig. 11, shows internal pressure plotted against 
tangential strain at the outside circumference of the vessel, both 
calculated and as measured by strain gages, using the average of 
readings of four electric resistance strain gages mounted on a 
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circumference around the middle of the vessel. The dash line 
was plotted prior to autofrettage of the vessel from calculations 
based on the maximum shear stress theory as used by Macrae. 
The strain-gage readings, indicated by small circles and con- 
nected by solid line, fell reasonably close to this curve. There is 
some indication that the vessel had slightly greater resistance to 
yielding than was predicted by the maximum shear stress 
theory. Points for the dot-and-dash line were computed recently 
using Mr. Jorgensen’s work chart and line diagram procedure, 
which of course is derived from the distortion-energy theory. 
Agreement with the strain-gage data is equally good in the 
pressure build-up region, with such differences as do occur being 
in the opposite direction to those for the maximum shear stress 
theory. For this particular example the distortion-energy theory 
predicts a smaller residual deformation on release of pressure, and 
consequently smaller residual stress magnitudes than were in- 
dicated by the strain readings. However, it must be recognized 
that a single case falls far short of the experimental data cover- 
age that should be available before accepting one theory or 
another. 

One more point brought out by the strain-gage data is the in- 
dication of compressive yielding on release of pressure. Compres- 
sive yielding was discussed by Macrae and is included in the cal- 
culation procedure based on his work that has been used at 
Bethlehem. While such yielding is not perceptible in all actual 
cases, there may be some cases where compressive yielding has a 
significant effect on resultant stress at the bore. Bore stress is 
particularly important if another criterion of optimum autofret- 
tage pressure is considered, this being equality of the maximum 
equivalent tensile stress within the vessel wall at operating pres- 
sure to the compressive stress at the bore with pressure released. 
By our present numerical procedure, the calculation of residual 
stresses with compressive yielding included is a major part of the 
total work involved in an autofrettage calculation. It would 
seem that the author’s method could handle this stress com- 
ponent with as much facility as it does tensile yielding; his com- 
ments on this possibility would be helpful. 


B. Crossland.‘ This paper provides another valuable con- 
tribution to this important subject of the design of thick-walled 
cylinders. The present writer is familiar with the arguments put 
forward for using tensile test data and has corresponded with the 
author on this topic. The writer would like, however, to present 
his reasons for preferring torsion data for this problem in particu- 
lar, in the hope that it may stimulate discussion and also interest 
in the torsion test. 

In a closed-ended thick-walled cylinder the three stresses for 
the elastic case as derived by Lamé and Clapeyron (1)* and 
Turner (2) are 


P ro? 
= K?—1] i- [25] 
Lo =, 
and — 
P 


where a, is the average or hydrostatic stress acting, that is 


Senior Lecturer, Mechanical Engineering Department, University 
of Bristol, Bristol, England. 

5’ Numbers in parentheses refer to the Bibliography at the end of the 
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Consequently these three stresses reduce down to a hydrostatic 
tensile stress equal to o, superimposed on a shear stress of 


which is a maximum at the bore when r = r;. The maximum 
shear stress being given by 
kK? 
— 
qmax = I K?—1 
It is well known that the yield and plastic flow in shear of ductile 
metals is unaffected by the hydrostatic cofmponent of stress [see 
for instance Crossland (3)], so yield in a thick cylinder will occur 
when the shear stress at the bore becomes equal to the yield stress 
in shear (q:). Consequently the pressure at yield will be 
44 K? — 1 

This approach obviates any argument regarding the criterion of 
yield, being based on the experimental fact that a hydrostatic 
stress does not affect the yield in shear. 

Similarly in the partially plastic thick cylinder if we assume 
that the axial stress is everywhere the mean of the radial and tan- 
gential stress, an assumption amply justified by Cook (4) and 
Allen and Sopwith (5), then the state of stress in the elastic and 
plastic regions is a simple shear stress with a superimposed hydro- 
static stress. Again for a completely plastic cylinder if-the axial 
strain is assumed negligible, which is justified by experiment 
{see Crossland and Bones (6)], then this is tantamount to saying 
that there is no axial stress deviation or that the axial stress is 
the mean of the tangential and radial stresses. So again the stress 
system is one of simple shear with a superimposed hydrostatic 
stress. 

If it is accepted that the state of stress in a thick-walled closed- 
ended cylinder is essentially shear, then the most obvious test to 
employ to obtain the necessary shear stress-strain data is a tor- 
sion test on a solid or tubular specimen. Not only is this obvious 
but it is essential at the large strains associated with the ultimate 
or maximum pressure a cylinder will withstand, as at these large 
strains it is well known [for instance see Bridgman (7)] that the 
strain hardening in tension becomes greater than in torsion using 
any of the normally accepted bases of comparison (i.e., Mises- 
Hencky or maximum shear). Consequently it would be ex- 
pected that ultimate pressures computed on tension data would 
err on the high side, if the theory used is correct. 

Shear stress-strain data can be very easily derived from the 
torque twist curve from a solid specimen by using the method sug- 
gested by Nadai (8). It has sometimes been suggested that the 
Nadai construction is open to criticism on the account of the un- 
explained length changes in torsion specimens and the anomalous 
variations in hardness across the cross section of the specimen 
after test, but the accuracy of the method has been very well 
demonstrated by Swift (9) and Morrison (10), and there can be 
little doubt that the method can be used with confidence. The 
torsion test itself is essentially much easier than a tension test, as 
it is easier to ensure that a pure couple is applied to a torsion 
specimen than it is to ensure axiality of loading in tension; a 
most important point if the upper yield in a material with a drop 
of stress at yield (such as mild steel) is required. More important 
still there is in torsion no significant dimensional change of the 
test specimen even at large strains, so that the true stress may 
readily be derived, whereas in tension the true stresses are very 
difficult to compute after the neck has been formed. Again this 
is quite important as the strains at the ultimate pressure in a 


i= (3 1 ] 


= 
P r 
29] 
K? —1 r? 
i 
= 


570 


thick cylinder are mostly far greater than the strains associated 
with the onset of necking. 

After many years work in the field of strength of materials the 
writer is convinced that technically the torsion test is to be preferred 
if the stress-strain relationships are required. It may well be that a 
tension test is preferable for carrying out simple tests on batches of 
material for the purpose of maintaining quality. In the particular 
case of a thick cylinder the torsion test has the added advantage that 
the same stress system is obtained as in thick cylinders, and it obvi- 
ates the need to distinguish between the Mises-Hencky and 
maximum shear criteria. Jf this was more generally appreciated 
there seems little doubt that the steel companies would more readily 
provide shear stress-strain data. 
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Author’s Closure 


It is not clear from Mr. Bassett’s discussion how the strains 
were calculated for the distortion energy theory. It should be 
borne in mind that the strains used in the proposed method are 
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As 
the stress o = o, — g, and are strains not actually present in the 
cylinder. 

Also, tests recently completed show that the work charts should 
be based on a true stress-strain diagram, derived by multiplying 
the stress ordinates in a simple stress-strain diagram by 1 + e. 
This may account for the apparent discrepancy in Mr. Bassett’s 
illustration. 

Mr. Bassett brings up a very important point on the compres- 
sive yielding on release of pressure. It is well known that over- 
tension lowers the compressive elastic limit practically to zero, 
and that the load-extension curve in the compressive range is 
not a straight line. Also, that a low temperature treatment wil! 
produce a load-extension line which is straight. In the proposed 
method, the assumption of a straight load-extension line has been 
suggested. It is quite possible that this would require that the 
autofrettage procedure be conducted in several steps of increas- 
ing pressure, with a low temperature treatment between incre- 
mental increases in pressure. This would seem to be a problem 
that would merit further investigation, as there does not seem 
to be any experimental work available on this subject. 

Dr. Crossland has expressed his preference for using torsion 
data on problems of overstrain and his long impressive record of 
experimental work certainly supports his point of view. It 
seems a little deceptive, however, to say that the state of stress 
in a cylinder is essentially shear. As in all stressed bodies there 
will be sections with zero shear and, at 45-deg angles thereto, 
sections with 100 per cent shear, just as in a simple tensile test 
piece. 

If we imagine a tangential test piece located inside the wall of 
a heavy cylinder, it will be seen that, if we accept the conception 
of an equivalent stress, then failure will occur when the equivalent 
stress o, — 0, = 27, where 7 is the shear stress at 45 deg to the 
principal stresses g, and ¢,. It must be assumed that, if a cor- 
relation exists between a torsion test and shear stresses in a heavy 
wall cylinder, a corresponding correlation must exist between 
a tensile test and equivalent tensile or compressive stresses. 
Tests seem to confirm the correctness of this assumption. 

The theory that ductile materials fail in shear is now generally 
accepted. Yet, the engineer has shown no intention of using 
shear stresses in his strength calculations except for a few special 
cases. The reason is that all his data are based on tensile tests, 
and also that the conception of using equivalent tensile stresses 
instead of the corresponding shear stresses has proved entirely 
satisfactory. For these reasons it seems pertinent to explore 
the use of tensile test data in the design of thick-walled cylinders. 
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Introduction 


Tue tendency for high-temperature failures in pressure equip- 
ment to take the form of cracks adjacent to welded seams has 
posed the question, “Is there an inherent weakness in any portion 
of a welded joint at elevated temperatures?” In an effort to 
answer this question partially, a Task Group of the Petroleum 
and Chemical Panel of the Joint ASTM-ASME Research Com- 
mittee on the Effect of Temperatures on the Properties of Metals 
has conducted a limited program of testing. Since the high- 
temperature strength of welded joints is dependent on many fac- 
tors, both metallurgical and mechanical, it was decided to re- 
strict this investigation to a basic evaluation of the strength of 
composite specimens including weld, heat-affected metal and base 
metal exclusive of any effects of mechanical notches, reinforce- 
ment, flaws, undercuts, and so forth. Further, the tests should 
be conducted on the most common of high-temperature construc- 
tional materials; namely, silicon-killed carbon-steel plates. A 
subsequent phase of the program will consist of similar tests on 
low chromium-molybdenum steels. 

An investigation of the effect of mechanical factors such as 
notches, weld configuration, and finish on the high-temperature 
strength of welded structures is being carried out by a Task 
Group of the Fabrication Division of the Pressure Vessel Research 
Committee. 
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Scope 


This investigation consists of uniaxial, static tensile tests on 
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specimens cut from the mid-thickness of welded joints transverse 
to the weld longitudinal axis. Standard 0.505-in. specimens were 
subjected to short-time and creep-rupture testing at elevated 
temperatures. 


Material 
Two varieties of carbon steel were used for base material: 


1 Plate, 1 in. thick, conforming to ASTM Specification A-201, 
Grade B, Firebox Quality, Carbon-Silicon Steel Plates of Inter- 
mediate Tensile Ranges for Fusion-Welded Boilers and Other 
Pressure Vessels. 

The chemical composition of this plate is as follows: 


Ladle analysis 


Alt Total 
Cc Mn P Si (acid sol.) Als 
0.19 0.57 0.023 0.034 0.19 N.D2 0.0022 


* Check analysis. 
* None detected. 


This plate was stamped 34U225 (heat number) 68032 (plate 
number), USC-CG-1 and was made by the U.S. Steel Corporation 
by coarse-grain practice. It is a portion of one of the steels used 
in the recent ASTM-ASME Cooperative Investigation of the 
High-Temperature Strength of Carbon Steel. The plate was 
furnished in the hot-rolled condition. 

2 Plate, 1 in. thick, conforming to ASTM Specifications A- 
212, Grade B, Firebox Quality, High Tensile Strength Carbon- 
Silicon Steel Plates for Boilers and Other Pressure Vessels. 

The chemical composition of this plate is as follows: 


C Mn P 8 Cu 
0.27 (0.65 0.017 0.021 0.22 015 


This plate was rolled at the Sparrows Point Plant of Bethlehem 
Steel Co. from Heat No. 72D408 and furnished in the stress- 
relieved condition. Other portions of this plate are being used 
in a high-temperature test program under Project SP-4 for the 
Steam Power Panel of the Joint Committee. 


Welded Joints 


Five welded joints were prepared as described in the following, 
three in A-201 plate and two in A-212 plate. 


Joint Designation 


201-M-6: A-201, Gr. B, manual weld, E6010 electrodes. 
201-M-7: A-201, Gr. B, manual weld, E7016 electrodes. 


201-A: A-201, Gr. B, automatic weld, No. 36 wire.' 7 
212-M: A-212, Gr. B, manual weld, E7016 electrodes. = 
212-A: A-212, Gr. B, automatic weld, No. 40A wire.' | a 


The test welds were made without restraint in test plates of the 
dimensions shown in Fig. 1. 


1 Designations for wire and flux used for automatic submerged are 
welding refer to Unionmelt (Union Carbide and Carbon Corp.) ma- 
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Manual Welds 
E6010 Electrodes 


Manual Velds 
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Joint 20i-A 
Automatic Meld 
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Pay 
Manual Weld 
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Joint 212-4 


Joint 212-A 
automatic Weid 
40% Tire, #80 Flux 
Stress Neiteved 


Welding grooves for the manual welds were double Vee, 60-deg 
included angle, '/,s-in. land, and '/s-in. root gap. For automatic 
submerged are welds the grooves were double Vee, 90-deg in- 
cluded angles, °/j.-in. land, and 0-in. root gap; No. 80 flux! was 
used. 

No preheat was used; however, the welded plates of A-212, Gr. 
B steel were stress-relieved at 1100-1150 F. All welds were in- 
spected by the magnetic powder method and by x-ray. Boiler 
Code standards of x-ray quality were met. 

Chemical analysis of weld metal is as follows: 

Cc 


0.024 0.025 
0.035 0.021 
0.025 0.034 
0.031 0.021 
0.029 0.023 


Weld 

201-M-6 
201-M-7 0 
201-A 0. 
212-M 0 
212-A 0 


Microscopic Examination 


Microexamination of the joints made prior to testing revealed 
microstructure as shown in Figs. 2 through 6. 


Tensile Test Specimens 


Short-time and creep-rupture tests were conducted using 
standard 2-in. gage length 0.505-in-diam bars as described in 
ASTM Spec. E8-52T, Fig. 7. The varying amounts of deforma- 
tion across the weld and adjacent base metal were determined 
by means of a series of punch marks spaced along the axis of the 
specimen '/,,in. apart. Two rows spaced 90 deg apart were used. 
The specimens were uncoated and no control of the atmosphere 
was attempted. 
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Short-Time Tensile Test Results 


Results of the short-time tensile tests are reported in Table 1 
and Figs. 7 and 8. The broken bars are shown in Figs. 9-13. The 
deformations in !/;.-in. intervals along the 2-in. gage length of the 
bars are recorded in Figs. 14-21. (Incremental measurements 
were not taken on bars of 201-M-7 samples.) The elongationsand 
indicated locations of the junction between weld and base metal 
represent an average based on the two rows of measurement 


points. 


Creep-Rupture Test Results 


Results of the creep-rupture tests are reported in Table 2 and 
Fig. 22. The broken bars are shown in Figs. 23 to 38. 


Discussion 


The details of materials and welding procedures used in this in- 
vestigation were selected to duplicate, so far as possible, standard 
practices in the fabrication of carbon-steel pressure vessels. 

As a basis for the evaluation of test results on welded joints it 
was considered desirable to utilize as base metal, plates which 
have been subjected to high-temperature tests in the absence of 
welds. The plate A-201B has been tested already and was re- 
ported at the ASTM Annual Meeting in June, 1954, by R. F. 
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Table 1 Short-time tensile test results ‘7 


ve 


Elonga- Reduc- 


~ tion tion of 
dt offset 2-in. gage area at 
Temp, Tensile, yield, length, fracture, Fracture 
deg F psi psi per cent per cent location 


A-201-M-6 (E6010—as-welded ) 


2 66000 37200 21.4 22.4 Weld metal 
«37900 Weld metal 
600 70500 32500 28.1 56.4 Base metal 
r 800 53500 32500 21.9 45.6 Weld metal 
900 43000 28500 27.8 58.9 Weld metal 
4 1000 32500 21000 32.0 75.6 Weld metal 
A-210-M-7 (E7016—as-welded ) 
RT 
400 67500 37200 18.0 48.0 Base metal 
600 72800 34400 21.0 46.5 Base metal 
800 54800 32600 27.5 61.0 Base metal 
900 43400 30600 28.5 69.0 Base metal 
1000 31100 22600 39.0 73.0 Base metal 
A-201-A (No. 36 wire—as-welded) 
RT 66750 40000 24.5 55.0 Base metal 
400 76000 36250 14.0 39.0 Base metal 
600 71700 36700 20.0 49.6 Base metal 
800 54600 30800 25.0 62.4 Base metal 
— 900 44700 27900 26.0 68.1 Base metal 
— 1000 32800 23500 38.0 73.2 Base metal 
A-212-M (E7016—stress-relieved ) 
RT 73500 41300 33.0 53.9 Base metal 
400 70000 40500 17.0 49.2 Base metal 
600 72100 38500 21.0 51.4 Base metal 
800 58800 35100 32.0 59.9 Base metal 
900 46700 32500 33.0 63.4 Base metal 
1000 35500 27400 27.5 77.5 Weld metal 
A-212-A (No. 40A wire—stress-relieved ) 
RT 75000 41800 21.0 54.0 Base metal 
400 67500 36750 10.0 49.0 Base metal 
a 600 71000 31700 11.5 47.0 Base metal 
800 58500 30750 21.5 60.0 Base metal 
46500 29500 18.5 63.0 Base metal 
1000 35000 26750 25.0 65.0 Base metal 


Miller.2?- The plate A-212B is currently under test by a Subgroup 
of the Steam Power Panel. This choice also satisfied the objective 
of testing carbon-steel plates of different strength levels so that 
some indication might be obtained of the effect of welds and base 
metals of different strengths. 

The welding procedures and electrodes are considered charac- 
teristic of practices in common use among fabricators of Code 
pressure vessels. The use of E7016 electrodes would not be 
usual when welding on carbon steel plates of 60,000 psi minimum 
tensile strength but this was done to observe the effects of weld 
deposits of a higher tensile strength than the base metal. 


Microexamination 


The microstructures shown in Figs. 2-6 are characteristic of the 
type of base metals and welds used in these specimens. Both the 
A-201 and A-212-plate base metal have a uniform, well-defined 
structure of pearlite and ferrite with grain size of 4-5 ASTM. 

The plates which were welded manually, Figs. 2, 3, and 5, have 
heat-affected zones in which the structure consists of a ferrite 
matrix with 7-8 grain size with fine spheroidized carbides. The 
structure of the heat-affected zones in joints made with sub- 
merged-arc automatic welding, Figs. 4 and 6, consists of fine 
spheroidized carbide and ferrite, and pearlite grains of about 7 
size. 

The structure of the weld metal deposited manually consists of 


?“Strength of Carbon Steels for Elevated-Temperature Applica- 
tions,” by R. F. Miller, Proceedings ASTM, vol. 54, 1954, pp. 964— 
986. 


Table 2 Creep-Rupture Test Results he _ 


Elonga- Reduc- 


tion in tion of 
2-in. gage area at 


Temp Stress, Timeto length, fracture, Fracture 
deg F psi rupture percent per cent location 
A-201-M-6 (E6010—as-welded ) 
800 40000 S44 24.0 50.0 Base metal 
800 36000 2187 22.0 53.0 Base metal 
800 32000 5614 19.0 58.0 Base metal 
900 23000 146 23.0 69.9 Base metal 
900 18000 613 32.0 80.0 Base metal 
900 16000 1522 53.0 79.0 Base metal 
900 14000 2803 37.5 77.0 Base metal 
1000 14000 73 39.0 82.0 Base metal 
1000 10000 592 32.5 61.0 Weld metal 
1000 7500 2876 25.0 50.0 Weld metal 
A-201-M-7 (E7016—as-welded ) 
800 40000 1107 18.0 49.0 Base metal 
800 36000 919 22.0 52.0 Base metal 
800 32000 6783 33.0 81.0 Weld metal 
900 22500 570 30.5 69.2 Weld metal 
900 18000 2304 28.2 79.6 Base metal 
900 16000 1274 22.9 80.8 Base metal 
1000 15000 45 55.0 82.5 Base metal 
1000 12500 222 53.0 82.5 Base metal 
1000 9000 1035 43.0 74.5 Base metal 
1000 6500 4067 28.5 40.0 HA zone 
A-201-A (No. 36 wire—as-welded ) 
800 40000 473 21.0 48.0 Base metal 
800 36000 1315 23.0 49.0 Base metal 
800 32000 3736 24.0 62.0 Base metal 
900 22500 646 26.6 78.5 Base metal 
900 18000 1080 18.0 73.0 Base metal 
900 16000 3122 32.2 79.6 Base metal 
1000 13000 172 40.5 85.0 Base metal 
1000 10000 697 40.5 82.5 Base metal 
1000 7500 2738 35.0 67.5 Base metal 
A-212-M (E7016—stress-relieved ) 
800 40000 275 23.0 51.0 Base metal 
800 36000 854 27.0 52.0 Base metal 
800 32000 3501 25.0 63.0 Weld metal 
900 22500 493 ts 53.5 Weld metal 
900 20000 1420 21.4 60.1 Weld metal 
900 18000 2336 6.6 55.0 Weld metal 
1000 16000 149 23.5 60.5 Weld metal 
1000 13000 551 23.0 61.0 Weld metal 
1000 9500 1457 10.0 31.5 Weld metal 
A-212-A (No. 40 wire—stress-relieved) 
800 35000 722 10.0 42.0 Base metal 
800 30000 2701 14.0 47.5 Base metal 
900 22500 796 ae 46.0 Base metal 
900 20000 646 13.3 42.0 Base metal 
900 18000 4936 12.2 40.4 Base metal 
1000 16000 136 17.5 48.5 Base metal 
1000 15000 126 20.5 75.4 Base metal 
1000 13000 646 18.5 53.0 Base metal 
1000 12500 372 18.0 60.6 Base metal 
1000 9500 2658 13.0 44.0 Base metal 
1000 9000 2855 13.5 42.2 Base metal 


7-8 grain size ferrite matrix with fine spheroidized carbides. The 
weld metal deposited automatically has a Widmanstitten struc- 
ture with a 4-5 grain size. 
Shori-Time Tests 

The results of the short-time tensile tests indicated nothing 
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Fig. 3 


unusual in the anticipated behavior of the various combinations 
of weld and base metal. An exact comparison with the properties 
of the base metals when tested alone is not possible because the 
tests on the A-201B plate were made on stress-relieved material as 
compared to the hot-rolled material used in these tests. Also the 
results of tests on A-212B plate are not yet available. 

The values for A-201B plate, stress-relieved for 2 hr, at 1150 F 
(from R. F. Miller report?) are plotted in Figs. 7 and 8. It will be 
noted that in the stress-relieved condition, the plate is less strong 
and more ductile, however, at 1000 F the tensile strength is of the 
same order as obtained on these weld-joint specimens. The lower 
ductility of the weld specimens compared to the values on base- 
metal specimens also reflects the nonuniform yielding across the 
weld joint where the weld metal has been stronger. 

Except for the weld joint 201-M-6, all the joints have been com- 
posed of weld metal stronger than the base metal as evidenced by 
the location of the fractures. Specimen 212-M did fail with a 
ductile fracture in the weld metal at 1000 F and it is judged from 
the appearance of the broken bars shown in Fig. 12 that the weld 
and base metal are closely matched in strength. 

In joint 201-M-6 the weld metal appears to be less strong than 
the base metal judging by the location of the fractures in weld 
metal] in the short-time tensile tests.? This is apparent also from 
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Fig. 4 


the chemical analysis of the weld metal which shows carbon, man- 
ganese, and silicon contents to be lower than the base metal or 
any of the other weld deposits. 

It is of interest to note that in no case has the fracture occurred 
in the heat-affected zone or at the weld-base-metal junction, 


Creep-Rupture Tests 


The results of all the creep-rupture tests conducted in this in- 
vestigation are plotted in Fig. 22. 

As stated in the Introduction, the purpose of this investigation 
was to determine whether there is any inherent weakness in any 
part of a weld joint under uniaxial load as evidenced by small- 
diameter bars; consequently, the quantitative values of the creep- 
rupture tests were considered of secondary importance. How- 
ever, it is interesting to compare the results obtained on welded- 
plate specimens against the values found in the R. F. Miller re- 
port? for the same A-201-B base metal which was tested in the 
stress-relieved condition at 1000 F. The values for the base metal 
are plotted in Fig. 22, together with the average values deter- 
mined from all the plates tested in that investigation. It will be 
noted that all the values obtained on welded joints in A-201-B 
plate are in very close agreement with the values on the same 
plate material tested alone. In no case is the value on a weld- 
joint specimen lower than on unwelded plate. The average 
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Fig. 5 


values for plate melted to both coarse and fine-grain practice as 
listed in Table V of the Miller report? fall between the values for 
welded joints in A-201B and A-212B plate material. 

Referring to the 201-M-6 weld joint, all but two of the creep- 
rupture tests failed in base metal even though minor flaws opened 
up in the weld metal, Figs. 24 and 25. This is in direct con- 
trast to the results of the short-time tensile tests where all but one 
of the specimens failed in the weld metal. The two bars which 
failed in weld metal in 1000-F tests showed evidence of weld de- 
fects which were not detected during x-ray and magnaflux inspec- 
tion of the welds prior to machining the test bars. 

Of the creep-rupture bars of 201-M-7, two failed in weld metal, 
one in the heat-affected metal and the balance in the base metal. 
The weld-metal failures were ductile with no signs of having 
originated in flaws, Figs. 26 and 27. The bar that failed in the 
heat-affected zone showed numerous fissures starting in the weld 
metal, indicating that in this case also the weld was proving 
weaker than unaffected base metal, Fig. 28. 

The manually deposited weld in 212-M apparently has lower 
creep-rupture strength than the plate material even though the 
short-time tensile tests indicated the weld metal to be stronger. 
Except for two tests at 800 F for times up to 854 hr for rupture, all 
the bars broke in weld metal with angular breaks. The fractured 
surfaces revealed numerous small spots indicative of porosity or 
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Fig. 7 Short-time tensile tests 
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“fish eyes” but no defects that might be due to slag, lack of fusion, 
or cracks, Figs. 33, 34, and 35. 

Both automatic submerged arc welds are indicated to have 
higher creep-rupture strength than the base metal, all failures 
having occurred in base metal. This is to be expected in the case 
of 212-A which was welded with C-'/,Mo wire. No flaws were ob- 
served in the weld metal of any of these specimens. 
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The results obtained on joints 201-M-6 and 212-M indicate that 
the relative creep-rupture strength of the weld deposit and base 
metal cannot be predicted from short-time room or elevated- 
temperature tensile tests. 

Based on these test results there is no indication that there is 
any inherent zone of weakness in a welded joint in carbon steel. 
Only 1 out of 49 creep-rupture tests failed in the heat-affected base 
metal, the remainder being in weld or base metal dependent on 
which possessed the greater high-temperature strength under the 
given test conditions. Thus it would appear that differences in 
strength of weld and base metal do not result in a so-called 
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Fig. 14 Deformation along gage length, 201-M-6 
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Fig. 16 Deformation along gage length, 201-A 
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“metallurgical notch” causing localization of rupture in the junc- 
tion area. In some cases stronger weld metal may be beneficial As indicated in the introduction, the effect of other factors 
in preventing yielding in the weld with consequent propagation which may influence the strength of welded joints such as rein- 
of defects. Where weld and base metals are of similar strengths, forcement, mechanical notches, flaws, other combinations of weld 
ie weld defects may be important contributors to the initiation of | and base-metal compositions, and so on, are not within the scope 
fracture. of this investigation. 
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Fig. 22 Creep-rupture test 


Conclusion when subject to static stress transverse to the joint. The location 
This limited investigation consisting of short-time tensile and of failure in these specimens, in the absence of metal flaws, is in 
creep-rupture tests on standard size specimens has failed to de- either base or weld metal dependent on their relative high- 
tect any evidence that there is any inherent zone of weakness in temperature strength. Weld-metal flaws may determine the 
welded joints of silicon-killed carbon-steel plates welded with location of fracture dependent on their magnitude and the 
procedures common in the pressure-vessel fabricating industry, strength of the weld metal in relation to that of the base metal. 
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Discussion 

Arthur R. Lytle.‘ It should be of interest to this group to 
know that a somewhat parallel effort is being sponsored cur- 
rently by the Fabrication Division of the Pressure Vessel Re- 
search Committee under the sponsorship of the Welding 
Research Council. 

A special Task Group was assigned the problem of studying the 
Effects of Fabrication Operations on Materials for High Tem- 
perature Service. Although this PYRC Committee was formed 
separately, we have maintained liaison with your Committee and, 
in fact, one of your members has been of great assistance in our 
work. 

Early in our considerations of the problem, we agreed that 
fabricating operations primarily involve welding with its at- 
tendant reinforcement, heat effect, weld metal properties, and 
such other factors as notches, reinforced openings, and so forth. 
With this in mind, it was clear that the effect of these varia- 
bles could not be determined properly by conventional testing 
of strips but rather that the testing must be done on as nearly 
full scale as possible so that the full benefit would be gained of 
two and three-dimensional effects. We also agreed that the speci- 
men size should be, as nearly as possible, similar to that in com- 
mercial production and that scaling down, especially in thick- 
ness, would be unacceptable. 

We have, therefore, designed a series of experiments in which 
we are testing a pressure vessel 84 in. long, 16 in. outside diame- 
ter, 13 in. inside diameter, with a 1'/.-in. wall. This vessel is in 
a furnace at 1000 F and is being loaded through the medium of 
liquid lead. We did have the matter of determining what would 
be failure in such a test as obviously we do not want to cause 
actual rupture of the pressure vessel under these conditions. 
Inasmuch as plastic deformation in service would represent 
failure, we have tentatively agreed that 3 per cent elongation of 
the circumference represents failure. We have, so far, tested 
only one vessel, an unwelded, seamless pipe of the afore-mentioned 
dimensions. We are having some trouble with pressure applica- 
tion and gaging of the deformation but feel that this is a really 
important and fairly novel experimental technique which should 
give very important and guiding results after our experimental 
difficulties are overcome. This work is being carried out under 
Prof. Georges Welter at Ecole Polytechnique in Montreal, 
Canada. 


Sidney Low’ and Ralph Guertin. Mr. W. B. Hoyt is to be 
congratulated on the manner in which this investigation was con- 
ducted and presented. 

The Research and Development Laboratories of The Chap- 
man Valve Manufacturing Company are pleased to have assisted 
in this investigation. In addition to participating in the wrought 


Table 3 Chemical composition (base metal) 
ASTM A216-56T, Grade WCB 


Carbon 0.17 
Manganese 0.86 
Silicon 0.48 <> 
Phosphorus 0.036 
Sulfur 0.020 
Chromium 0.25 
Nickel 0.18 
Molybdenum 0.01 
Copper 010 


* Vice-President—Research, Electro Metallurgical Company, 
Division of Union Carbide Corporation. 

* Director of Research, The Chapman Valve Manufacturing 
Company, Indian Orchard, Mass. Mem. ASME. 

* Supervisor, Research Laboratory, The Chapman Valve Manu- 
facturing Company, Indian Orchard, Mass. 


carbon steel test program, The Chapman Valve Manufacturing 
Company conducted a similar investigation involving cast carbon 
steel. 

Keel blocks with single coupons, 1 in. thick, 4 in. high, and 12 
in. long, were cast from ASTM A216-56T WCB. A large cylinder 
designed to simulate an actual production casting was also 
poured from the same heat. Chemical composition is given in 
Table 3. All castings were heat-treated at 1625 F and furnace- 
cooled. Castings were then radiographed and found to comply 
with ASTM E71-52T, Class I. Dry powder magnetic particle 
inspection made in accordance with ASTM E109-55 and E.125- 
56T did not show any indications. 

The weld grooves for the cast coupons were prepared in the same 
manner as the manual welded carbon steel plates, i.e., double vee, 
60-deg included angle, '/,.-in. land, and '/s-in. root gap. No pre- 
heat was employed and the electrodes used conformed to ANT M- 
AWS Classification No. E7016. Weld metal chemical com- 
position is given in Table 4. Welds were stress-relieved at 1200 F, 


Table 4 Chemical composition (weld metal) 
AWS-ASTM classification No. E-7016 electrodes 


Per cent 
Carbon 
Manganese 
Silicon 45 
Phosphorus 0.035 
Sulfur 0.016 
Chromium 0. 12 


Nickel 
Molybdenum 


eee 
Trace 


The welds were inspected by radiographic and magnetic 
particle methods. Boiler Code acceptance standards were met. 

Short time tensile and creep-rupture tests were conducted 
using standard 0.505-in. diameter, 2-in. gage length test bars 
identical to those used in the wrought steel investigation. The 
welded bars were machined with the weld in the center of the 
gage length and punch marks were spaced '/j. in. apart along 
the gage length. 

Tests were also run on the cast cylinder, welded and un- 
welded. The weld groove was a single ““U”’ with 40 deg included 
angle, */\.-in. radius, and */3:-in. land. No preheat was employed 
and the same lot of electrodes as used for the cast coupons was 
used to weld the joint. Weld was stress-relieved at 1200 F. The 
test results were similar to those obtained from the cast coupons. 

Results of short time tensile tests on welded and unwelded cast 
carbon steel (WCB) are plotted in Fig. 39. 

Creep-rupture test results on welded and unwelded cast carbon 
steel at 900 and 1000 F are plotted in Fig. 40 (base metal was 
tested at one temperature only, 1000 F). 

The data from this investigation were compared with those of 
the plates that were manual welded with ASTM-AWS Classifica- 
tion No. E7016 electrodes. 

Comparative results of short-time tensile tests on welded car- 
bon steel (cast and wrought) are plotted in Fig. 41. 

Comparative results of creep-rupture tests on welded carbon 
steel (cast and wrought) at 900 and 1000 F are plotted in Figs. 42 
and 43. 

The results of the investigation conducted by The Chapman 
Valve Manufacturing Company substantiated the work of the 
Task Group in that no evidence of any inherent weakness was 
found in welded joints in cast carbon steel. ited 
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Fig. 40 Results of creep-rupture tests on welded and unwelded cast carbon steel (WCB) 
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By T. J. LAMBERTSON,! MONTEREY, CALIF. 


A numerical finite-difference method of calculating the 
effectiveness of the periodic-flow type heat exchanger is 
presented by considering the metal “‘stream” in crossflow 
with each of the gas streams as two separate but dependent 
exchangers. A general purpose digital computer was used 
to accommodate the large number of subdivisions neces- 
sary for accuracy and an extrapolation of data to zero ele- 
ment area such that the values of effectiveness are good to 
four significant figures. The exchanger effectiveness has 
been evaluated over the following range of dimensionless 


parameters 


0.10 


The following nomenclature is used in the paper: 
= heat-transfer area on side designated by subscript, sq ft 
= heat-capacity rate (Wc) of fluids or rotor matrix accord- 
ing to subscript, Btu/hr, deg F 
specific heat of fluids (constant pressure) or rotor matrix 
material depending on subscript, Btu/lb, deg F 
unit conductance for thermal convection heat transfer, 
Btu/hr sq ft, deg F 
unit thermal conductivity, Btu/hr sq ft, deg F/ft 
= a constant, defined as used and distinguished by numeri- 
cal subscript 
number of subdivisions of fluid or matrix solid flow 
“‘stream’’ according to subscript 
heat transfer rate, Btu/hr 
temperature of fluid or matrix, inlet or outlet, depending 
on subscripts, deg F 
m:ss flow rate of fluid (lb/hr) or matrix (rev/hr) (mass) 
accor ling to subscript 


2 
< 


WMA MW 


NOMENCLATURE 


Dimensionless Parameters = 4 

E = exchanger heat-transfer effectiveness; _ ratio of ac- 
tual to thermodynamically limited maximum 
possible heat-transfer rate 

= capacity-rate ratio of fluid flow streams 
= capacity-rate ratio of rotor matrix to minimum 
fluid-capacity rate 
(hA)’ = (hA),/(hA),, Symmetry or balance of exchanger 
NTU = (hA)/C, number of transfer units on side desig- 
nated by subscript 
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over-all number of transfer units 


Subscripts 

avg = average 

rotor matrix 

inlet = | 

outlet, or over-all in case of NTU, 

= minimum magnitude 
maximum magnitude ls 
value on side of Cmin a 
value on side of Cmax 


INTRODUCTION 


In the past decade considerable interest has been shown in the 
application of the periodic-flow heat exchanger (rotary regenera- 
tor} to the gas-turbine cycle for exhaust-gas thermal-energy re- 
generation. Regeneration by whatever method applied to the 
gas-turbine cycle obtains, among other improvements, higher ther- 
mal efficiency, lower specific fuel consumption, improved part- 
load performance, and lower optimum pressure ratio. Particu- 
lar advantages to be expected from the application of the periodic- 
flow heat exchanger to the gas-turbine process are discussed by 
Harper and Rohsenow (1)? and Coppage and London (2), among 
others. Principal among these is the possibility of a more compact 
unit than is possible with the conventional stationary surface 
types. This is due to the fact that the periodic-flow heat- 
exchanger matrix can be finely divided, without structural dif- 
ficulty, resulting in an appreciably reduced heat-exchanger vol- 
ume relative to a stationary type for a given effectiveness and 
pressure drop. The major disadvantage of the rotating periodic- 
flow type is the sealing difficulties encountered and the attendant 
leakage involved when an appreciable pressure ratio is used. This 
has been reduced to acceptable limits in at least two current de- 
velopment programs (3, 4) and further refinements should 
follow. 

Because of the interest in this type of heat exchanger considera- 
ble effort has been expended to obtain useful solutions to the 
analytical problem of predicting its performance. The differen- 
tial equations and boundary conditions describing the system are 
sufficiently complicated to preclude complete analytical solution. 
An analytical solution is available for the special case of infinite- 
matrix rotative speed where the expression for effectiveness takes 
the same form as that of a counterflow direct type and is given by 


1 NTU2(1 - Cmin/Cmax) 


and for the further condition of Cmin/Cmaz = unity, reduces to 
1+ NTU, 


= 


. [la] 


Consequently, several approximate methods of solution have 
been proposed which are summarized in reference (2) and later 


* Numbers in parentheses r refer to the Bibliography at the end of 
the paper. 
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another method was reported in reference (5). Each of these 
solutions is limited, primarily because of the restricted ranges of 
parameters in which they apply. 

It is the purpose of this paper to present the results of a finite- 
difference numerical analysis which was carried out with the aid of 
a digital computer such that there were no limitations imposed on 
the four independent dimensionless parameters selected. Suf- 
ficient accuracy was obtained to justify four significant figures for 
the values of effectiveness reported. The results are tabulated at 
frequent enough intervals and over sufficient ranges of the 
parameters to include the gas-turbine regenerator application as 
well as other applications, such as intercooling, where the values 
of the parameters might be quite different. (our ~ 

METHOD 

The conventional idealizations and boundary conditions as- 
sumed in the usual derivation of the governing differential equa- 
tions are as follows (2): 


1 The thermal conductivity of the matrix is zero in the direc- 
tion of fluid flow and matrix metal “‘flow.’’ It is infinite in the 
other direction normal to the fluid flow. 

2 The specific heats of the two fluids and matrix material are 
constant with temperature. 

3 No mixing of the fluids occurs either as a result of direct 
leakage or carry over. 

4 The convective conductances between the fluids and the 
matrix are constant with flow length. 

5 The fluids pass in counterflow directions. 

6 Entering-fluid temperatures are uniform over the flow-inlet 
cross section and constant with time. 

7 Regular periodic conditions are established for all matrix 
elements; i.e., steady state condition. 


With these idealizations a typical element, Fig. 1, from each 
fluid side of the exchanger can be represented schematically as 
shown in Fig. 2. Although Fig. 1 is a disk (axial-flow) type ex- 
changer, typical elements of a drum (radial-flow) type can be 
selected, with the same assumptions, which can be represented 
schematically in the same manner as in Fig. 2. 

It is apparent from, Fig. 2 that each of these elements can be 
regarded as a cross-flow exchanger with a gas stream and a metal 
“stream.’’ It should be noted that the 7,; and 7,, on the two 
elements are not the same, but to avoid further subscript notation 
the side in question will be specified when it is not obvious. How- 
ever, the 7’,, of a particular element is the 7’, of the next adjacent 
element in the direction of matrix flow, and this is of particular 
significance at the seals where the direction of fluid flow reverses. 

Consider for the moment only the heat-exchange element on the 
side of Cmax, Fig. 2(a). For simple unmixed crossflow with uni- 
form temperatures across the inlets and average temperatures at 
the outlets, the heat-transfer rate for this element is 


ves Q = (hA), AT 


For a small enough element the arithmetic-mean temperature 
difference may be assumed valid, so that 


AT avg = (1/2)(T,; + (1/2\(T,, [5] 


By using Equations [2], [3], [4], and [5] the outlet tempera- 
tures of the two streams may be solved for in terms of the inlet 
temperatures and put in the form (6) 
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By the same method, the outlet temperatures of the element on 
the side of Cmin may be solved for in terms of its inlet temperatures 


giving 

By using the definitions of the parameters and proper algebraic 
manipulation, theforegoing constants may be put directly in terms 
of the dimensionless parameters and the number of subdivisions 
of the matrix and fluid streams, giving : 

2 
= .. [8a 
1 2N,(hA)’ (8a) | 
Cmax Cumin N, + ( ) Cmax 
K; = [8b] 
2N,(hA)! — 
1+ Cmin a ) 
Cmax Cmin N, | NTU,[1 + (hA)’] 
2 
= N ’ 
2 
K, = [8d] 
2N, — 
1+ C, Nn + Cmin 
Cumin N, 


NTU, [1 + (AA)’] 


Now consider the schematic representation of the composite 
heat exchanger made up of elements as shown in Fig. 3. For il- 
lustration, each of the fluid streams and the matrix stream have rs | 
been divided into three equal substreams to form the elements. ; 


» 


| 


Cmax 


Constant 


Comin 
Fic. Scuematic Composite Heat EXCHANGER 
The double lines represent the area of the seals. It should be 
noted that the left edge is physically the same as the right edge 
and therefore the matrix-inlet temperature of a particular matrix 
substream on the left must be identical to the matrix-outlet 
temperature of that substream on the right. This will be re- 
ferred to later as the reversal condition. : 

In Fig. 3 where individual-element temperatures are designated 
with the same label, it is not implied that they are equal numeri- 
cally, except where indicated as constant across the fluid inlets. 
This is done to avoid additional subscript notation. Also, it is 


not to be implied from Fig. 3 that there is necessarily any sym- 
metry with respect to the areas involved. 

Now, for calculation purposes, if the fluid-inlet temperatures are 
given some convenient values, such as 1 and 0, and a matrix-inlet- 
temperature distribution is assumed on the left edge, the remain- 
ing temperatures of each element can be calculated in the order 


indicated by the element numbers by repetitive use of Equations 
{6] and then [7]. If the temperature distribution assumed on the 
left edge was correct then it would be duplicated on the right, i-e., 
the reversal condition was fulfilled, and the problem would be 
solved for the particular set of parameters used. If, however, this 
is not the case, then the resulting temperature distribution on the 
right is now used on the left and the procedure repeated until the 
reversal condition is met. 

After several iterations of this type, the cyclic character of the 
calculations for each element and column on a side becomes ap- 
parent and the beauty of automatic computing equipment is fully 
appreciated. It can be seen that if, in the process of computing 
the outlet temperatures of element 1, the T,, is put where the 7,,; 
was, and a control number is increased by 1 so that the 7’, of ele- 
ment 2 will be used next, the same sequence of operations can now 
be used to compute element 2, and so on down the first column of 
elements. Also, if the 7, of each element is put where its 7,; was 
then, upon reaching the end of the column and ‘‘zeroing’’ the above 
control number, the same cyclic operation can be used for the next 
column. A second control number is used to indicate when one 
side is finished and then a similar procedure is followed on the 
other side. In this scheme it is only necessary to provide storage 
for the 7',, and T,, of each row, which will be used for comparison 
purposes to determine if the reversal condition is met, and the 
7. of each column on one side and the 7, of each column on the 
other side, which will be used to make a heat balance and compute 
the effectiveness when the reversal condition is met. 

That the reversal condition eventually will be met by this itera- 
tive scheme can be shown (6) to depend on the physical conditions 
of the problem and the second law of thermodynamics. These 
conditions will be called the conditions for convergence and for 
this problem they may be stated in the following form 
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Accepting for the moment the idealizations and assumptions 
made, then the accuracy of the solution obtained, by the very 
nature of a finite-difference process, depends only on the number 
of subdivisions used. It is apparent from conditions [9] that a 
greater number of subdivisions also will enhance the convergence. 

A considerable number of subdivisions can be handled by auto- 
matic computing equipment to obtain a certain accuracy and aid 
convergence, but the number of subdivisions used must be ar- 
rived at by a compromise between the accuracy desired and time 
available. The easiest way to illustrate the accuracy obtained 
for a given degree of subdivision is to solve the problem for several! 
values of subdivision and extrapolate the results obtained to zero- 
element area. As an example, consider the following results for 
the indicated parameter values 


NTU, [1 + (hA)’] < 2N, 


NTU, [1 + 1/(AA)’|Cmin/Cmax < 2N, 


and 


Cuin/Cmax 0.90, NTU, = 6, Co (hA)’ = 1.0 


No. subdivisions Effectiveness 
8 0.7816 


16 0.7800 
32 


0.7796 

If these results are plotted versus element area and extrapolated 
to zero it will be found that the indicated effectiveness is 0.7795. 
This correction is not constant for all ranges of parameters, being 
largest for low values of C,/Cmin and high values of NTU,, the 
foregoing example being typical. The procedure used in this work 
was to calculate Tables 1 through 9 with 16 subdivisions, then re- 
calculate Tables 1 and 9 with 32 subdivisions. Table 9 was cal- 
culated to show the effect of varying the parameter (hA)’, and it 
also contains representative values from the other tables so that 
with these data all of the tabulated data were extrapolated to 
zero-element area. 

The computer used has the equivalent of nine significant 
decimal-figure accuracy; it was specified that the reversal condi- 
tion be fulfilled to only five figures. Of more significance than 
this was the final requirement that before a solution was con- 
sidered as being obtained the heat-balance error, which is a direct 
measure of error in the effectiveness introduced by accuracy of 
computation, be less than 0.024 per cent. j 

The remainder of the computer program was essentially a sys- 
tem of ‘feeding’ it the next set of parameters after each solution. 
There were, however, several other interesting features in- 
corporated in it: 

1 Up to 64 subdivisions could be accommodated without ex- 
ternal memory storage simply by modifying certain control com- 
mands. 

2 Final matrix temperature distributions were punched on 
cards for future use. 

3 A logical choice of initial estimate for matrix temperature 
distribution for each new problem was made from data available 
from work up to that point. 

4 Optional read out of all or selected temperatures was pro- 
vided. 


CoMPARISON OF RESULTS 


The results obtained are reported in tabular form (Tables 1-9) 
only. Because of the volume of data and the accuracy obtained 
it is felt that additional graphical representation would not serve 
the purpose of this paper. Several general observations can be 
made from the data: 
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TABLE Periopic-FLow Heat-EXxCHANGER EFFECTIVENESS 


2-0 
(BA) = 1.0 

=, 1.3 1.5 2 3 
0.5 0.3221 0.3282 3508 0.3329 (0.3335 
1.0 0. 8665 0.8779 0.4845 8912 0.4960 0.4985 0.5000 
1.5 0.5478 0.5757 0. 9861 0.5978 0.6000 
2.0 0.6007 0.6231 0.6360 0.6691 0.6587 0.6638 0.6667 
2.5 0.6385 0.6792 0,691 0.7120 0.722 
3.0 0.6672 0.6999 0.7119 0.7280 0.7K00 0.7863 0.7500 
3.5 0.6900 0.7577 0. 7586 0.7739 «0.7778 
&.0 0.7086 0.7810 0.7986 0.7760 0.7889 0.7959 0.8000 
4.5 0.7262 0.7760 7957 0.6139 818 
5.0 0.7375 0.7723 0.7907 0.8086 0.8217 0.8290 0.8355 
5.5 0. 0.603% 0.8213 0.8617 0.8662 
6.0 0.7592 «0.7956 Babe «0.8323 (0.8526 8571 
6.5 0.7682 0, 8261 0.8419 0.8621 0,8667 
7.0 0.7763 0.8138 0.6327 0.8504 0.8632 0.8708 0.8750 
7.5 0.7835 0.8408 0.8579 0.8777 8823 
8.0 0.7901 0.8285 0.8673 0.8687 0.8772 0.8862 0.8889 
8.5 0.7961 0.8536 0.8708 0.8900 (0, 8947 
9.0 0.6017 0.8807 0.8593 0.8763 0.888% 0.8955 0.9000 
9.5 0, 8068 0.8666 0.881% 0.9002 0.9047 
10.0 0.6115 0.8510 0.869% 0.8860 0.8978 0.9085 0.9091 
TABLE 2. Pertopic-FLow Heat-ExcHANGER EFFECTIVENESS 

9-95 
(hA)* = 1,0 

’ 

1 1.35 1.5 2 3 5 co 
1 0.8718 0.8855 0.8901 0.4970 0.9022 0.5087 0.5065 
2 0.6082 0.6319 0.6658 0.6592 0.6695 0.6787 0.6778 
3 0.6760 0.7068 0.7238 0.7806 0.7535 0.7600 0.7640 
0.7283 0.7528 0.7715 0.7903 0,6039 0.8115 0.6156 
5 0.787? 0.7689 0.8087 0.8260 0.8579 0.8855 0.8503 
6 0.7698 0.8090 0.8292 0.6486 0.8626 0.8700 0.8750 
7 0.7872 «0.8277 8672 (0, 8808 «0, 
8 0.8012 0.8629 0.8635 0.8620 0.8953 0.9027 0.9077 
9 0.8129 400.8558 «0.8757 «0, 9192 
10 0.8229 0.8662 0.6861 0.9080 0.9165 0.9235 0.926% 


1 As Cmin/Cmax decreases, for given values of the other 


parameters, the effectiveness increases. This is predicted by the 
limiting solution for C,/Cmin = ©, Equation [1], and was 
pointed out in the illustrative problem of reference (2). 


2 By using NTU, as defined in the nomenclature, which con- 
tains (hA)’ explicitly, the influence of (hA)’ at a given NTU, is 


very small for Cmin/Cmax > 0.9. This conclusion also was reached 


by Coppage and London (2) in their evaluation of the work by 
Hausen (7), Saunders and Smoleniec (8), J. 


E. Johnson (9), and 


TABLE 


TABLE 


Pertopic-FLow Heat-ExcHaNGER EFFECTIVENESS 
= 1,0 

1 1.3 1.5 2 3 5 oo 
0.8765 0,8687 0.6958 0.5030 0.5082 0.5110 0.5126 
0.6156 0.6505 0.6567 0.6693 0.6800 0.6856  0,6889 
0.6866 0.7167 0.79%7 0.7530 0.7668 0.7735 0.7777 
0.7275 7682S (0. 885) «0 8265 «0. B50 
0.7573 0.7970 0.6382 0.8385 0.8615 0.866% 
0.7795 0.8216 0.8832 0.8636 0.8784  0,8865 0,8916 
0.7970 0.8607 0.8625  0,8627 0.6972 0.9051 0.9102 
0.8230 0,8689 0.8906 0.9099 0.92358 0.9309 0.9359 
0.8532 0.8797 0.9012 0.9199 0.9329 0.9601 0.9650 


589 


Pertopic-FLow Heat-ExcHANGER EWFECTIVENESS 
(hA)' = 1,0 

’ 

1 1.3 1.5 2 3 oo 
0.4861 0.499% 0.5071 0.5189 0.5207 0.525 
0.6299 0.6573 «(0.6730 «0.6892 «0. 70 0.7109 
0.7007 0.7366 0.7565 0.7769 0.7919 0, 8043 
0.763 0.7853 0.6077 0.8299 0.8597 
0.773 0.8190 0.6627 0.8655 0.8818 0.8957 
0.7967 0,8680 0,8685 0.8910 0.9069 0. 9206 
0.8180 90,8638 «0.8879 0.9102 (0. 9253 0.9386 
0.8279 0.8788 0.9033 0.9269 0.9592 0.9518 
0.8398 «0.8916 0.5157 0.9365 0.9500 0.9619 
0.8692 (0.9021 (0.9260 0.9860: 9586 0.9696 


5 Pertiopic-FLow Heat-ExcHANGER EFFECTIVENESS 
0-70 
= 1.0 
¢ 
1 1.3 1.5 2 3 


0.4959 0.5108 0.5187 0.5271 0.53555 
0.6637 0.6737 0.6910 0.7087 0.7219 
0.7155 0.7568 0.7770 0.7995 0.8160 


0.7599 0.6066 0.8291 0.8535 0.8710 
0.7887 0.6382 0.8663 0.8892 0.9065 
0.8106 0.8629 400.8895 90.9139 (0.9303 
0.8272 «0.8818 0.9085 0.9320 0.9673 
0.8405 0.8967 0.9252 0.9856 0.9596 
0.8518 0.9087 0.9988 0.9560 0.9687 
0.8606 0,9288 0.9665 0.9662 0.9756 


| 
| 
| 
6 
TABLE | 
: 
0.5385 
0.7326 
0.8295 
0.9207 
0.9859 
= 
0.9709 
0.9788 
0 0, 9885 
4 


TaBLe 6 PerRiopic-FLow Heat-ExXcHANGER EFFECTIVENESS 


* 
(hA)’ = 1.0 


0.50 


1.5 


0.5417 0.9515 


0.7269 0.7662 
0.8399 
0.8928 


0.9256 


0.8133 
0.8645 
0.8975 


0.9202 
0.9366 
0. 9489 
0.9582 
0.9655 


0.9469 
0.9615 
0.9717 
0.9789 
0,942 


Periopic-FLow 


* 
= = 1.0 


TABLE 7 
0.30 


0.5588 
0.7618 
0.8590 
0.9122 
0. 9436 


0.9629 
0.9752 
0.9833 
0, 9886 


Heat-EXcHANGER EFFECTIVENESS 


Cr/Cain 
1.5 


0.5648 
0.7556 
0.8422 
0.8895 


0.5762 
0.780% 
0.8729 
0.921% 


0.9183 0.9890 


0.9658 
0.976% 


0.937% 
0.9506 
0.9602 
0.9673 
0.9729 


0.9835 
0.9881 
0.9915 


0.5846 
0.7988 
0, 8945 
0.9420 
0.9670 


0.9808 
0.9885 
0.99% 
0.9955 
0.9972 


8 Periopic-FLow HEAT-EXCHANGER EFFECTIVENESS 


(BA)' = 1.0 


Cy/Catn 
1.5 


0.5877 0.6008 


0.7820 0.8109 
0.8981 
0.9397 


0.9618 


0.8630 
0.9062 
0.9283 


0, 
0.9550 
0.9632 
0.969% 
0.9745 


0.9745 
0.982% 
0.987% 
0.9908 
0.9932 
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9 HEAT-ExcHANGER EFFECTIVENESS 


0.7680 
0.7375 


0.8484 0.7136 


0.9658 
0.9546 
0.9639 


0.8379 
0.8133 
0.7957 


0.9881 
0. 9808 
0.97% 


0.8675 
0.8472 
0.8326 


lliffe (11). For Cmin/Cmax < 0.9, however, the influence of (hA)’ 
becomes increasingly pronounced, and the variation for (hA)’ = 
unity and 0.25 may be as much as seven per cent for Cmin/Cmax = 
0.1, Table 9. 

3 The difference in effectiveness for C,/Cmin 2 5 and the 
value given by the limiting solution for C,/Cmin = © is very 
small. 

R. W. Johnson (12) used much the same method employed here 
but had limited access to a computer and was therefore able to 
calculate only a relatively small number of the points reported 
here. Also owing to limited computer time at most ten and in 
some cases only five subdivisions were used with no extrapolation 


| 1 2 1 2 1 2 
5 1.00 0.6672 0.7280 0.6760 0.7606 0.6846 0.75350 
1 0.5156 0.5322 0.5647 3 0.50 0.6676 0.7262 0.6752 0. 0.6826 0.752% 
2 0.6690 7045 0.776 3 0.25 0.6685 728% 0.6751 0.760% 0, 6815 0.7521 
5 0.7802 0. 7869 
6 1.00 0.7592 0.8323 0.7698 0, BeBe 0.7795 0.8636 
0.7817 0,8353 0.927% 
6 0.50 0.7597 0.8325 0.7687 0.8481 0.7769 0.8628 
0.8089 0.8670 0.9572 
6 0.3 0.7608 0.8328 0.7685 0.8878 0.7751 0.8622 
6 0.8284 0,880% 0.9785 
g 1.00 0.8017 0.8763 0.8129 0.8980 0.8230 0.9099 
7 0, 8431 0.9062 0.9847 
9 0.50 0.8021 0.8765 0.8115 0.8936 0.8198 0.9091 
8 0.8566 0.9191 0.9908 
3 9 0.25 0.8032 0.8763 0.8111 0.8935 0.8176 0.908% 
0.8639 0.9293 0.99% 
10 0.8716 0.9376 0.9966 
5 1,00 0.7007 0.7769 0.7155 0.7995 0.7402 0.8399 
0.50 0.6960 0.7752 0.7075 0.7966 0.7265 0.8552 
0.25 0.6919 0.7001 0.7985 0.7099 0.8270 
6 1.00 0.7967 0.8910 0.8108 0.9139 0.8288 0.9669 
+ 0.50 0.7902 0.8888 0.8000 0.9105 0.8102 0.9398 
6 0.25 0.7868 0.8872 0.7908 0.907% 0.7953 0.933% 
1 0.5915 
, 9 1.00 0.839% 0.9365 0.8528 0.9560 0.8639 0.9789 
0.6902 0.73 0.8136 
9 0.50 0.8523 0.9545 0, 8802 0.9529 0.8465 0.9735 
0.8115 0.9110 
3 0.25 «0.8263 0.9328 0.8306 0.9508 0.8827 0.968 
0.7951 0.8558 0.9566 
7 1 2 1 2 
6 0.8360 90,9031 0.9895 
= 
7 0.8487 0.9171 0.9948 (ma)’ 9-30 = 0-10 
8 0.8588 0.9278 0.997% ee 
3 1.00 0.7577 0.8729 0.8961 
9 0.8671 0.9363 0.9987 - 
3 0.50 0.7338 0.8608 0.8787 
10 0.8740 0.9435 0.9994 
3 0.235 0.715. (0.8579 9 
6 1.00 0.8360 0.9785 
Ts é 0.50 0.8130 0.9597 
9 1.00 0.8671 0.9908 = 
3 oo 
ow, 
35 0.618 
2 0.7070 0. 7542 0.8319 
5 0.7680 0.8279 0.9219 0.939 
. 0.8009 0, 8667 0.9615 == 0.975 
5 0.8223  0,8908 Mmm 8 460.902 0.9% a 
6 0.8378 0.9075 0.9992 0.9% 
7 0.8498 0.9200 0.99399 0.998 
8 0.8595 0.9298 0.9964 0.995 
9 0.8675 0.9376 0.99TT as 0.995 
10 0.8785 0. 0.996% 0.995 
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to zero-element-area correction. Allowing for this, the correspond- 
ing results are practically identical. 

Coppage and London (2) recommended the results of J. E. 
Johnson (10) which were obtained for Cmin/Cmax = unity. 
These results, in terms of the parameters used here, were later 
incorporated in reference (13) with extrapolation to Cmin/Cmax = 
0.7. The variation in corresponding values of Table 1 of this 
paper and Table 6 reference (13)* which are for Cmin/Cmax = unity 
is less than one per cent. Only when Cmin/Cmax = 0.7 and 
C,/Cmin = unity, where the extrapolation method used was ad- 
mitted to be most uncertain, is the variation slightly more than 
two per cent. 

An expression for effectiveness in closed form may be desirable 
for certain uses such as computer analysis of plant performance. 
A relatively simple empirical formulation is suggested in reference 
(13) for Cmin/Cmax > 0.7 and C,/Cmin 2 2 and is of the form 


E,-E AE 
Ee 


E. (C, ) 


where Ky = '/5, m = —2, and E, is determined from Equation 
{1]. Such a form cannot be applicable for all values of parame- 
ters with single values of Ks and m, but it agrees reasonably wel 
with the results reported here for the ranges specified. It has 
been found that with slight variation of Ks and m very close 
agreement can be obtained in a small range of parameters which 


may be of particular interest. As an example, in the range 


1.0 > 2090 


30 90 


with A, = '/, and m = —1.87, the error is less than one per cent. 


LIMITATIONS 


The most questionable of the idealizations made is that of zero- 
matrix conductivity, particularly in the direction of fluid flow. 
Although the effect of matrix conductivity could be included in 
the finite-difference equations the additional degrees of freedom 
would make adequate coverage of all the parameters extremely 
voluminous and time-consuming. If for a particular exchanger 
design the matrix conductivity was considered important then 
the problem could be solved individually on a computer with ade- 
quate capacity. A simpler alternative is to neglect the conduc- 
tion and correct the effectiveness for this effect. From theoretical 
considerations Prof. A. L. London has shown (14) that a correc- 
tion factor for conductivity in the direction of fluid flow for ap- 
proximately equal fluid-capacity rates, of the form 


should result in a somewhat pessimistic prediction of the reduc- 
tion in effectiveness. (A in this case is the matrix cross-sectional 
area available for heat conduction in the direction of fluid flow on 
both sides, and ZL is the flow length.) Schultz (15) has solved for 
the effectiveness as a function of the conduction parameter in 
Equation [11] for three cases. In the nomenclature used here, 
these three cases are for the following conditions: 


1 Cmin = Cmax, C,/Cmin very large, k finite. 

2 Cmin = Cmax, C,/Cmin = ©, k finite, regenerator subdivided 
into sections in direction of fluid flow. 

3 Cmin = Cmax, C,/Cmin finite, k = ©, regenerator sub- 


divided into sections in direction of fluid flow. = = = © 
«a 


§ Reference (13), p. II—32. 
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From the curves in reference (15) which allow direct comparison 
with the results presented here it is found that for 


kA 

—— £ 002....... . [12] 

Le {12} 
the reduction in effectiveness is at most about one per cent. Ad- 


ditional work, not available at the time of writing, concerning the 
influence of conduction is reported in reference (16). 

The effect of leakage can be calculated separately resulting in a 
correction to the effectiveness without leakage. This correction 
has been shown to be small for as much as ten per cent leakage 
(1). 

The remaining idealizations are those usually made in conven- 
tional heat-exchanger-design theory. 


SUMMARY AND CONCLUSIONS 


1 The numerical procedure used in this work assumes no 
symmetry, either with respect to heat-capacity rates of the fluids 
or area ratios of the two sides, and is therefore not limited in this 
respect. The ranges of parameters which have been covered ef- 

Ve 


fectively are 
Cmin/Cmax > 0.10 
C,/Cuia  @ 

NTU, 
(hA)’ 


1.0 
1.0 
1.0 10 


> 0.25 


IN IN W 


1.0 


\W 


2. The error introduced by the finite-difference type of solu- 


tion has been minimized by the use of sufficient subdivision and 
further extrapolation to zero-element area so that four significant 
figures in the results are justified. The effects of deviations from 
the assumed idealizations have not been included in the results 

3 Even though the immediate results obtained must neces- 
sarily be tabular a relatively simple closed-form expression for 
effectiveness can be obtained which will give a good “‘fit’’ over a 
reasonable range of parameters. 
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Discussion 


G. M. Dusinperre.’ This paper ably confirms two points 


which the writer has been urging for a number of years: 


1 Numerical methods are not merely a good way to solve a 
particular problem (as is often alleged, in contrast to analytical 
methods), but are an,excellent way to generate a family of solu- 
tions. 

2 When a digital domputer is to be used, and when an analyti- 
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cal solution is not obtainable anyway, there is often a great 
saving of time and effort in proceeding on a finite-difference basis 
throughout. The alternative is to write a complicated differential 
equation and then devise means for putting it back to a finite- 
difference form for computer solution. 


T. C. Evans. The information contained in this paper is a 
valuable contribution to the art of regenerative heat-exchanger 
design and analysis. The author is to be commended for having 
done a most thorough analysis. The wide range of performance 
parameters investigated and reported upon should prove to be 
particularly useful to anyone seriously involved with regenerative 
heat exchangers. 

Concerning the finite-difference method of predicting regenera- 
tor performance, it should be noted that it is not limited to 
steady-state conditions. On the contrary, in the case of gas-tur- 
bine plants where turbine and compressor characteristics are 
known, a finite-difference method may be used to establish re- 
generator temperatures under transient conditions. To be able 
to do this is important to the designer, not so much from the 
standpoint of regenerator thermal performance, but more from 
the standpoint of analyzing the behavior of the regenerator sealing 
system. 

With regard to the idea] boundary conditions used in the 
author’s analysis, as well as others, we have some experimental 
verification that no measurable inaccuracies result from assuming 
zero matrix conductivity in the direction of flow. This may be 
explained primarily from the fact that regenerative surfaces cur- 
rently under investigation for gas-turbine application have, in 
general, small cross-sectional! area normal to flow. 

On the subject of fluid mixing resulting either from direct leak- 
age or carry-over, the author is correct in his statement that a 
correction may be applied to the effectiveness obtained under 
ideal or no mixing conditions to yield a reduced effectiveness 
for the actual case. However, this is by no means a simple correc- 
tion since the design of most machines is such that a portion 
of the leakage from the cold end can enter the low-pressure side at 
the hot end, and similarly, a part of the hot-end leakage can enter 
the low-pressure side at the cold end. The resulting effect on per- 
formance is, of course, much greater than that produced by simple 
“hot” and “cold” end leakage. 
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A Study of Heat Transfer and Pressure Drop 
Under Conditions of Laminar Flow in the > 


Shell Side of Cross-Baffled | 


Heat Exchangers 


By F. L. TEST,? KINGSTON, R. I. 


This paper discusses a study of the laminar region and 
develops heat-transfer and pressure-drop correlations for 
an effective Reynolds number below 100. The principal 
variables were oil-weight rate, mean oil temperature, 
mean water temperature, and baffle spacing. All runs 
were performed with an SAE 60 and an SAE 30 oil. An 
increase in baffle spacing would increase the rate of heat 
transfer and decrease the pressure drop, particularly at 
low oil flows. A change in the mean oil temperature had 
very little effect on the oil-film coefficient of the SAE 60 oil. 
The oil-film coefficient would change very rapidly with 
mean water temperature. The heat-transfer and pres- 
sure drop results are correlated on the basis of an effective 
Reynolds number. The effective Reynolds number is a 
function of the effective area which accounts for various 
leakage passages. The correlations predict results that 
rarely differ by more than 10 per cent from the experi- 


mental results. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


1. = tube-bundle cross-flow area within limits of tube bundle, 
sq in. 
Aer = effective tube-bundle cross-flow area, sq in. 
A, = free area parallel to tubes in an unbaffled exchanger, sq 
ft 
B, = volume rate of flow in crossflow through tube bundle 
_B, = total volume rate of flow through exchanger 
D, = inside shell diameter, in. 
Dy = tube-bundle diameter between baffle windows, in. 
D, = volumetric hydraulic diameter for flow parallel to tubes 
in unbaffled exchanger 
4 free volume oe 
surface area of tubes’ Pee dewe 
D,, = outside diameter of tubes, in. — Oo 
D, = volumetric hydraulic diameter for crossflow between 
baffle windows 
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= Prandtl number of oil at mean oil temperature ; 


4 X free volume 


surface area of tubes’ - 
base of natural logarithm, 2.718 
friction factor calculated from equation for cross-flow 
pressure drop 
conversion factor in Newton’s law of motion, equals 
32.2 ft/sec? 
effective cross-flow mass velocity through tube bundle 
(144W,,) /(60A ctr), Ib/sec-ft? 
film coefficient on oil side, Btu /hr-sq ft-deg F 
heat-transfer factor, J’/e** 


Dh ( l 6 ( 1 
Z 

thermal conductivity of oil at mean temperature, 
Btu /hr-sq ft-deg F/ft 

tube length, ft 

length of bypass passage between tube bundle and shell, 
in. 

exponent of Z-term in effective area calculations, 0.57/ 

number of tube rows traversed between centers of gravity 
of adjacent baffle windows times number of cross-flow 
passes 


heat-transfer factor, 


tube pitch, in. 

amount of exchanger pressure loss attributed to cross- 
flow, in. Hg 

pressure drop in exchanger if baffles were removed, in. 
Hg 

pressure drop in flow path between tube bundle and 
shell, psf 

Reynolds number for crossflow in tube bundle, based on 
effective mass velocity, 3600 D, Gerr/u, 


= Reynolds number for flow parallel to tubes in an un- 


baffled exchanger, (60 D,W,)/(u,Az) 
Reynolds number based on minimum cross-flow area, 
(60 /(t,Amin) 


= baffle spacing, in. 


velocity in bypass passage between baffle and shell, fps 
weight rate of oil flow, lb /min 


= viscosity ratio of oil, u,/u, 


1 
exponent of Z-term in equation for AP,, 0.57/(R, 
viscosity of oil at mean oil temperature, lb/hr-ft 
viscosity of oil at outside-tube-surface temperature, 
Ib/hr-ft 
specific weight of oil at mean oil temperature, pcf 


= 
‘ 
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INTRODUCTION 


Many investigators have attempted to correlate the heat- 
transfer and pressure-drop data for shell-and-tube exchangers, 
and they have been fairly successful when operating in the tur- 
bulent range. When the data have extended to the region of 
relatively low Reynolds numbers, they have not correlated very 
well. Most of the research in the past has dealt with a small 
range of variables except for the common situation of varying 
the flow rate. 

Present investigations seem to indicate that the various by- 
pass areas, such as those between the bundle and shell, between 
the baffle and shell, and between the baffle and tubes, become 
very significant when the fluid is flowing under laminar or vis- 
cous conditions. Bergelin* and associates are in the process of 
investigating each of the various flow paths. A series of papers 
by Tinker‘ suggests a method of correlating data based on the 
effective area. The use of the effective area is an attempt to 
account for the various leakage areas. This approach was 
utilized in this paper with good success. Tinker’s data corre- 
lated very well above an effective Reynolds number of about 60, 
but, below this, the spread in the heat-transfer results was as 
much as 100 per cent. The majority of the data for this paper 
were taken at Reynolds numbers below 60. Donohue’ corre- 
lated results within +25 per cent at high Reynolds numbers but 
did not investigate the laminar-flow region. 

It can be seen that most of the work on heat exchangers has 
been in the region of high Reynolds numbers and the accuracy 
of that which extended to the region of low Reynolds numbers 
was rather poor. This study is an attempt to investigate the 
low-Reynolds-number region and arrive at correlations which 
will predict heat-transfer rates and pressure drop with a reasona- 
ble degree of accuracy for a particular unit. 


EQUIPMENT AND PROCEDURE 


The experimental apparatus is shown in schematic form in Figs. 
land 2. The heat exchangers on which the data were obtained 
were of the conventional shell-and-tube construction using half- 
moon baffles. The baffle cut was 33 per cent. The three ex- 
changers used during the runs were supplied with baffle spacings 
of 2, 4, and 6 in., but they were identical in other respects. The 
total tube length was 2ft. The exchanger shell was 5 in. OD and 
had a shell thickness of '/is in. Each of the 86 tubes had an 
OD of 0.375 in. and an ID of 0.305 in., and were made of ad- 
miralty metal. The tubes had a triangular pitch of **/¢ in. 
A sketch of the exchanger cross section is shown in Fig. 15. 
Both shell and tube sides were single pass with a counterflow 
arrangement. 

The oil flow was governed by a bypass arrangement, and the 
flow to the oil cooler was measured with a rotameter. The oil 
temperature was measured by thermocouples mounted in the 
tanks shown at the top of Fig. 2. Mixing baffles were installed 
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Tubes—IV,” by O. P. Bergelin, G. A. Brown, and S. C. Doberstein, 
Trans. ASME, vol. 74, 1952, pp. 953-960. 
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ASME, vol. 76, 1954, pp. 841-850. 
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D. A. Donohue, Industrial and Engineering Chemistry, vol. 41, no. 
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Fic. 2 ScnemMatic ARRANGEMENT OF EQUIPMENT 

in each tank, and the pipe leading to the outlet tank had addi- 
tional baffles installed. The mixing reduced the stratification so 
that the temperature readings at a particular location would 
usually not differ by more than 5 per cent of the amount of the 
oil-temperature change. 

The oil temperature entering the test unit was regulated by 
governing the flow of steam to an oil heater. The cooling-water 
temperature was regulated by heating the water in a steam con- 
denser. By these devices it was possible to vary the cooling- 
water temperature from 50 to 111 F and the entering-oil tem- 
perature from 135 to 200 F. The range of oil flows was 7.2 to 
226 lb per min. Variations of water flow did not appear to affect 
the heat-transfer rate or pressure loss; therefore in all runs the 
water rate was held at about 300 lb per min. For runs in which 
the particular quantity was not the principal variable, the follow- 
ing conditions were maintained: Oil-flow rate 72.5 lb per min, 
mean oil temperature 145 F, and mean water temperature 70 F. 

All runs performed with the SAE 60 oil were duplicated with 
the SAE 30 oil; and all the runs made with the two inch unit 
were repeated with the four-inch unit. The six-inch unit was 
only used for the case of varying oil rate. At a temperature of 
100 F the viscosity is 560 SSU and 1720 SSU, and at 210 F itis 
67 SSU and 125 SSU for the SAE 30 oil and SAE 60, respectively. 
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TaBLE 1 CHECK 


Run Date Q he 
65 3/26/55 20.3 275 13.2 
77 6/16/55 19.8 269 13.3 
62 3/22/55 166.1 850 34.6 
87 6/20/55 168.3 845 33.7 


The reproducibility of the equipment was very good. The data 
‘in,Table 1 were taken from the 4-in. unit. 
__ In the three-month interval between runs the four-inch unit 
was removed and runs were performed with the other units. 
This evidence together with the fact that there was never any 
noticeable sludge or scale collection on the heat-transfer surfaces 
leads to the conclusion that there was no problem with the 
reproducibility of runs. 


DiscussION OF RESULTS 


The oil-film coefficients were determined by subtracting the 
= resistance and water-film resistance from the over-all 
coefficients. In the first group of runs, the SAE 60 oil at a mean 
temperature of 145 F passe 2d through the 2, 4, and 6-in. units at 
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TaBLe 2 VERSUS WEIGHT OF OIL FLow 
ror SAE 60 
(Ib/min) 2 in. 4 in. 6in, 
20 12.5 13.5 
150 78 58 67 


The results are plotted in — 
Fig. 3. Table 2 is a brief summary of these results. 

When the flow is 20 lb/min an increase in baffle spacing causes 
an increase in the film coefficient. This is due to the greater 
influence of the bypass areas within the exchanger under condi- 
tions of viscous flow. As the flow approaches the turbulent 
region the film coefficient of the 2-in. unit surpasses that of the 
other units. Fig. 5 shows a similar plot for the SAE 30 oil which 
is less viscous than the SAE 60 oil. At an oil flow of 225 lb per 
min the film coefficient for the 4-in. unit is beginning to exceed 
that of the 6-in. unit. 

The corresponding curves for pressure loss in Figs. 4 and 6 
show that the pressure loss increases as the baffle spacing in- 
creases at a particular oil rate which is not in agreement with-the 
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usual correlation between heat-transfer and pres- 
sure drop. This is due to the fact that the oil 
bypassing the tube bundle is in contact with 
very little heat-transfer surface but the pressure 
drop in the bypass passage is the same as that 
through the bundle. Fig. 7 is a plot of the oil- 
film coefficient (h,) for the SAE 60 and SAE 30 
oils in the 2 and 4-in. units under conditions of 
varying mean oil temperature. The change of 
oil-film coefficient with mean oil temperature 
becomes negligible as the flow approaches the 
viscous region. The SAE 30 oil shows a slight 
increase in A, as the oil temperature increases. 
The oil viscosity is the only property that changes A 4 INCH SPACING - SAE 60 
a significant amount with oil temperature. It © 2 INCH SPACING - SAE 30 
can be concluded that the oil viscosity uw, at the A 4 INCH SPACING -SAE 30 
mean oil temperature does not have a large effect 


No 


© 2 INCH SPACING - SAE 60 


on oil-film coefficient under viscous conditions. 80 90 100 uO 
When the SAE 30 oil is 136 F it has the same bulk 

viscosity as the SAE 60 at 169 F, but the film co- Toe ~ OF 

efficients are 43 and 36 Btu/hr-sq ft deg F, respec- Fie. 9 Orr-Fitm Coerricient Versus MEAN WaTeR TEMPERATURE 
tively. This is due to the fact that the viscosity 

at the tube surface is much higher for the SAE 60 oil than it is _ is directly opposite to its effect on film coefficient. This is shown 
for the SAE 30 oil. This and later results show the oil viscosity in Fig. 8. The pressure drop decreases rapidly with an increase 
at the tube surface uw, has a much greater effect on h, than uw, in mean oil temperature due to the decrease in w,. The effect 
has. of oil temperature is greater in the viscous region. When the 

The mean oil temperature has an effect on pressure drop that SAE 60 and SAE 30 oils are at temperatures which cause them to 

_ have the same value of yu, the pressure drops are not 
the same. This indicates that the oil viscosity at the 
tube surface y,, which is the only other variable, affects 
pressure loss in addition to film coefficient. 

Fig. 9 shows the effect that a change in the water 
temperature on the tube side has on the film coefficient 
on the shell side. The only possible variable on the oil 
side that can be affected by the water temperature is 
u,. itis seen from the curves in Fig. 9 that an increase 
in the mean water temperature results in a very signifi- 


cant increase in oil-film coefficient. The mean oil tem- 
perature was held constant at 145 F during all of these 
runs. The improvement of A, with an increase in 
water temperature was large enough to keep the heat- 
4 INCH SPACING from 60 to 90 F in spite of the decrease in the log- 
20 arithmic mean temperature difference. The effect of 
120 130 140 150 u, on h, in these runs is more than would be accounted 
Tow — °F for by the commonly used ratio (u,/u,)°-'*. The de- 
Fie. 7 Coerricient Versus Mean Ou. crease in with rising water temperature will cause 
a reduction in the significance of the bypass areas. 


ne This is due to the flow through the bundle being less 


a 
ae ae | viscous as the tube surface temperature increases. 
7 . Sl aell It can be seen by the curves in Fig. 10 that a varia- 
| 


2 INCH SPACING 


2 INCH SPACING - SAE 60 tion in water temperature will not affect the pressure- 

4 INCH SPACING - SAE 60 drop results as much as the heat-transfer results. 

2 INCH SPACING - SAE 30 When discussing variable oil rates it was mentioned 

4 INCH SPACING - SAE 50 that a change in the effect of the bypass passage is 
much more significant in the case of heat transfer than 
it is for pressure loss. 


Heat-TRANSFER CORRELATION 


The heat-transfer results were correlated on the basis 
of 
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The effective Reynolds number is based on the effective area as Fic. 11 Heat-Transrer Factor (J’) Versus Errec- 


explained by Tinker‘ 


Me 
where 
A ett 


The effective area is the cross-flow area times the ratio of total 
volume fiow rate to volume flow rate across the tubes 


[4] 


_ The volume flow rates are equal to the area of a particular 
flow path times the velocity, and the total volume flow rate is 
equal to the sum of the volume rates at a section in the heat 
exchanger corresponding to a baffle location. The various flow 
areas can be determined for an exchanger if the dimensions are 
known. The velocities in the different flow paths were obtained 
as functions of the cross-flow velocity by equating pressure- 
loss expressions for parallel flow paths. 

The leakage area between the tube bundle and shell was the 
one of greatest significance. The behavior of pressure loss 
through this type of passage is not very well known, and a satis- 
factory relation for the pressure drop does not seem to be availa- 
ble. An approximation was used for the purpose of developing 
a correlation but the results did not correlate satisfactorily un- 
less an additional empirical term was used. The effective-area 
approach should correlate the results satisfactorily if the proper 
expressions are known for the pressure loss in the various flow 
areas. 

McAdams' and Bergelin® discuss relations for pressure loss in 
the cross-flow path, through an annulus, and in the baffle window. 
The pressure loss in the path between bundle and shell was ap- 
proximated by the relation 


(D, — D,)? 
2 
Fig. 11 plots J’ against effective Reynolds number and the 
results correlated well at a particular baffle spacing 


¢ “Heat Transmission,” by W. H. McAdams, McGraw-Hill Book 
Company, Inc., New York, N. Y., third edition, 1954, pp. 162-163. 
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Equation [6] is similar to relations normally presented except 
that the exponent of the Prandtl number is considerably above 
the usual value of '/;. The scatter at higher values of Ret in 
Fig. 11 would be reduced if the exponent were reduced, but then 
the correlation would be very poor in the low-Reynolds-number 
region. The net effect of increasing the exponent on the Prandtl 
number is to reduce the total influence of u, in determining h,. 
The results indicated that h, varied very little with u, in the 
viscous region. 


When an empirical expression e* is introduced in the form 


where 


the results fall on a single line. The term e*® only has signifi; 


cance at low values of Ress as shown by Table 3. 


TABLE 3. VALUES OF 


Roe 2-in. spacing 4-in. spacing 6-in. spacing 
100 1.105 1.22 1.35 
200 1.02 1.041 1.062 


The plot in Fig. 12 fits the equation 


k, 
h, = 0.25 D N,,°- (9) 


If satisfactory expressions are developed for pressure loss in the 
various flow paths the e**-term will be unnecessary. 


PREsSURE-Drop CORRELATION 


The pressure drop through the exchanger was correlated on the 
basis of considering the total pressure drop as the sum of the 
pressure drops for flow across the tubes and flow parallel to the 
tubes. 
The pressure loss parallel to the tubes can be determined by 
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.13 Pressure Loss 1n UNBAFFLED EXCHANGER 


AP, = 483 X 10-8 — 


where 


and } L= 


Equation [10] represents the lower line of the plot in Fig. 13. 
The sudden break upwards yielding the upper line occurs when 
the flow parallel to the tubes becomes turbulent for the SAE 30 
oil. The pressure losses for Fig. 13 were obtained by extrapo- 
lating to zero baffles the value of AP, at a particular value of 


Wu 
pl Z 


for the 2, 4, and 6-in. units. aire 


The cross-flow pressure loss was obtained by subtracting the 
loss parallel to the tubes from the total recorded pressure drop. 
These results were correlated by Equation [13] and Fig. 14 
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where 


The equation of the line in Fig. 14 is 


68 (De\™ 
(22) 


The constant was adjusted for the values of D,, and p which were 
not variables. For a pure cross-flow exchanger, Bergelin® deter- 
mined that 


.. [15] 


When the total pressure drop is calculated by Equations [10] 
and [13], with the aid of Fig. 14, the value does not differ by more 
than 20 per cent from the experimental value. If Gere could be 
determined more accurately the errors would not be this great. — 
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ConcLusions 

1 The influence of the oil viscosity at the tube surface is much 
more important than that at the mean oil temperature when 
correlating heat-transfer data in the viscous region. As the 
Reynolds number increases, the viscosity at the mean oil tem- 
perature becomes more significant. 

2 An increase in baffle spacing can result in an increase in the 
heat-transfer rate. This is due to the effect of the leakage 
areas, principally the one between the tube bundle and shell. 

3 The effective-area approach will beceme more useful as 
satisfactory pressure-drop relations are developed for the various 
flow paths. 

4 Given a sufficient description of a shell-and-tube exchanger, 
in addition to the conditions of the entering streams, it is possible 
to predict the condition of the exit streams and the shell-side 
losses. Equations [6], [7], and [8], in conjunction with Fig. 12, 
are used in the determination of the exit condition of the streams. 
Equations [10] and [13] in conjunction with Figs. 13 and 14 will 
permit one to calculate the shell-side pressure loss across the 


heat exchanger. 


Discussion 


B. E. Snort.’ It is not fair to the author to attempt a discus- 
sion of his paper on the basis of part of the data as taken from 
the plotted information, although it is thought to be reasonable 
to raise a question or two which appear on a partial analysis. 

The author has presented data which cover a wide range of 
mean temperatures for the shell-side fluid (oil) and the tube 
fluid (water). His control of the mean temperatures appears 
to have been quite good and his over-all results are in good agree- 
ment with those of previous experimenters. 

He has pointed out, as Townsend Tinker has stressed for 
many years, that the stream which bypasses the tube bundle 
in flowing between the tube bundle and shell from baffle opening 
to baffle opening has an important effect on the over-all per- 
formance of the exchanger. We might add that this effect is 
especially important for the laminar region and considerably 
less important when both the tube-bundle stream and the by- 
pass stream are in the turbulent region. 

The writer takes exception to one of the author’s statements 
in regard to our knowledge of the flow conditions of the bypass 
stream. In taking exception, he is interpreting the statement 
as meaning the geometry of the passage as well as the mechanical 
mixing of the bypass stream with the tube-bundle stream. It 
is believed that the work of Bergelin, et al. (and Professor Treat 
and the writer have supporting information on several tube 
bundles and bypass channel widths) has shown that with iso- 
thermal flow, where we know that the temperature of the by- 
pass stream is the same at each point in the path as that of the 
one flowing through the tube bundle, the effect of the bypass 
stream can be quite accurately shown. The results of such work 
show that the proportion of the stream bypassing the tube 
bundle can be determined closely and thus permit the net flow 
across the bundle to be obtained. 

Because of the mechanical mixing which takes place between 
the two streams as the fluid flows from baffle to baffle we need 
to recognize that the bypass stream, with heating or cooling, 
undergoes a temperature change during the passage even for 
an adiabatic exchanger. But the temperature change is not 
enough, normally, to produce equal temperatures across the 
exchanger at any one cross section along the path, although 
some of us have so assumed. It is the effect of this somewhat 


7 Professor of Mechanical Engineering, Mechanical Engineering 
Department, University of Texas, Austin, Tex. Mem. ASME. 
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indeterminate temperature of the bypass stream, with the 
resulting viscosity which would affect the bypass stream magni- 
tude for a given geometry, that makes this a complex problem. 
Since the author used only one clearance between the tube bundle 
and shell, the writer interprets his statement as meaning this 
part of the problem and not that of the geometry. 

The experience which Professor Treat and the writer have 
had working in the laminar region with this type exchanger 
indicates that the difference between the temperature of the by- 
pass stream and that of the tube-bundle stream grades from a 
very large value at points well in the laminar region to prac- 
tically nothing as the transition region is approached. The 
author’s empirical factor e“* appears to account for this tempera- 
ture-difference variation. It would be affected by the geometry 
of the flow path since the geometry alters the mixing of the two 
streams. The writer would interpret the increasing value of 
this factor with increased baffle spacing as being logical since 
the number of turns per unit of heat-transfer surface, which 
assist the mixing, are decreased with increased baffle spacing. 
But is not this factor essentially another term of a factor, of 
which Z™ is a part, which accounts for the viscosity gradient? 

Another question—is our use of the viscosity at the average 
temperature for the laminar-flow region as close to the true 
picture as is the average of the viscosities at entering and leaving 
temperatures for liquids with a high-temperature viscosity 
index? The writer would not argue for this idea strongly since 
he thinks both he and the author are after the mean viscosity 
along the axis of each stream as well as perpendicular to the flow 
path, although the viscosity is nearer an exponential than a 
linear function of the temperature. On the other hand, the 
temperature being somewhat of an exponential of the heat- 
transfer coefficient and the area traversed, it is possible to argue 
that one offsets the other and that the viscosity at the average 
temperature is more nearly the true value and, of course, is more 
convenient. 

Assuming a constant heat-transfer coefficient, the average 
viscosity resulting from the calculated temperatures at 6 points 
along the path for the exchanger, quoted below at three different 
rates of flow, as compared with the viscosity at average temperature 
and average of viscosities at end temperatures are as follows: 
(The exchanger is similar to the author’s and has */,-in-OD tubes, 
1/,-in. equilateral triangular pitch, 2.32-in. baffle spacing, 35 
per cent baffle cut, 5.83-in-diam shell; viscosity units, lb per 
hr ft) 


Average Average of Viscosity at 
Flow rate, viscosity viscosity at end average of end 
Ib/min at 6 points temperatures temperatures 
1.26 1671 377 485 
15.0 1028 1069 473 
55.2 412 1 
For the exchanger with 5.83-in-diam shell pve @ 
1108 462 


The assumption of a constant heat-transfer coefficient for a 
highly viscous oil at low rates of flow may be seriously in error 
for this complex flow, and the arithmetic average value may be 
somewhat different from the true mean. 

Our values being based on external temperature measurements 
after the bypass stream has been mixed with the tube-bundle 
stream masks the internal temperatures in a manner which 
makes it almost impossible to separate them. Also, local 
measurements of the streams in laminar flow are very difficult 
with a reasonable number of points across and along the ex- 
changer. Some are attempting to do more in this respect than 
Bergelin, et al., but the writer’s information is that they do not 
expect to work in the laminar region. 


4 
7 
| 
| 


2.92" spacing 


The writer remarked previously that the results appear to be 
in agreement with other experimenters but he should qualify 
this statement to this extent: With the comparatively small 
clearance between tube bundle and shell which the author’s 
exchanger had, a comparison of our work with his indicates 
that his data were about one half in the transition region even 
with the 6-in. baffle spacing. In using the term transition 
region the writer is attempting to recognize that the change is 
largely produced by the mechanical mixing resulting from the 
complex geometry of the flow passage. 

Fig. 16, which lacks the viscosity-ratio term, gives an indica- 
tion of the relative proportion of the data from Fig. 3 which is 
in the laminar region. Fig. 12 supports this statement, since 
most of the points lie above an ‘“‘effective’’ Reynolds number of 
10. Fig. 16 is not a fair comparison for the author’s data in one 
respect; namely, this figure is based on an average maximum 
velocity across the tube bundle without separating the bypass 
effect, whereas, the points plotted on it from the author’s data 
include this effect. Being on lines with a negative slope of 
approximately #/; the difference is quite small. 


AvuTHOR’s CLOSURE 


Professor Short states that, for isothermal 


portion of the stream bypassing the tube bundle can be accurately 
determined. The principal problem encountered by the author 
of this paper occurred when correlating cooling runs in which 
there was a definite temperature variation across the oil stream. 
The fluid in the bundle would almost cease to flow compared to 
the fluid in the bypass stream. There appeared to be other varia- 
bles besides those resulting from a greater bypass flow due to 
the higher pressure loss in the parallel path. The principal prob- 
lem seems to revolve around a proper relation between bulk vis- 
cosity and tube wall viscosity. 

The author’s use of the e** term was purely empirical, and 
further calculations since the publication of this paper have in- 
dicated that a combined Retr would eliminate a great deal of the 
need for an e** term. A combined R- would involve an effec- 
tive Reynolds number parallel to the tubes and an effective Reyn- 
olds number across the tubes. These Reynolds numbers would 
be related by some function of their respective flow lengths. 

Professor Short states, on the basis of Fig. 16, that a large per- 
centage of the author’s data appears to be in the transition re- 
gion. The author attempts to show that the flow is laminar up 
to an effective Reynolds number of about 50 or 60. The dis- 
crepancy may be due to the different bases used for the Reyn- 


olds number. 
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A New Method of Heat-Exchanger Design 
With Specified Inlet and Outlet Conditions 


By R. S. FAIRALL,' LOS ANGELES, CALIF. 


In order to solve the general design problem for a heat 
exchanger, the relative advantages of a number of possible 
solutions must be compared with the respective disadvan- 
tages. The solutions may be compared on a basis of flows, 
pressure losses, temperatures, and heat-exchanger size 
and weight. This paper develops a set of simultaneous 
equations which expresses the size of a heat exchanger asa 
function of the operating conditions and the surface tem- 
peratures within the unit and permits this comparison to 
be made on an analytical basis. The general case of 
counterflow, parallel flow, single-pass crossflow, and two- 
pass crossflow are solved; examples and figures are in- 


cluded. 


NOMENCLATURE 


The following nomenclature is used in the paper: 
Letter Symbols 

A = heat exchanger total heat-transfer area, sq ft 
A, = free flow area, sq ft 


e 
--¢ = specific heat at constant pressure, Btu/lb deg F 
5 = flow stream capacity rate, Btu/sec deg F 


D = outside tube diameter, ft 
e = base of natural system of logarithms, dimensionless . 
E = effectiveness of exchanger, dimensionless _ 


f = Fanning friction factor, dimensionless 

= conversion factor in Newton’s law of motion, lb ft /lbr sec? 

= mass velocity, lb/sq ft sec 

= unit heat-transfer coefficient, Btu/sec deg F ft? 

= dimensionless heat-transfer grouping = Nsr Np*/* 

= thermal conductivity, Btu/sec ft deg F 

= a characteristic of the heat exchanger, sq ft, defined 
following Equation [22] 

L = heat-exchanger core characteristic dimension, ft 


M = molecular weight, lb/Ib mole 
P = pressure, static, psf 
Q = heat-transfer rate, Btu/sec 
_R = acharacteristic of heat exchanger, cu ft, defined following 
Equation [22] 
_r = hydraulic radius, ft 
S = frontal area, sq ft a 
t = cold-side fluid total temperature, deg F ~—. 
= hot-side fluid total temperature, deg F 
U = unit over-all thermal conductance, Btu/sec deg F 
v = specific volume, cu ft/lb 
V = volume, cu ft 
W = mass flow rate, lb/sec 


x = distance along a flow passage, ft 

X = number grouping defined following Equation {11} 
1 Garrett Corporation; member of the teaching staff, University 
of California at Los Angeles. 

Contributed by the Heat Transfer Division of THe American 
Society oF MECHANICAL ENGINEERS and presented at the ASME- 
AIChE Conference, University Park, Pa., August 11-15, 1957. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, April 23, 
1957. Paper No. 57—HT-5. 
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number grouping defined following Equation [11] 
fluid property modulus, (Np’/*/2gc), lbp deg F sec?/Btu ft 


A = denotes (an operation) a difference 

@ = ratio of mean temperature difference to initial tempera- 

ture difference, dimensionless 

o = ratio of free flow to frontal, dimensionless 

= viscosity, lb/sec ft 

p = density, lb/cu ft = al 

= plate or tube-wall thickness, ft 

Nr = Reynolds number, (4rG/u) 


Ns = Stanton number, (A/Gc), a heat-transfer fluid modulus 


Nr = Prandtl number, (yuc/k), a fluid-property modulus 
hA) 
h = ratio of hot to cold-side conductance, 0 H 
(hA 

AT, = difference of the initial temperatures 

T = ratio of maximum wall temperature to cold outlet tem- 

perature 

Subscripts 


C = cold side of ——— 
H = hot side of exchanger | 
N = no flow direction : 
\ = over-all heat exchanger 
0 = conditions on wall 
1 = inlet 
2= interpass in two-pass configuration Tver 
f = exit or final 
= maximum 
= 


minimum 


INTRODUCTION 


The chief objective of a new design method should be to or- 
ganize and present the fundamental principles in a manner which 
proceeds from the desired performance to the required design. In 
the case of heat-transfer equipment, the first problem may be to 
select the terminal conditions, the second to select a flow configura- 
tion, and the third to establish size limits consistent with a prac- 
tical heat-transfer surface. 

A number of books and papers have been published which ex- 
tend our knowledge of the effect of flow path or mean temperature 
difference on heat-exchanger design, Nusselt (1)? and Smith (2), 
and the flow-friction and heat-transfer characteristics of a number 
of surfaces, London and Kays (3), Green and King (4), and 
Pierson (5). 

The purpose of this paper is to present a method whereby heat- 
exchanger alternate designs are compared on a basis of over-all 
performance without the necessity for a detailed description of the 
parameters. The cases of counterflow, parallel flow, single-pass, 
and multipass crossflow are considered and solved in terms of wall 
temperature or conductance ratio. Requirements which are im- 
possible yield negative or imaginary solutions and can be identi- 
fied readily. 


2 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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Heat-EXcHANGER DESIGN 


The quantities considered as independent variables are hot- 
side face area or cold-side face area, pressure losses (hot and cold 
side), inlet temperatures, heat-transfer rate, heat-transfer wall 
temperature, and total free-flow-area ratio. The dependent 
variables will be the hot and cold-side effectiveness, ¢ (a function 
of mean temperature), the ratio of conductance on the hot and 
cold sides, heat-exchanger volume, and the heat-exchanger di- 
mensions. It should be noted that this analysis assumes a con- 
stant coefficient throughout the heat exchanger; however, this 
assumption is in agreement with conventional design practice. 

The method of attack will be to express the required per- 
formance of the design unit in terms of nondimensional design 
parameters, by use of the basic equations which describe the be- 
havior of the heat exchanger as a consequence of the first law of 
thermodynamics and the rate equation. 

The following cases will be considered in order: Counterflow, 
parallel flow, crossflow, two passes in cross-parallel flow, and 
some of the interesting ramifications which arise as a result of this 
approach. 


A few of the basic concepts : are included quantitatively for 
completeness. Readers who are already familiar with the ma- 

terial may wish to proceed to the next section. 


The cold-side effectiveness 


The temperatures mentioned are shown in Fig. 1 
The mean temperature function 


UA(T, - t) 


dis is a function of Eg, Ey, and the type of flow and is tabulated for 
various types of flow in reference (2). Except for a few simple 
cases, there is no simple expression for the function. 

The conductance UA may be visualized as a thermodynamic 
size (of the unit). 

The heat transfer modulus 


Ge 


The conductance ratio 


= NerNe’* 


(see Appendix 3) 


The friction factor 


29p 
¢ <a, 
where z is measured along the flow direction. — re ay 
The porosity; cold side and hot side vy 


= 
Sa 
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SINGLE PASS CROSS FLOW 


2 PASS CROSS-COUNTER 
FLOW 


Fic. 1 Types or Heat-Excuancer Flow 


= + Cn 
This is developed in Appendix 2. 
The characteristic dimensions Lp, Ly, Ly, are shown in Fig. 
3 as they are a function of the type of flow. 
The specific heat c is the mean specific heat 


Cc = 


Welt, — th) W,(T; — T;) 
Types of Flow 


1 Counterflow. The explanation of the symbols used is shown 
in Fig. 2(a), with a typical hot and cold-side temperature varia- 
tion. 

An interesting equation is developed in Appendix 1 which shows 
the relation between the required free-flow area, fluid properties, 
and the heat-transfer requirement 


A,= (a 


for either hot or cold side. 


SKETCH 
COLD IN 


is 


_ TEMPERATURE VARIATION 


COUNTER-FLOW PARALLEL- FLOW 


Fic.2 Typicat FLow ARRANGEMENT; COUNTERFLOW AND PARALLE 


= 
é 
ie: 
- 
COUNTER FLOW PARALLEL FLOW 
* 
— 
E, = 
‘The hot-side effectiveness 
| 
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The definition of porosity 


(A) 

c= ig [2] 
A,) 


Since the heat exchanger has the shape of a parallelepiped, the 
volume will be the product of any area times its perpendicular 
dimension. 

The volume will be expressed by 


V = (So. + 


from Equation [2] and [3] 
A,) A,) 
ubstituting Equation [1] into [4] 
1 f§ Wha\ bowie 
V=L\|— 
oo pAP 


+= (2 Wha 
j pAP 
Introducing the expression for the wall temperature from Ap- 
pendix 3 


Equation [6] can be used to obtain é, for the point of maximum 
wall temperature, minimum wall temperature, or any point in be- 
tween. Only the case of maximum will be considered for counter- 
flow. 

Inspection of Fig. 2(a) indicates that the maximum wall tem- 
perature usually will occur at the hot-side inlet face. Let this 
temperature be fo. 

Solving Equation [6] yields at the hot-side inlet face 


(T; — ty) 


The relation between conductance and over-all performance 


will be developed in the following. 
Neglecting wall resistance 


1 1 
(hA) yw (RA 


UA 


(hA)y = UA(h + 1)............ .. [8] 
and from the definition of @, reference (2) 
=~! 


~ — t) 


Counterflow is one of the few cases in which the expression for 
¢ can be expressed simply 


Dow 

Incorporation with Equation [9] results in 


C max C min 


max + C =| E (7: | th + 
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The expression for volume V can be rewritten from Equation 
[5] and the definition of h 


Cy 
where 
4 
pAP j/c h 
and 
aW f ) 
= 
j 


The definitions of effectiveness are not required to complete the 
solution for counterflow. 

Equations [7], [10], and [11] include three unknowns and 
permit a complete description of the unit if the three equations 
are solved. 

2 Parallel Flow. The explanation of the symbols used is 
shown in Fig. 2(b), with a typical hot and cold-side temperature 
variation. Many of the procedures are identical to those of 
counterflow and therefore will not be repeated here. 

The use of equation of possibility and definition of porosity 
used in Section 1, can be expressed as 


1 f WhA\'? 
j pAP 


(af MY") 
on j pAP 


Introducing the expression for wall temperature, at any point 
p, from Appendix 3 


However, an inspection of Fig. 2(b) and an examination of the 
process shows that parallel flow presents a dilemma. The maxi- 
mum wall temperature may occur at either the inlet or the outlet 
or may be constant over the length of the unit. To establish this 
we may write the expression for h at the inlet and at the outlet 

and then examine the ratio 8 
B= (to = {14] 

(7; to)(to ty) 

If @ is greater than 1, the ratio of conductances at the inlet is 
greater than the ratio at the outlet, and for a given h, the wall 
temperature will be higher at the outlet. Therefore, the value of 
h should be based on the conditions at the outlet. = wn 

If 6 is less than 1, the inlet region will be critical and 


(B24) 
to 
The relation between conductance and over-all performance 
can be developed in a manner similar to that of counterflow 


(15) 


Q 


where value of ¢ for parallel flow is used. 
An expression for ¢ can be given algebraically, and combined 


with Equation [16] 
Q 


(hA)y 


¢ 
= 


The expression for volume V can be rewritten from Equation 
{12] 


Tc on 


where X and ¥ are as used previously. 

The definitions of effectiveness are not required to complete the 
solution for parallel flow. 

From the given conditions, Equations [14], [15], [16] or [17], 
and [18] will predict the over-all dimensions consistent with a 
practical surface. 

3 Crossflow. The case of crossflow with fluids unmixed is 
more complex and also more interesting. This is the case origi- 
nally investigated by Nusselt (1), in which each fluid is assumed 
to cross in a series of infinitesimal independent streams between 
which there is no mixing or heat transfer; because of the different 
temperature potential for each stream tube, the various streams 
arrive at the outlet at different temperatures. The solution for 
mean temperature for this case is expressible as a partial differen- 
tial equation or an infinite series. 

Owing to the lack of space available for manifolds and the high 
velocities common in heat-exchanger design, the most of the com- 
pact héat exchangers are basically of the cross-flow design; and 
therefore the majority of effort will be devoted to it here. 

(a) Maximum Wall Temperature. A sketch of crossflow, with 
an explanation of the symbols used, and typical temperature 
variation is shown in Fig. 3. — 

The expression for the volume is Ta : 


V = LeLyLy = Lely 


Combining Equations [19], [20], and the possibility equation 
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( WhA 
pAP 


where 


with X and Y as before. 

The expression for the wall temperature at any point will be as 
for Sections 1 and 2. However, the maximum wall temperature, 
as can be seen in Fig. 3, will always occur at point a, where the 
hot-side temperature is a maximum (inlet value) and the cold- 
side temperature is also a maximum. The hot-side temperature 
ata will be 7;. The cold-side temperature at a will be 


~E, 


where the value of @ for crossflow is used. 
Combination with the expression for wall temperature gives 


(Ti 4) [es (- Ec 


The value of conductance can be obtained in a manner similar 
to that of Section 1 


(24) 


— 


The definitions of effectiveness complete the solution 


A typical application of this method arises in the design of a 
superheater to operate in a power plant. There is essentially no 
limit to the hot-side flow which may be passed through the super- 
heater, up to full flow of combustion products. The hot-side tem- 
perature would be fixed by other considerations; i.e., heating the 
feedwater, fuel-air ratio, and so on. The superheated steam 
temperatures and flow would be fixed by the customer require- 
ments, and the maximum wall temperature would be limited to 
the temperature at which material failure would occur. The 
variation of heat-exchanger size with hot flow is shown in Fig. 4. 

Another application in which an unlimited hot flow at a con- 
stant temperature is available is an aircraft-engine fuel heater. In 
a typical fuel heater, the fuel is heated to a practicable tempera- 
ture by waste heat from the hot engine oil. The fuel-outlet tem- 
perature, flow, and pressure loss are usually set by the engine re- 
quirements. 

In the previous example, the maximum wall temperature was 
a criterion; in this case the minimum wall temperature is critical. 
If the wall temperature falls below 32 F, entrained water in the 
fuel will freeze; if it falls below the congealing point of the oil, the 
oil will congeal and the fuel heater will not meet the performance 
requirements. Therefore, a design procedure will be needed 
similar to the one mentioned; but based on a selected minimum 
wall temperature rather than a maximum. This is done in Sec- 
tion b, following. 
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(6) Minimum Wall Temperature. Attention is called to Fig. 3, 
a sketch of the temperature variation in crossflow. The expres- 
sion for the heat-exchanger volume is from Equation [19] 
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Ly 
The porosity, from Appendix 2 is : 
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Oc + Og = On 
Combination of Equations [19], [20], [21], vields 
V R Vv X [22] 


The expression for the wall temperature at any point will be as 
for Sections 1 and 2. However, the minimum wall temperature, 
as can be seen in Fig. 3, will always be at point b where the cold- 
side temperature is a minimum and the hot-side temperature is 
also a minimum. The cold-side temperature will be t,. The hot- 
side temperature will be 


T, — (7; — E ~ exp ‘ ] [26] 


Combination with the expression for wall temperature gives 


T, = 


ht 


? 
The value of conductance from Equation [25) - 
(hA)y = (A+ 1)....... . . [25] 


plete the synthesis. 

Typical applications include aircraft fuel heaters (discussed in 
Section a), air-conditioning coils, oil coolers, and liquid-metal heat 
exchangers (as might be encountered in nuclear power-plant 
design ). 

4 Two-Pass Cross-Parallel Flow. Analysis of counter, cross, 
and parallel flow indicates that two-pass cross-parallel flow will 
have some value where hot-side inlet temperatures are sufficiently 
high to cause the heat-transfer core material to lose its strength. 
The minimum wall temperature will be obtained when parallel 
flow, Fig. 2, is used and the wall temperature is a constant. 
However, in a situation where space is at a premium, parallel flow 
may be impracticable because of the bulky manifolds; and some 
form of multipass crossflow may be the only solution possible. 
The following analysis for two-pass cross-parallel flow is pre- 
sented. 

Attention is called to Fig. 5; the temperature variation is not 
shown because it is similar to that of Fig. 3. As in the case of 
parallel flow, this flow arrangement presents a dilemma; the 
maximum wall temperature may occur at either point a or b. This 
will be expressed quantitatively, later. 

Equation of possibility 


A, = (a 


for either hot or cold side. 

Note that the dimensions are selected so that L, represents the 
total flow length of the cold-side gas. The subscripts I and IT will 
be used to indicate first and second pass, respectively. 

The volume will be 


f way” 
j pAP 


and since 


NY S,= c Ly and Sc = 
1 woh 2 2 
LD : 
S 


where 


x= 


a= 
The wall temperature at any point p 


However, an examination of Fig. 4 indicates that if the change 
in temperature on the cold side is relatively small, the maximum 
wall temperature will occur at point a; if the change in hot-side 
temperature is relatively small, the maximum wall temperature 
will occur at point b. If this analysis is to be completely general, 
it must consider either possibility and provide an analytical 
method of obtaining the required conductance ratio, h. 

The criteria will be: For the first pass 


h= exp ( 36 [32] 


where @ = @ for two-pass cross-parallel flow, and, for the second 
pass 


(Tz \ 26 


where é,1 is the maximum wall temperature in the first pass and 
similarly for é,11. 
The design condition will be 


Solving Equations [32] and [33] for the wall temperature 


Equations [34] and [35] agree with intuition; i.e., the maxi- 
mum wall temperature increases with conductance ratio. There- 
fore, to obtain the required conductance ratio for the complete 
unit, it will be necessary to calculate Ar and Ar and to select the 
lesser value. 

The value of the hot-side conductance for the complete unit 


will be 


where h is determined from Equation [32] and [33], whichever 
yields the lesser value of h. 
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The expression for volume, Equation [31], and effectiveness, 
Equations [26] and [27], complete the solution. 

It would be expected that, if the cold-side performance, i.e. 
flow, pressures, and temperatures, were held constant and the 
hot-side conditions allowed to vary, the resulting unit size also 
would vary. This is indeed true and the variation is similar to 
that of single-pass crossflow. Fig. 6 shows the variation of a 
typical heat-exchanger volume with hot inlet temperature for 
two-pass cross-parallel flow, as compared with Fig. 3 which is for 
hot-side flow and single-pass crossflow. Note that any variable 
could be considered the independent variable, although only hot 
inlet temperature and hot-side flow have been considered here. 


Extensions of Basic Method 


1 Minimum Volume (One-Pass Crossflow). In some appli- 
cations, the optimum heat exchanger may be that heat exchanger 
which has the minimum volume for a fixed performance. A typi- 
cal case of this is a heat exchanger mounted in a vehicle where a 
large penalty must be paid for increased bulk. 

An examination of the variation of volume with maximum wall 
temperature t& indicates that there will be a wall temperature 
which will yield a minimum volume. 

The explanation is as follows: If the selected maximum wall 
temperature is equal to or greater than the hot-side inlet tem- 
perature, an infinite conductance would be required on the hot 
side and this would require an infinite free-flow area. Similarly, 
an infinite conductance would be required on the cold side to ob- 
tain a wall temperature equal to the cold outlet temperature. 
Somewhere between these two extremes lies a value of wall tem- 
perature which will yield a minimum volume. 

The expression for the volume of a single-pass cross-flow heat 
exchanger from Equation [22] 
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Ryx 
(22) 
Let us take the partial derivative with respect to lo 
oV oV ox oV oY 


a 


The expression for the conductance ratio 


=—t —UA ‘ 
(7: exo ( Ce ) 


And from Equation [22]. 


ox 21 — SHY) VX 
f W 
since X (« DAP [39] 
ax few UA dh 
where 
dh T; — ] ( 
— exp ——]......... 41 
s0 ape 
a= 
ox oV oX 
— = ——., and — 
dto A(T — to) aX 
oV OY R AY. 
{43} 


~ — VY)XT = &) 
Combination of Equations [42] and [43] into [36] yields 


RVXIV 1) - 1) 
dto — — VY)? 


[44] 
Inspection of the problem indicates that the poles of Equation 


[44] lead to only trivial solutions, and therefore will not be con- 
sidered here. The roots of the numerator are 7 


Only the third root has any significance. 
From the foregoing expression, the optimum wall temperature 
may be calculated: Let us define 


UA 
j paP — 
1 —UA UA —UA\ 
l= exp ( Co )] exp GS 
[ {47 
1\ ff ofW_ 


From Equation [48], Ey may be obtained and with the aid of 
Equation [45], & calculated. 
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One of the interesting aspects of the foregoing analysis is that 
the wall temperature for a minimum volume does not depend on 
the cold-side density, pressure drop, alpha modulus, f to 7 ratio, or 
no-flow dimension (Ly). This eliminates much of the tedious 
calculation previously considered necessary in finding the opti- 
mum unit. 


CONCLUSION 


In order to arrive at an optimum design of a heat exchanger a 
new method of design has been developed, which enables the 
effect of a change in independent variables to be studied while the 
dependent quantities are held constant. Thus, for example, a 
designer might wish to hold all quantities constant except hot-side 
pressure loss and heat-exchanger hot-flow length; then, by sys- 
tematically varying the hot-side pressure loss, the effect on flow 
length could be observed. 

A few years ago the practical value of this design method might 
have been questioned owing to the large number of calculations 
required to optimize even a simple unit. However, modern high- 
speed computers require only a few minutes to find the solutions 
for a few hundred cases. To illustrate, an I.B.M. computer was 
utilized to find the conditions which would yield a heat exchanger 
of minimum volume. The problem was solved successfully in 1 
min and 20 sec of machine time; approximately 200 cases were 
computed. 

A separate set of equations must be used for each type of flow. 
The four most common types are analyzed here; counterflow, 
parallel flow, crossflow, and two-pass cross-parallel flow. One of 
these cases, crossflow, is analyzed for the condition of minimum 
wall temperature and minimum volume. There are many other 
types of flow in use, which merit similar analysis (shell-and-tube 
units have a great number of possible flow patterns). It is hoped 
that this paper may stimulate interest in this potentially profitable 
field and new analyses will appear. : 
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Appendix 1 = 


Derrvation or Equation or PosstBILity 


In this section an expression will be developed for the required 
free-flow area as a function of flow, pressure loss, fluid properties, 


ae 
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and a ratio to be discussed. This expression was first developed _ 

by Dr. John Mason of The AiResearch Manufacturing Company. +e 
This analysis presupposes that the type of flow is known and 

that, while the values of heat transfer or friction factor may not be 

known, the ratio of friction factor to heat-transfer modulus may _ 

be ascertained. If only the limiting possible value of this ratio is Ae 

known, the analysis may be used to indicate an impossible prob- — 


called the ‘“‘alpha modulus,’’ and 


E 


lem. 
The following assumptions will be necessary : 
1 The inlet, outlet, and flow-acceleration pressure drops will 


be calculated separately. 
2 The ratio of friction factor to heat-transfer modulus does 


j 


not have any abrupt change within the flow passage. 
3. The free-flow area is identifiable and essentially constant. 


The expression for pressure loss will be 


Equation [55] is the equation of possibility. Fortunately, the 
analogy between heat transfer and flow friction gives an indication | 
of f/j._ Theory predicts a ratio of 2 for fully developed turbulent 
flow in a duct, and a Prandtl number of 1 (the Reynolds’ analogy). 


Other investigators have extended this analogy; Martinelli (7) 
and Boelter, et al. (8). 

An extensive investigation of experimental results indicates 
that ratios of between 2 and 6 are common in the field. Since the 
usual objective is to reduce flow losses, a low value is desirable. 
For a smooth surface transferring heat in forced convection, the 
lower limit is apparently 2; there is, of course, no limit to the 
maximum attainable. Fig. 7 shows the performance of five typi- 
cal surfaces tested in air; Figs. 8 and 9 show the values of the 


(see assumption 1) 
The heat-transfer modulus will be introduced 


The exponent two thirds will be used here in conformance with 


general practice, although the analysis is not sensitive to the : , : ee 
‘ : fluid-property modulus for oil and air for comparative informa- 
value of the exponent (3, 6). ; 


Solution of Equation [50] for the conductance 


cGA 


(N,)”* = 


Combination of Equations [49] and [51} gives - 
(hA) 2gpA, jeGA 


a 
= 


Since N, and ¢ are fluid properties, we may simplify Equation 
[53] by introducing a new modulus 
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(hA) =j 


DERIVATION OF PorostTy EXPRESSION 


An expression will be developed for the over-all porosity‘ of a 
crossflow heat exchanger and it will be proved that this term 
must be always less than unity when the hot and cold streams are 
physically separable. 

The following terms are added to the nomenclature: 


‘The term porosity, as introduced here, is not a completely satis- 
factory word; and it is hoped that the nomenclature can be clarified. 
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Fic.9 or THe ALPHA MopvULus For AIR 


b = plate spacing, cold side, ft = [58] 
B = plate spacing, hot side, ft 
N = number of passes, dimensionless (60) 
The heat exchanger will be idealized as shown in Fig. 10. Combination of Equations [52], [58], and [60] yields 
The porosity on each side will be given by 


A 


(Aen 


| 


Defining 


N 


Ly = N(B + b + 2X) 


From Equations [63] and [64] 


n-1- 


Equation [65] is the expression for the porosity used in the pre- 
ceding discussion. Note that the porosity will always be less than 


unity; this idealized heat exchanger has no fins or other hard- 


ware to reduce the free-flow area. In an actual installation this 
would not be so and this analysis would be optimistic. 
Fortunately, each class of heat exchanger has approximately 
the same value of porosity despite large differences in the geometry 
and surface. Since there is a definite advantage to a large value 


_of porosity, unity represents the most optimistic value obtainable, 


and 70 to 90 per cent is often attained in practice. For the ex- 


amples included here, a value of 85 per cent is used. 
Appendix 3 
DERIVATION OF WALL TEMPERATURE EXPRESSION 


An expression will be developed for the temperature of the wall 


_ of a typical heat-exchanger section. 


Let us consider the heat flow from the hot to the cold side. 
The effect is as though there were three thermal resistances in 
series; the hot side, the wall, and the cold side. The general case 
in which there is extended surface will be developed here. 

The following additional terms will be introduced: 


ts = outside ‘wall temperature, deg R 
n = extended-surface effectiveness, 1 
t; = inside wall temperature, deg R 


The heat transferred to the wall per unit of wall area 
(T 
The heat transferred through the wall 


‘Similarly, to the cold stream 
(t; — t)(hAne 
Solving Equations [66], [67], and [68] for t& 


Anat | E 

hAn) — 

(tna + (hAn)od +¢ 
k (hAnn & 

H+ + (hAne | 


= 


d If the wall resistance is negligible Equation [69] becomes 
T t 


t- 


and ¢o is the average wall temperature. 
When the definition of h is introduced Equation [70] becomes 
Equation [6]. It should be noted that the temperatures given in 


- and should be very useful. 
- automatic computing machines to assist in the final solutions to 
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Equation [70] are local temperatures only, and each type of flow 
will have a unique solution in terms of the in!et temperatures 
and unit performance. 


Discussion 


G. E. Eacieston.’ The relations presented in this paper 


: < provide an interesting approach to the design of heat exchangers 


The author also has made use of © 


the problem. Computing machines are now making the pre 
viously ignored tedious solutions to engineering problems very 
practical and we will see more and more use of them in the future. 
Most of the optimization examples and discussions in the paper 
deal with space and volume considerations. The equations ap- 
pear to be quite difficult to use in handling the power losses caused 


_ by the hot-fluid pressure drop, and the cold-fluid pressure drop 


and its flow. Has the author done any work in which the hot 
and cold-fluid losses have been considered as well as heat-ex- 
changer size? 
AvTHOR’s CLOSURE 

In answer to Dr. Eggleston’s question: If the comparison is 
to be based on power losses caused by hot and cold fluid pressure 
drops, and the restriction is allowed that the weight flows do not 
change, then Equations [11], [18], [21], and [30j are applicable. 
This is because the “thermodynamic size’”’ of the unit has not 
changed. However, if the weight flow is to be varied, then the 
variation of mean temperature for each case must be included 
in the calculation. Fig. 4 provides an illustration of the former 
case. With a flow ratio of 4 and a frontal area of 4.0 sq ft, the 
volume will be only 25 per cent that when the frontal area is 
2.5 sq ft, and the hot and cold side power losses are unchanged! 

As an interesting ramification of this question, consider a 
counterflow heat exchanger. 

Equations [2] and [3] yield volume as a function of oy, @, and 
the independent variables. In the course of the design of a 
counterflow heat exchanger where the author participated, these 
equations were solved and a heat exchanger designed. How- 
ever, in the mechanics of setting up the equations, a dilemma 
presented itself: To which porosity should the blockage from 
prime surfaces be assigned. (There is no difficulty in assigning 
this penalty to extended surface which lies wholly on one side 
or the other: or in assigning this to crossflow where we use an 
over-all porosity term). 

This problem was solved by introducing a new term which is 
analogous to the over-all porosity used in the cross flow analysis, 


5 Air Conditioning Engineer, Douglas Aircraft Company, Inc., 
Santa Monica, Calif. Mem. ASME. 4 
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Call {fee + ‘Ades (72] 
Substituting the relations for X and Y developed in the text 
is total free flow divided by total frontal area in the flow or + [73] 


Equation [73] is equivalent to and more useful, in some cases, 


V = L(S. + S,), and introducing [71] ; than [11] developed previously, — 
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Dynamic response of the bulk temperature of the coolant 
in a heat exchanger having time-variant heat sources is 
evaluated analytically as a function of space and time. 
The mathematical development involves the use of the 
Laplace-transform technique. Results of the theory are 
compared with experiment and favorable agreement is 
obtained. Both theoretical and experimental results are 
included. Heat exchangers to which the solutions apply 
include the heterogeneous nuclear reactor. 


NOMENCLATURE 


4 The following nomenclature is used in the paper: 
A = area of the fluid in contact with wall, sq ft 

a; defined by Equation [8a], deg F rm 
az defined by Equation [36], hr 
a; defined by Equation [3a], hr 
a, defined by Equation [3b], ft 
by = a2 + ay 

be = (ell; 

C, see Equation [22] 

C, see Equation [22] 

cp, = specific heat of fluid, Btu/lb deg F 
Cop = specific heat of wall, Btu/lb deg F 
dy = a, — a,C,, deg F 

d, = outside diameter of tube, ft 
d; = inside diameter of tube, ft 
e = energy, Btu/Ibu 
Si, fo, fa, = functions defined in Appendix 
F,,,,,,/7 (see Appendix 2) 
G,,,,,,,@7 (see Appendix 2) 
h = coefficient of heat transfer between wall and fluid 
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h = enthalpy, Btu/lbu 
7, = Bessel function of first kind 

K = (h/pe,)A/V, 

m = mass, lbu 

M = ae/a; dimensionless 

= Laplace variable, 

P, = rate of work done by system, Btu/hr 
qo’ = initial power input, Btu/cu ft hr 


k = kth term of series _ 
= pressure, psia 
Aq” = step power input, Btu/cu ft hr 
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Dynamic Response of Heat Exchangers 
aving Internal Heat Sources—Part I 


By J. A. CLARK,' V. S. ARPACI,? ano K. M. TREADWELL? —_ 


= outside radius of tube, ft ' 
; = inside radius of tube, ft 
r = dimensionless 
t(x, 7) = temperature of fluid, deg F 
to = temperature of fluid entering coolant channel, deg F 
u = velocity of fluid, fps 
v = specific volume, ft*/lbu 
V = volume of the fluid, cu ft 
w = fluid flow rate, lby/hr 
x = axial distance, ft 
z = integration variable (see Equation [33}) 
= T/a;, dimensionless 
A = difference operator, dimensionless 
¢i(7) defined in Appendix 2, dimensionless 
¢2o(xz, 7) defined in Appendix 2, dimensionless 
¥(z, t) defined in Appendix 2, dimensionless 
¥2*(x, 7) defined in Appendix 2, dimensionless 


= 
> q = heat flow rate, Btu/hr 
5 q = T/d2, dimensionless 
To 


Ya *(z, 7) defined in Appendix 2, dimensionless 


(xz, 7) defined in Appendix 2, dimensionless 
O(x, t) = temperature of wall, deg F 


INTRODUCTION 


As the demand for precise control of systems becomes greater, 
the importance of the understanding and evaluation of the effects 
of thermal transients increases. For a great many years the 
transient or unsteady state played a minor role in the operation 
of processes and machinery but with the advent of modern auto- 
matic control, attention has been focused sharply on transients of 
many sorts in both time and space. In power plants and thermal 
processes of various kinds a significant transient affecting control 
is the thermal transient arising from an unsteadiness in the ther- 
mal characteristics of a system. These transients may be acci- 
dental and random or they may be purposely introduced as in 
the case of changes in power level from an engine or reaction-rate 
change in a chemical reactor. In any event the control system 
associated with an apparatus must be planned with a knowledge 
of the effect of the thermal characteristics of its various com- 
ponents on over-all performance. Transient behavior also may 
be important to design where thermal stresses are to be con- 
sidered or when temperature-time information is required as 
from a heat exchanger or similar device. 

The literature on thermal transients in heat exchangers is small 
but growing. To the authors’ knowledge an exact mathematical 
solution to the transient or frequency response of a two fluid 
(single-phase) heat exchanger has not vet been obtained. The 
mathematical difficulties are great since such a solution involves 
treating four simultaneous partial differential equations. For 
analysis on control systems, however, the frequency response 
can be obtained from the (Laplace) transformed solutions of the 
differential equations. Approximate solutions of analog, graphi- 
cal, analytical, and numerical types have been obtained. 

Cohen and Johnson (1) have studied the dynamics of a double- 
pipe heat exchanger for a distributed parameter system in which 
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steam condensed in the outer annulus. They have found the 
(Laplace) transformed solution (transfer function) for the re- 
sponse of the inner fluid to changes in both its inlet temperature 
and the steam temperature. Their emphasis has been in the 
evaluation of the frequency response and they have shown an 
interesting and significant resonance in the magnitude ratio at a 
certain frequency. Experimental results are given. Mozley 
(2) has presented two simple solutions for the response of lumped- 
parameter two-fluid heat exchangers with no heat capacity in the 
walls for both parallel and counterflow operation. In addition 
he discusses and shows results from a passive electrical analog 
computer arranged for the determination of the response of a dis- 
tributed parameter (5-section) heat exchanger which includes 
wall-heat capacity. Good agreement between experimental and 
analog results were obtained in both phase lag and magnitude 
ratio up to a frequency 1 cycle per minute (epm). The lumped- 
parameter models gave much less agreement. No resonance 
was reported, probably because the imposed frequency was not 
high enough. 

Gallagher (3) has presented an approximate analytical solution 
to heat-exchanger transients which appears to agree well with an 
unpublished graphical method of Takahashi (5), and the steady- 
state results agree well with some experimental data on a heat 
exchanger. Paynter and Takahashi (6) have published an ap- 
proximate analytical method for computing the response of heat 
exchangers from an analogy between their resulting equations 
and those from statistics, where comparison or analogy is made 
through the coefficient of variance and the coefficient of skew of 
probability distributions. Several examples are worked out in 
which the effect of the heat capacity of the exchanger walls is 
omitted. Takahashi (7, 8) presents analytical and graphical 
methods for computing the transient behavior of flow through a 
tube and heat exchanger. The response of a fluid flowing 
steadily through an insulated pipe subject to a step increase in 
the inlet temperature has been published by Rizika (9, 10) for 
both compressible and incompressible systems. The analysis of 
the response of counterflow and parallel-flow heat exchangers is 
partially treated. Rizika (9) has computed and presented as 
graphs two infinite series which are employed in this paper as 
part of the solution to the present problem. A numerical method 
for calculating heat-exchanger dynamics is given by Dusinberre 
(11) who presents explicit iteration formulas and computation 
guides. Examples are worked out in numerical detail. A prob- 
lem allied with that of the present paper is published by Fritz 
(12) in which the response of a nuclear-reactor coolant owing 
time-varying flow rates is given for a lumped-temperature system. 
Thermal response of a homogeneous-type nuclear reactor has been 
treated by Gallagher (4). In all the works reported (1-12) the 
transient to be determined is temperature as a function of length 
and time. 

In the associated field of instrumentation and measurement 
there is recent work (13, 14, 15, 16) on the dynamic response of 
thermal instrumentation. Such considerations as those pre- 
sented are important in the selection of temperature and control 
elements to be employed in fluid circuits where transients are to 
be detected. Scadron and Warshawsky (17) have published a 
very detailed analysis of transient thermal errors in the use of 
bare thermocouples in high-velocity air streams, and present 
experimental data on time constants and Nusselt numbers. 

This paper is the first of a series of three planned by the authors 
on the subject of the dynamic response of heat exchangers hav- 
ing time-variant internal heat sources. The present paper 
examines the time response of the coolant in the heat exchanger 
as a function of space and time resulting from a step change in 
the strength of the heat sources. The second paper, which is 
presently being written, considers the dynamic response of the 
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surface temperature as a function of space and time for the same 
type of transient. And the third paper will consider the coolant 
response for the following time variations in the strength of the 
heat sources: (a) Linear or “ramp,’’ (b) sinusoidal, and (c) ex- 
ponential. Examples of the types of heat exchangers to which 
these solutions apply include the heterogeneous nuclear reactor, 
an electrical heater, and a chemical reactor in which a chemical 
reaction occurs within the solid walls. 

It is recognized that often it is convenient and practical to 
program such problems as these on digital or analog computing 
machines, particularly if a great many different cases are to be 
studied. However, the programming is by no means trivial and 
machine time is not always available to those seeking solutions. 
Furthermore, for those having access to machines our solutions 
may serve as helpful check solutions and for those who do not the 
solutions we present may be a useful tool. In any event, with a 
small expenditure of time and at little expense a computer using a 
desk calculator may run out a number of cases in order to demon- 
strate the effect of a chosen variable on the response, thus giving 
a “feel’’ for this type of dynamic system. Actually machine 
computation was employed in the solution we present, as the 
various functions which are given were obtained on the M.I.T.— 
I.B.M. digital computer. 


SuMMARY OF PRESENT PROBLEM 


The solution of the time response of a coolant at any point in a 
channel of this type of heat exchanger results from a direct 
mathematical attack on the differential equations derived from 
the appropriate natural laws with the suitable boundary and 
initial conditions. The mathematical details are given in the 
Appendix and involve the use of the Laplace transform. While 
the solution is algebraically complex, numerical results should be 
reasonably easy to obtain as all the functions necessary for such 
a computation are presented in graphical form. The authors 
have not proved rigorously the mathematical convergence of the 
complete solution to the steady-state values. It apears from 
their own calculations in comparison with their experimental 
data, however, that such convergence is obtained. Experimental 
results from a heat exchanger having internal heat sources agree 
satisfactorily with the theory. 


ANALYSIS 


The physical system analyzed is shown in Fig. 1. This consists 
of a circular tube through which a coolant flows steadily and 
within the solid walls of which energy is generated. In the steady- 
state all of this energy appears as a flow of heat at the interface 
between coolant and solid, causing the coolant to increase in 
enthalpy (or temperature) as it flows through the tube. The 
outside surface of the tube is adiabatic. During the transient, 
however, both the tube-wall material and the coolant experience 
local temperature excursions, the magnitude of the latter being 
evaluated here as a function of distance and time. A circular 
tube has been selected for convenience only in comparison of 
theory and experiment. Where a geometry is involved in the 
analysis, the results given can always be reduced to an area-to- 
volume ratio and hence will be valid for any other geometry for 
which the restraints on the solution apply. 

The following assumptions are imposed on the solution: 

(a) The fluid temperature and velocity are constant across 
the flow cross section. 

(b) The tube-wall temperature does not depend on radius. 
Valid for thin-walled metal tubes. 

(c) Axial heat conduction is negligible in both fluid and tube 
walls and heat flows only to coolant. This is a reasonable as- 
sumption when kr,*(0*t)/dz*) is small in comparison with 2r;h 
(9 —t). The outer surface is adiabatic. 
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(d) The heat-transfer coefficient is constant with length and 
time. 

(e) The fluid is incompressible and all fluid properties are 
constant. The flow channel has constant area. 

(f) Energy (heat) generation within the walls is constant with 
length. 

(g) The temperature of the fluid entering the tube is constant 
and equal to &. 

(hk) The transient consists of a step change in rate of energy 
generation within the tube walls from an arbitrary initial condi- 
tion. 

With these assumptions the application of the first law of 
thermodynamics to the system shown in Fig. 1(b) produces the 
following two differential equations, one for the wall of the tube, 
the other for fluid. Details of this derivation are outlined in 
Appendix 1: 


Fluid => 


Equations [1] and [2] are operated on by the Laplace-trans- 
form technique, the transformed equations in fluid temperature ¢, 
integrated with the appropriate initial and boundary conditions, 
and the inverse transformation performed, as outlined in detail 
in Appendix 2. The nature of the mathematical attack on this 
problem produces solutions in two domains of physical time: (i) 
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A physical time following the introduction of the transient which 
is greater than zero but equal to or less than z/u; and (ii) a 
physical time equal to or greater than x/u. It will be noted 
that the physical time z/u is that required for fluid particles 
flowing at a velocity u to traverse the distance z. The results 
for cases (i) and (ii) are as follows: 

Case (i) OZru/zZ1 


(z,7)— Cir) 
dyb2/b,? 


However, since & + Cir = ¢ (z, 0), the initial fluid temperature 
at z = z, Equation [4] may be written in a more general way as 


u(x, 7) — 0) 
dyb2/b;? 


In Equation [5] the quantity i(z, 7) — ¢(z, 0) is the transient 
increase in fluid temperature at the location z = z and is in- 
dependent of the magnitude of t(z, 0). The constants and the 
function ¢)(7) are defined in 2. 


Case (ii) ru/z>1 


7) — t(z, 0) 


z= - 


where 
= [(<) — vale, 


Equation [6], like Equation [5], expresses in dimensionless 
form the transient increase in fluid temperature at location z 
above its initial value at that position. This equation includes 
several more functions and constants which also are discussed 
in Appendix 2 and presented in graphical form in Figs. 2, 3, 4, 
and 5. This result is not algebraically simple but its evaluation 
for a great many different conditions of operation ought to be 
relatively easy and economical to accomplish as the constants 
depend upon the physical design and operation parameters of 
the coolant channel and the functions all are given graphical 
form in this paper. It has not been possible to demonstrate 
mathematically the convergence of Equation [6] to the final 
steady-state values. However, comparison of computed results 
from this equation with our experiments indicates proper con- 
vergence. 


exe, 


- Discussion OF THEORETICAL RESULTS 
Owing to the relative complexity of Equation [6] it is simpler 


to examine Equation [5] for the effect of the various physical 
parameters on the response of the coolant temperature, ¢(z, T) — 
t(z, 0). Both Equations [5] and [6] contain the constants 
dib2/b;2 and b,/b: in a prominent way so these groups will be 
examined. The group d,b2/b;? may be written 


where A(q/A) is the increase in the steady-state heat flux and 
A(q/A)/h is the increase A(@ — ¢) in the steady-state value of the 
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The constant M is 


a3 


total heat capacity of wall material 
total heat capacity of fluid 
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Hence M is a heat capacity ratio, dependent upon geometry as 
well as upon materials and is the quantity which introduces these 


For the usual materials 
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and geometry it may be expected that M will vary from near 
zero for water-steel systems with thin metal walls to something 
in excess of 1000 for similar gas-steel systems. In Equation [7] 
the heat-capacity ratio M is introduced by the function M/(M + 
1),? which has the interesting behavior that it approaches zero 
at both small and large values of WM. This function has a maxi- 
mum value of 1/4 for M equal to one and approaches 1/M at 
large values of M. Hence so far as the constant d,b2/6,? is 
concerned, increase in the value of M has an opposite effect de- 
pending on whether M is greater or less than 1. 

The ratio of the constants b;/be, which are the significant con- 
stants in the functions ¢(7) and ¢2(2, 7), is written 


4h M+1 
M 


h 
pe, \V 
where A/V is the area to volume ratio of the coolant in the 


channel. The term (h/pc,)A/V is equivalent to the quantity A, 
the time constant, which is a significant system parameter de- 


M+1 


scribing the response characteristics of lumped-parameter ther- 
mal systems (14, 16). At large VM the quantity (M -+ 1)/M be- 
comes essentially unity and b,/b. then equals K and is independ- 
ent of M, or the thermodynamic and geometric properties of the 
channel-wall materials. In this case the functions ¢;(7) and 
¢o(x, T) become pure fluid-response functions. For small values 
of M the properties of the channel have a decided effect on the 
response, however. 

The effect of the heat-capacity-ratio parameter M on the fluid- 
temperature response (for the first time domain) may be seen by 
a rearrangement of Equation [5] with the substitution of Equa- 
tions [7] and [9] and the use of the time constant K; that is 


(M + 1)? 
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Kr (M + 1)? M+1° 


In Equation [11] the quantity a may be regarded Woter 
as a dimensionless fluid-temperature response, de- Supply 
fined by Equation [10]. The effect of M on a/Kr 4 
for a fixed Kr is seen from Equation [11]. For 
small values of M, a/Kr approaches 1, while at 
larger values of M, a/Kr rapidly approaches zero. 
This indicates that, at least in the first time domain 
(OZru/z Z1), the magnitude of the fluid-tempera- 
ture response @ is greatly diminished, for a fixed 
Kr, for systems having a large value of M as com- 
pared with those of smaller value of M. This result 
is a direct consequence of the nature of the imposed 
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under these circumstances the coolant response in this time do- 
main would be reduced in magnitude as the ratio of the wall heat 
capacity to that of the fluid is increased. Owing to the com- 
plexity of Equation [6] the effect of system parameters on the 
response in the second time domain has not been evaluated. 
It is expected that this will not be as simply done as in the 
foregoing and may require a series of computations and cross 
plots to find the effect of a given quantity. 

As has been shown in Appendix 2, the functions ¥,(z, 7), 
¥(2, 7), and (zx, 7) which are required in Equation [6] to de- 
scribe the fluid-temperature response are presented in Figs. 2, 
3, 4, and 5 as various functions of the dimensionless quantities r, 
y,8,andq. It will be noted that these quantities may be written 
in the following form at) 


h 


(=) 
(pee 


Hence in the second time domain, Tu/x>1, the response of the 
fluid temperature is governed by the product of a time constant 
for the fluid K or the wall K,, and either a physical time 7 or a 
“lag time,’’ z/u. Because the heat-transfer coefficient h and 
the area A are common to both wall and fluid it also may be 
shown that K/AK, = M and that sg = yr. _ 


IXXPERIMENTAL APPARATUS AND MEASUREMENT 


The experimental data presented in this paper were obtained 
by Treadwell (18) and Stuart (19), on two different, though simi- 
iar, systems. Both apparatus consisted of a horizontal water- 
cooled electrically heated stainless-steel tube !/.-in. ID, 1/g-in. 
wall, about 3 ft long. Current connections were copper blocks, 
silver soldered at each end of the tube, to which the power leads 
were attached. A schematic drawing of the system is shown in 
Figs. 6 and 7. An unheated hydrodynamic starting length of 
50 L/D was used. 

A once-through water system was used to avoid the necessity 
of recirculation loops, heat exchangers, and pumps. Cambridge 
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transient; that is, the fluid will experience no tran- y 


sient until the wall changes in temperature and, Control 
with the transient resulting from changes in the Valve 
rate of internal generation of energy within the 
wall, the magnitude of the increase in wall tem- 
perature, at a fixed Kr and A(q/A)/h, will be in- 
versely proportional to heat capacity (pc,V),, of 
the wall. It would be concluded, therefore, that 
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and the wall thermocouples were 
soldered to the outside wall. The characteristic 
response time for the fluid thermocouple with 
step-change in fluid temperature is estimated to 
be 0.005 sec (14), assuring its fidelity of response. 


as in Fig. 7, 
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The steady-state thermocouple readings were 


a [ —}- taken with a laboratory potentiometer and the 
EL transient recordings with a Hathaway Type 14 
ma hho Mixing C oscillograph by Treadwell (18) and arte ith a 
"Fiber Glass Insulation Baffle model 151 Sanborn oscillograph by Stuart (19). 
Copper —~ With Aluminum Foil In both investigations power was applied to the 
Shielding 1" 1b. Staintess Steel test section by a sudden closing of a knife switch 
r Tube :-ds Wall Thickness connected to the power supply. In this way 
power could be imposed essentially instanta- 
neously. 
+ 5" x ig Stoiniese Stee! Tube with Measuring the coolant bulk temperature by 
Fi Tes Thermocouple Leods means of a thermocouple in the center of the 
4 stream provided a source of uncertainty (18). 
‘ it of Fluid ‘Stuart (19) improved on this measurement by 
Detail of wee "i Installation _ the installation of a mixing baffle of negligible 
Mixing heat capacity just upstream from the outlet- 
Fic. 7 Derarm. or Test Section—Nor To Scare fluid thermocouple. This is shown in Fig. 7. 


City water at a maximum pressure of 50 psi was drawn from the 
central supply mains through standard '/;-in, pipelines to the 
test section. The liquid-flow rate through the test section was 
regulated by a control valve and was measured by a calibrated 
sharp-edge orifice with a water manometer. Electric power was 
dissipated in the stainless-steel tube to provide the source for 
internal heat generation. Fluid and outside tube-wall tempera- 
tures were measured at two locations L/D = 48, 66 by means of 
calibrated chrome! P, constantan 30-gage thermocouples. These 
metals were chosen for their high thermal emf per degree of 
temperature difference. The flutd thermocouples were mounted 
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EXPERIMENTAL RESULTS 


The experimental data collected are shown in Figs. 8 to 12 in 
comparison with the theoretical results. All data correspond to 
a condition of zero initial power. 

In Figs. 8 and 9 representative data are shown for two runs 
(19) and are compared with a curve calculated from the theoretical 
relation Equation *[5] for the first time domain. Within the 
range of applicability of this equation (7 Z z/u) the agreement is 


good. Aboveatime rt = x/u departure is noted and is expected. 
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Steady-state values of t = t& are shown. The bulk of the data 
collected (18, 19) for the first time domain are presented in di- 
mensionless form in Figs. 10 and 11. For comparison the theo- 
retical relation Equation [5] is also shown. Here also agreement 
is satisfactory. 

To test the theory for the second time domain additional data 
were taken (18) at longer times and the corresponding theoretical 
response computed from Equation [6]. Results from two such 
runs are shown in Fig. 12. It is observed that the measured 
temperature falls slightly below the theoretical. This is partly a 
result of the method of measurement as the thermocouple monitor- 
ing the coolant in these cases was located at the center of the 
stream and hence would register a temperature less than the bulk 
temperature of the stream. A mixing baffle was not used in the 
collection of these particular data. A correction on the steady- 
state measurements of the center-line temperature was attempted 
using the heat-transfer momentum-transfer analogy and the re- 
sults of Martinelli (23). This correction, which is shown on 
Fig. 12, involved the computation of t — t, which may be found 


from 
d —t 
= 
h 
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where ¢, is the temperature of the stream at the center line. The 
corrected bulk temperature ¢ was then found from t = ¢, + 
(t — ¢t,) using the measured value of the center-line temperature 
for t,. The correction t — ¢, was computed from Equation [14] 
using Martinelli’s results for (¢, — ¢)/(t,, — ¢,) correspouding to 
the proper Reynolds and Prandtl numbers. The corrected bulk 
temperature ¢ falls slightly above the theoretical curve. This is 
probably the result of small nonsymmetry in the temperature 
profile, which may be expected in a horizontal tube, since the 
theoretical curve for large time and the steady-state heat-balance 
bulk temperature are in good agreement. Any lack of symmetry 
would result in somewhat higher measured temperatures at the 
center line. In view of the nearly 100 F difference between the 
steady-state wall and center-line temperatures, a few degrees 
discrepancy between a corrected and predicted bulk temperature 
is acceptable. 

As a test of the convergence of Equation [6] to the steady- 
state value at large times, a calculation was made for r = 30 sec 
for both the runs shown in Fig. 12. In each case the result gave 
essentially the same value of t — & as that forr = 10 sec. 
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DERIVATION OF Basic DIFFERENTIAL EQUATIONS INTEGRATION oF Equations [1] AND [2] 


The system analyzed is shown in Fig. I and consists of a con- Equations [16] and [17] may be operated on by the Laplace 
stant-diameter circular tube through which a fluid (coolant) is operator to produce the following transformed equations 
pumped steadily and in the walls of which energy is dissipated. 

The following assumptions are made: ‘ ~6-D+ — 0)}...... (18) 
(a) The temperature and velocity of the fluid are constant P 
across the radius of the tube. and - 
(b) The tube-wall temperature does not depend upon radius. = 
(c) Axial heat-conduction effects are negligible in both fluid x ce) 
and tube and heat flows only to coolant. The outside of the tube ‘ad (0 — 2) = a;[pt — t(z,0)] + ay 
is adiabatic. 
(d) Heat-transfer coefficient is constant with distance and 
time. 
(e) The fluid is incompressible and all fluid properties are 
constant. 
(f) Energy (heat) dissipation within the wallsis constant with where 


4 


Solving Equations [18] and [19] for ¢ and rearranging gives 


length 
(g) The temperature of the fluid entering the coolant channel al fh = = 
constant and equal to . 
(h) The transient consists of a step change in power from an 1 
arbitrary initial condition. fh = 
ay(1+ asp) 


The boundary and initial conditions to be imposed according 
to the outline of this problem are 


E + aG(z,0) + (1+ asp »|. . [206] 


With these assumptions and conditions, two differential equa- 
tions, one for the wall and one for the fluid, may be derived from 
the first law of thermodynamics applied to the differential element 
shown in Fig. 1(b). The general form of the first law to un- (a) 0,7) = 
steady, flowing systems may be written (24) 

(q/A)md, A 
edm + | pu(e + puv)dA =q —P, We, 
or V A 


(a/A) 


where the first integral is taken over the volume and the second (c) Oz, 0) i W 
Cp 


over the area of the system. For both the fluid and the wall q 
Equation [15] takes the following form when kinetic energy and Since t is a constant it may be set equal to zero and the other 
height changes are ignored constants in Equations [21] may be defined as follows 


Fluid 


ort 
= [epa |dx + = h(@ — t)rd; dx + ka —— dr 
T or ox? 


or, if ka(0%/dx?) may be neglected and noting that a = mr,? and 


c, ~ ¢, this result becomes 
With these substitutions, the function f. may be rewritten and 


ot Peprsu (2 split up into two functions, as 
Or 2h 


ox 
a, + a.Cop Ci [(a2 + as) + 
This is Equation [2] with the defined constants a; and a, from fr = asp + azp) + a1 + ap) 2d 


Equations [3a] and [35]. 
=fstfa 
Hence Equation [20] becomes 


= —h(0 — + ka’ 


fsa 
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Equation [24] is now integrated by a standard mathematical 

technique by first setting the right side equal to zero. The solu- 

tion to the resulting expression is simple and of the form 


Introducing Equations [25] and [26] back into Equation [24] 
and integrating gives C(z) as 


hence 


z z 
fee fe f, + + Ce~/*,. . [28] 
Considering the Boundary Condition [21a] and noting that & 
was set equal to zero, the constant C is found to be identically 
zero. Then through integration by parts for the second integral, 


Equation [28] is written 
fs —fiz 


8) +4 
ff? hi 


where 
| 
hi ph + bop) 
fe 1 + asp 
— = 
fe ag + bop) 
Pp 
and 
(d) bh = a; 
(e) be = ara; J 


By substitution of Equations [30] and [29] and rearranging 
with the additional definition of d; = a, — a,C; the following 
result is obtained 


GAr — 2)GA2)dz = 


“0 


4 


zx 
a3 


k= 0 + 1)! 


as 
0 


- = 
b: a 

k=0 


e I; 
A214 
( k+1 
z 
=) zke @dz — 
0 


) Y2**(z, — p2*(z, 


2042 
kk +1)! “9 
=e 


d, be be 
bs + Pp 4 
or 4 
i bi? Ci 


In this equation the functions F;, F2, F3, Fs, Fs, Fs, and F; 
are Laplace transformed functions in the variable p which have 
corresponding original functions G,, G2, G;, G,, Gs, Gs, and G; in 
the variable 7 obtained by performing an inverse transformation 
on the functions F. This operation is usually outlined in most 
textbooks on operational mathematics, such as Churchill (20). 
Extensive tables of the functions F(p) and G(r) may be found 
in the works of Campbell and Foster (21) and Erdélyi (22). 
The Laplace transformed functions F and the inverse trans- 
formed functions G appropriate to Equation [32] are listed in 
Table 1. 

The product of transformed functions, such as F,F;, FF, and 
F.F7, may be treated by the method of convolution, a technique 
of the inverse transformation for product of functions. This is 
discussed by Churchill.6 Hence, the transformed equation in the 
physical domain of z and 7, which is the solution to the dif- 
ferential Equations [16] and [17] for the boundary and initial 
conditions of Equation [21] is found to be a ; 
by? 


= — G(r) + Gr) + 
dybe be 


T) — to 


in — 2)GA2)dz + Gr — z)Gi(z)dz 
0 -/0 


—e 


b 
+ GAr — — + Gir) + .. [33] 
0 bs 


where the following functions are defined (see Table 1) 


8 
0 


r k+1 


K=O Kk 


> 


k= 0 +1)! 


Gr — 2z)GAz)dz = 
0 


VAs, 7)...... 


zk a: 4, 
0 


$ Reference (20), chapt. II, p. 36. 
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—. 
» 
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F(p) 
1/p 


Restriction 
r>0 


>0 


Fy 


+p 


Fy 


Note: For the - pair, refer to Campbell and Foster (2 1.1 page 
79, No. 654.2. 


The functions ¥,(z, 7) and ¥2**(z, 7) are identical with two 
functions which have been computed and presented by Rizika (9). 
These functions are reproduced here in equivalent form in Figs. 
4and 5. The remaining functions y¥;(z, 7) and 7) have 
been evaluated and are presented here in equivalent form in 
Figs. 2and3. The second summation in Equation [35] has been 
divided into two functions as shown in order to simplify the com- 
putation. It will be noted that one of the functions so formed, 
¥2**(z, 7) is one which has previously been given by Rizika (9). 

With this reduction of the convolution integrals Equation [33] 
may be written for the two time domains imposed by the re- 


strictions of the inverse transformation as: 


(ii) 


(zx, T) 


+= 
/bi? 


(2-1) 


where, as will be noted, ¢2(z, T) = ¢:(7*), in which 7* 


(ru/z — 1). 
In both Equations [37] and [38] the term C,(z) may be com- 
bined with the left-hand side as 


T) — (6 + Ciz) 
dibe/b,? 


= 7/u 


t(z, 


The sum f + C,z represents the initial axial fluid-temperature 
distribution within the assumptions of constant axial-energy dis- 
tribution. Hence, (t% + Cir) = t(z, 0) and Equation [39] is 


written 
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7) = t(z, 0) 
dy b2/b,? 

Equations [37] and [38] may be rearranged accordingly, their 
form then being the same as Equations [5] and [6] in the main 
body of the paper. The significance of the form of Equation [40] 
is that it represents the transient fluid-temperature increase above 
any initial fluid temperature at the location (r = z) for an 
initial condition of constant axial-energy distribution, including 
zero initial power. 


Discussion 


T. F. Irvine, Jr.*. The authors are to be commended on both 
their long-range goal of investigating transient effects in heat ex- 
changers and their excellent present paper. It appears to the 
writer, however, that considerable caution must be exercised in 
generalizing the results of the present analysis to passages which 
are noncircular in cross section. In such shapes, a peripheral 
variation of heat-transfer coefficient and temperatures exists and 
the problem of choosing a single number to represent the cross- 
sectional heat transfer should not be minimized. It should be 
pointed out that for certain shapes such as isosceles triangles with 
apex angles of 25 deg, the average Nusselt number will change by 
an order of magnitude depending upon the conduction conditions 
within the duct wall. Such a variation will produce substantial 
variations in the results of the present transient analysis. 


H. M. Paynter.” The writer is much interested in the authors’ 
treatment of a problem which is not only of great practical sig- 
nificance to the field of heat transfer and reactor design, but also 
surprisingly happens to be very closely related to an analogous 
problem in hydrology; namely, the flow of surface runoff and 
groundwater into river channels. 

This problem is a direct generalization of the simple “percola- 
tion problem’’’ and falls into the category of a problem in mono- 
tone processes.* The authors have mentioned the earlier paper of 
the writer and Takahashi” as well as the work of Gallagher" 
in which such processes occurring in heat exchangers were ex- 
amined in the light of time-distribution functions and their 
moments, together with the associated Fourier and Laplace trans- 
forms. Such processes also occur in thermal measuring instru- 
ments'? and many other fields. 

Without meaning in any way to detract from the excellent work 
manifested in this paper, the writer wishes to contribute an alter- 
native approach to analysis which gives comparable results, but 
requires only elementary calculations and recourse, at most, to 
commonly tabulated functions. 

Consider a single short section of pipe with a distributed heat 
source as indicated by the authors’ Fig. 12 and again by Fig. 13(a) 
of this discussion. This situation may be considered to give rise 
to two separate and superposable linear responses in t,+1; namely, 


* University of Minnesota, Institute of Technology, Minneapolis, 
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Institute of Technology, Cambridge, Mass., President, Pi-Square En- 
gineering Company, Inc., Boston, Mass. Mem. ASME. 

8 (a) ‘‘Vektorielle Regeltheorie,’’ by P. Profos, Leeman & Com- 
pany, Zurich, Switzerland, 1944. 

(b) “On an Analogy Between Stochastic Processes and Monotone 
Dynamic Systems,” by H. M. Paynter, VDI/VDE Fachtagung Regel- 
ungstechnik, Heidelberg, Germany, September, 1956. 

(c) References (6, 7, 8) of paper. 

* Op. cit. (b) and reference (6) of paper. 
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11 Reference (4) of paper. 

12 Refe erences (13) and (16) 
Paynter. 
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7 Fig. 13 Single percolating element a 
& 
those due to (1) the heat flux, a;, and (2) upstream temperature, EF 
t,, as indicated in Fig. 13(b) of this discussion and by the equation 3. + 
n 
tu = (F,)a; + (F, eee [41] 
The linear operators, F, and F,, may be represented as follows, ‘ wa 
using the authors’ notation - Sections 
(=) D (b) Block diagram 
=e ise 142) 
F, =€ Cr) € [43] 
D=d/d 


If one now considers any finite length z as comprised of n-seg- 
ments each of length Az, as depicted by Fig. 14 of this discussion, 
it is possible to write a general operational equation in the form 


k=0 


If no transient changes are made in &, then this may be written 


where the operator, F,, follows from the foregoing equation. 
Now, if the length increments are taken sufficiently small, F, 
can be found approximately by 


Ar 


» 


hes Fe 


and the summation represented by the approximation 


= nF /?....... 


These permit a simple estimate of F,; namely 
z z a:D 
F, => - 


ay, 1 + a,D 


The numerator is merely the standard percolation operator for 
one half the pipe length, while the denominator represents the 
additional wall lag. This makes rough estimates possible using 


ee 


n-1 
k=0 


Fig. 14 Percolating pipe 


existing solutions for wall temperatures'* as well as suggesting 
possible shut-down tests. 

However, a more readily useful approach would be to calculate 
for the unit gain operator, (a,/z)F,, its mean delay and dispersion 
time} 


Mean delay, T,, & — +a (: 
2u 2ua; 


Dispersion time, 7,  a2[1 + {50} 
making use of the identity a, = ua. 

This determination permits the use of very simple models" for 
this process, such as a lag-delay model in the form 


e7(Tm-T)D 


ua; (1 + 7,D) 


F, = 
For cases where the heat storage in the walls is not excessively 


large (corresponding to those of the paper) the following models 
are extremely practical 
-(=)pb 
z i-e ( 1 


Lag-average, F, = 
sag-average (+ aD) 


.. [52] 


{ 
1 


D 


2u 

The first of these follows intuitively from Fig. 14 of this discus- 
sion for the case where a:/as approaches zero, since the order of 
linear operators is commutative. The second is merely a rough 
approximation to the first. Both of these would agree very well 
with the authors’ experimental data. 

Many other, and more theoretically accurate representations 
are possible, but these would seem unjustified in the light of the 
basic inaccuracies of the physical constants. The writer would 
appreciate the authors’ comments on his remarks. 


18 Reference (9) of paper. 
14 See authors’ closure of reference (6) of paper. 


AvutTuHors’ CLOSURE 


The thoughtful discussions of Professors Irvine and Paynter 
are very much appreciated. 

Professor Irvine quite correctly points out the importance of 
the effects of circumferential variations in the heat-transfer 
coefficient when nonsymmetrical duct cross sections are to be 
employed. For systems with uniformly distributed internal heat 
sources in the duct wall these effects result in a nonuniform wall 
temperature distribution, with the highest temperature in the 
corners. We are grateful to Professor Irvine for bringing out this 
distinction and are in agreement with him that some degree of 
approximation doubtless will exist should our results be used for 
computing the response of systems having nonsymmetrical cross 
sections. It will be appropriate to attempt to evaluate here at 
least the nature of the source of this approximation, if not the 
approximation itself. 

For ducts with a varying circumferential wall temperature and 
corner angles which are not too small it is possible to define a 
mean wall temperature 6 such that the total circumferential heat 
flux, g/A, may be written 


where hf is the circumferential mean, or average heat-transfer 
coefficient. For nonsymmetrical geometry h may be taken as 
that for circular tubes of the same hydraulic diameter, as sug- 
gested byEckert and Low(1, p. 5),!* McAdams (2), and Jakob (3). 
For nonsymmetrical ducts with internal heat generation Lowder- 
milk, et al. (4) have shown that h may be correlated by conven- 
tional heat-transfer correlations, similar to the familiar ones for 
circular geometry, providing the length dimension in the Reynolds 
and Nusselt numbers is the hydraulic diameter. Hence as far 
as our results applying to nonsymmetrical geometry is concerned, 
it appears reasonable to expect that a single, predictable coeffi- 
cient of heat transfer h may be employed to describe the flow of 
heat from the surface to the fluid when it is used in conjunction 
with 6. Therefore our Equation [2], which is the differential 
equation for the fluid, could be written in the form given, except 
that @ would be replaced by 6 and h by h. 

Examination of our Equation [1], the differential equation 
describing the transient in the wall, discloses a somewhat different 
problem. This equation includes the quantity 00/07 which 
accounts for the thermal transient of the solid and actually repre- 
sents the time derivative of the space-mean solid temperature. 
For our solutions to be universally valid for all geometry (for 
which our other restraints apply) requires the additional assump- 
tion that 06/d7 equal the time rate of change of the space-mean 
temperature of the solid. This doubtless is not generally true 
and represents the source of the approximation for application of 
our results to nonsymmetrical systems. Without resort to 
direct experiment or numerical calculation we do not know how 


18 Numbers in parentheses refer to the References at the end of 
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one can generalize on the extent of this approximation, though we 
certainly agree with Professor Irvine’s principle that caution be 
exercised in the use of these results for nonsymmetrical geometry. 
It seems probable that for nonsymmetrical geometry our solu- 
tions are better approximations when used for systems with small 
rather than large values of the heat capacity ratio M and for sys- 
tems with minimum corner angles which are not too small. It 
would be helpful if an experiment could be performed to help 
clarify this point. Such measurements are not now available so 
far as we know but are included in our future program. 

If the assumption regarding 06/dr is acceptable our results for 
6 would not provide information regarding the transient of 6 in 
the corner where it has its greatest magnitude. This is not a 
serious limitation since the maximum corner temperature may be 
estimated from a steady-state analysis. 

Professor Paynter has presented a very interesting new ap- 
proach to this problem. Our objective was quite different from 
his in that we sought an exact mathematical solution to our 
adopted model of the physical svstem while what Professor Payn- 
ter has proposed is an approximate solution. In many cases, 
however, we can visualize his approximations to be of great prac- 
tical value especially since he implies his results would agree with 
our experimental data. The value of an exact solution is that 
it enables one to assess the nature of an approximate solution and 
it also will show what significant physical parameters govern a 
given system. This is of great value in generalizing results and 
is something an approximate solution can give only partially. 
Nevertheless, Professor Paynter is to be commended for giving 
such thoughtful attention to this problem and providing us with 
another useful approach. ‘We feel that many readers may wish 
for a more complete explanation of the use of his results than he 
gives here. 

We are indebted to Miss Geraldine A. Coon of the Taylor 
Instrument Companies for bringing to our attention through pri- 
vate communication that the upper limit of the integrals in our 
Equations [33], [34], [35], and [36] should be written 7*, where 
= 7 —2/u. This makes the given functions consistent with 
the manner in which we computed them. This notation had 
been adopted in our second paper (Part II) of this series. Miss 
Coon also has made the helpful suggestions that we note that 
C; = a,C; and that we replace a, by d; in Figs. 10 and 11 since 
the data shown is for zero initial power, in which case C; is zero 
and a, becomes d;. 
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Dynamic Response of Heat Exchangers _ 
Having Internal Heat Sources—Part I] 


By V. S. ARPACI! ann J. A. CLARK? Pen 
5 This paper considers the dynamic response of the tem- Aq’”’ = step power input,Btu/cu ft/hr oa ol! 
perature of the heat-transfer surface and the fluid-surface q = T/a2, dimensionless Bhp - 
temperature difference in a heat exchanger having internal r, = outside radius of tube, ft ‘wa a a 
heat sources which is subjected to a sudden change in the r; = inside radius of tube, ft aie | | 
rate of heat generation. The results are obtained by a r = 2a;/a2a,, dimensionless 
direct mathematical attack on the governing differential t(x, 7) = temperature of fluid, deg F 
equations. These are presented such that the surface to = temperature of fluid entering coolant channel 
temperature may be computed asa function of spaceand deg F 
time using three mathematical functions obtained by uw = velocity of fluid, fps 
IBM machine reduction. The theory is compared with «WV = volume of fluid, eu ft 
experimental measurements and favorable agreement = fluid flow rate, lby/hr 
is obtained. Heat exchangers to which the solutions ss gg = axial distance, ft ial 
apply include the heterogeneous nuclear reactor, —— z = integration variable (see Appendix) 


= 1T/a;, dimensionless 

At(z,7) = fluid wall-temperature difference, 9 — t, deg F 
A = difference operator, dimensionless 

The following nomenclature is used in the paper: ¥2**(s, gq) = defined in Appendix 
y) = defined in Appendix 


A = area of fluid in contact with wall, sq ft ‘ : . 
a, = defined by Equation [3a], deg F te - — Ws, q) = defined in Appendix 


NOMENCLATURE 


= defined by (261, ke = temperature of wall, deg F 
@, = defined by Equation (3a],br 
a, = defined by Equation [3b], ft 
b = a2 +; ' INTRODUCTION 
; ea + ndix, Equation [23] ty planned on the general su ject of the response of heat exchangers 
i C2 sec Appenc having time-variant internal heat sources. The first of these 
. specific heat of Guia, Btu/ > deg - papers (1),? which was presented in June, 1957, reported the re- 
Cpw = specific heat of wall, Btu/lb deg F . tt Its of analysis and experiment the dynami . 
1 peg ' sults of analysis and experiment on the dynamic response of the 
che coolant temperature in this type of heat exchanger as a function 
= “i, of both time and space. In this instance the transient resulted 
f ‘ from a step change in the strength of the heat source. The 
7 a fi, fr, } = functions defined in Appendix ‘i 1 hie present paper considers the response of the heat-transfer-surface 
temperature and the fluid-surface temperature difference as func- 
Fan Bi see Appendix aa a! tions of both time and space for the same type of induced tran- 


Gs,,,Gi.2 = see Appendix 
il h = coefficient of heat transfer between wall and fluid 
h = enthalpy, Btu/lb» 

In = Bessel function of first kind 


sient. Theoretical results compare favorably with experimental 
measurements. 
The other papers in this group will be theoretical in nature, as 


K = (h/pc,)A/V(hr)-! - uid-temperature response for certain other types of programmed 
heat-source transients, including (a) linear or “ramp,’’ (b) ex- 
ponential, and (c) sinusoidal. The heat exchangers to which 
(hr)! these studies apply include the heterogeneous nuclear reactor, an 
aa sa electrical heater, and a chemical reactor in which a chemical 


: 
= initial power input, Btu/cu ft/hr 

/ 4 reaction occurs within the solid walls. 

1 Graduate School, Department of Mechanical Engineering, Massa- A survey of the current literature on heat-exchanger dynamics 

chusetts Institute of Technology, Cambridge, Mass.; Instructor, nq transients in thermal instrumentation was presented in 


n leave, Mechanical Engineering Faculty, Istanbul Technical 
reference (1). To avoid unnecessary repetition it will be suf- 


2 Professor of Mechanical Engineering, University of Michigan, ficient to summarize this briefly. There appears to be no exact 
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resulting from a step change in the temperature of the in-flowing 
fluid. Dusinberre (10) treats the numerical solutions of transients 
in such systems. In the field of nuclear reactors Fritz (11), Galla- 
gher (12), and Silvers and Dietrich (13) have contributed. The 
latter authors have presented results which bear exact similarity 


to those given here in Figs. 7 and 8. A 


SuMMALY OF PRESENT PROBLEM 


The solution of the time response of the heat-transfer-surface 
temperature and the fluid-surface temperature difference at any 
point in a channel of this type of heat exchanger results from a 
direct mathematical attack on the differential equations derived 
from the appropriate natural laws with the suitable boundary and 
initial conditions. The mathematical details are given in the 
Appendix and involve the use of the Laplace transform. While 
the solution is algebraically complex, numerical results should be 
reasonably easy to obtain as all the functions necessary for such a 
computation are presented in graphical form. The authors have 
not rigorously proved the mathematical convergence of the com- 
plete solution to the steady-state values. It appears from their 
own calculations in comparison with their experimental data, 
however, that such convergence is obtained. Experimental re- 
sults from a heat exchanger having internal heat sources agree 
satisfactorily with the theory. 


ANALYsIS 


The physical system analyzed is shown in Fig. 1. This consists 
of a circular tube through which a coolant flows steadily and in the 
solid walls of which energy is generated. In the steady state all of 
this energy appears as a flow of heat at the interface between 
coolant and solid causing the coolant to increase in enthalpy (or 
temperature) as it flows through the tube. The outside surface of 
the tube is adiabatic. During the transient, however, both the 
tube-wall material and the coolant experience local temperature 
excursions, the magnitude of the former and their difference being 
evaluated here as a function of distance and time. A circular tube 
has been selected for convenience only in comparison of theory 
and experiment. Where a geometry is involved in the analysis, 
the results given can always be reduced to an area-to-volume ratio 
and hence will be valid for any other geometry for which the re- 
straints on the solution apply. 

The following assumptions are imposed on the solution: 


(a) The fluid temperature and velocity are constant across the 
flow cross section. 

(b) The tube-wall temperature does not depend on radius 
(valid for thin walled metal tubes). 

(c) Axial heat conduction is negligible in both fluid and tube 
walls and heat flows only to coolant. This is a reasonable assump- 
tion when kr,*(0%/dz?) is small in comparison with 27;h(@ — @). 
The outer surface is adiabatic. 

(d) The heat-transfer coefficient is constant with length and 
time. 

(e) The fluid is incompressible and all fluid properties are 
constant. The flow channel has constant area. 

(f) Energy (heat) generation within the walls is constant with 
length. 

(g) The temperature of the fluid entering the tube is constant 
and equal to to. 

(h) The transient consists of a step change in rate of energy 
generation within the tube walls from an arbitrary initial con- 
dition. 


With these assumptions the application of the first law of 
thermodynamics to the system shown in Fig. 1(b) produces the 
following two differential equations, one for the wall of the tube, 
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ity, 


z 
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8 (x, 


- ——t(x, 1) 


the other for fluid. Details of this derivation are outlined in Ap- 
pendix A of reference (1). 7 
Wall a 
rie 


—(6 —t) +a, =a, 
oT 


Bal 


(PCy Po? pind r*) 
a, = Orsh 


Equations [1] and [2] are operated on by the Laplace transform 
technique. The transformed equations in wall temperature 8, and 
fluid-wall temperature difference (At = 6 — t), are then integrated 
with the appropriate initial and boundary conditions and the in- 
verse transformation performed, as outlined in detail in the Ap- 
pendix. The nature of the mathematical attack on this problem 
produces solutions for both @ and At in two domains of physical 
time: (7) A physical time following the introduction of the tran- 
sient which is greater than zero but equal to or less than z/u, and 
(ii) a physical time equal to or greater than z/u. It will be noted 
that the physical time z/u is that required for fluid particles flow- 
ing at a velocity u to traverse the distance xz. The results for 
cases (7) and (77) are as follows: 

Case (i)0 < tu/z 

(a) Wall temperature, 6 


O(z,7) — O2,0) as 
az 


| | 
4 
(b) 
Fic. 1 Simvutarep Cootant CHANNEL 
Fluid 
at ot 
6 —t) = a3 — 
(1 + (r,? — 7,*) i 
qo 
| 
| 
b 
a;? 
(b) Fluid-wall temperature difference, At = — ¢ 
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At(z,r) — At(z,0) 
d,b2/b;* a2 

In Equations [4] and [5] the quantities @(z, r) — 6(z, 0) and 

At(z, 7) — At(z, 0) represent the transient increase of wall tem- 

perature and fluid-wall temperature difference at the location z = 

z and are independent of the magnitude of @(z, 0) or Aé(z, 0). 

The constants are all defined in the Appendix. 

Case (ii) ru/z > 1 


bs 


(c) Wall temperature, 
Oz, r) — Oz, 0) as 1 + bi eo 
dib2/b,? a2 a;* 
z bi 


b 
e Wr, ¥) + E ¥2°*(s,q) 
a2 be 


by 
a3 
(d) Fluid-wall temperature difference, At = 6 — ¢ 


bi * 
+e ™ [= q) ba V(r, 7] 
a3 / 


At(z, 7) — At(z, 0) 


Equations [6] and [7] like Equations [4] and [5] express in di- 
mensionless form the transient increase in wall temperature and 
fluid-wall temperature difference at location of z above their initial 
value at that position. These equations include three functions 
and several constants which are discussed in the Appendix, the 
functions also being presented in graphical form in Figs. 2, 3, 4. 
These results are not algebraically simple but their evaluation for 
a great many different conditions of operation should be relatively 


easy and economical to accomplish as the constants depend upon 
the physical design and operation parameters of the coolant chan- 
nel and the functions all are given graphical form in this paper. 
It has not been possible to demonstrate the mathematical con- 
vergence of Equations [6] and [7] to the final steady-state values. 
However, comparison of computed results from these equations 
with our experiments indicates proper convergence (see Figs. 7 
and 8). 
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Discussion oF THEORETICAL RESULTS 
Owing to the relative complexity of Equations [6] and [7], it is 
simpler to examine Equations [4] and [5] for the effect of the 
various physical parameters on the response of the wall tempera- 
ture, 0(z, 7) — @(z, 0) and the fluid-wall temperature difference, 
At(z, r) - At(z, 0). The important constants common to these 
equations are d,b;/b,?, a;/a2, and 6,/b, so these groups will be 
examined. The group d,b2/b,? may be written 


b? + 1)? h (M+1) 
where A(q/A) is the increase in the steady-state heat flux, and 
A(q/A)/h is the increase A(@ — t) in the steady-state value of the 
wall-fluid temperature difference, 9 — t. The constant M is 
(pe,) s 


total heat capacity of wall material 


M = — 
a3 


total heat capacity of fluid 


Hence, M is a heat-capacity ratio, dependent upon geometry as 
well as upon materials and is the quantity which introduces these 
properties into the constant d\b./b,?._ For the usual materials and 
geometry it may be expected that M will vary from near zero for 
water-steel systems with thin metal walls to something in excess of 
1000 for similar gas-steel systems. In Equation [8] the heat- 
capacity ratio M is introduced by the function M/(M + 1)?, 
which has the interesting behavior that it approaches zero at both 
small and large values of M. This function has a maximum value 
of '/, for M equal to 1 and approaches 1/M at large values of M. 
Hence, so far as the constant d,b./b,? is concerned, increase in the 
value of M has an opposite effect depending on whether M is 
greater or less than 1. 


- The ratio of the constant b, /b: is written 


4h M+1 


M +3 
M 


h (+) 
V 


where A/V is the area-to-volume ratio of the coolant in the chan- 


nel. The term (h/pe,)A/V is equivalent to the quantity K, the 
time constant, which is a significant system parameter describing 
the response characteristics of lumped-parameter thermal systems 
(14). At large M the quantity (M + 1)/M becomes essentially 
unity and b,/b: then equals K and is independent of M, or the 
thermodynamic and geometric properties of the channel-wall ma- 
terials. In this case the e-power terms in b;/b: become pure fluid- 
response functions. For small values of M the properties of the 
channel have a decided effect on the response, however. 

The effect of the heat-capacity ratio parameter M on the wall 
temperature response (for the first time domain) may be seen by 
a rearrangement of Equation [4] with the substitution of Equa- 
tions [8] and [10] and the use of the time constant K; that 
(2,7) — 2,0) 1 E 

A(q/A)/h (M + 1)? 


M+1 


Kr Kr(M + 1)? are = 
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In Equation [12] the quantity 8 may be regarded as a dimen- 
sionless wall temperature response, defined by Equation [11]. 
The effect of M on 8/Kr for a fixed Kr is seen from Equation 
{11]. Forsmall values of M, 8/Kr approaches(Kr + 1)/Kr (i.e., 
B approaches (Kr + 1), while at larger values of M, 8/Kr rapidly 
approaches zero. This indicates that, at least in the first domain 
(0 < ru/z < 1), the magnitude of the wall temperature response 8B 
is greatly diminished for a fixed Kr, for systems having a large 
value of M as compared with those of smaller value of M. This 
result is a direct consequence of the nature of the imposed tran- 
sient; that is, with the transient resulting from changes in the rate 
of internal generation of energy within the wall the magnitude of 
the increase in wall temperature, at a fixed Kr and A(q/A)/h, will 
be inversely proportional to heat capacity (pc,V), of the 
wall. Hence, as M is increased the heat capacity of the wall 
relative to the fluid is increased and the expected reduction in 8 
-Tesults, for transients at fixed magnitudes of Kr and A(q/A)/h. 
A similar result may be obtained for the response of the fluid- 
wall temperature difference also in the first time domain. A re- 
arrangement of Equation [5] with the substitution of Equations 
[8] and [10] produces 


At(z, rT) — At(z, 0) 
A(q /A)/h 


K 
argue | 


The effect of the heat-capacity ratio M on the response of the 
fluid-wall temperature difference is seen from Equation [14]. For 
systems with small magnitudes of M, i.e., heat capacity of the wall 
very much smaller than that of the fluid, 6 approaches unity and 
hence At(z, 7) approaches the value of At(z, ~). This indicates 
the approach to a condition in which the transient in At is in- 
stantaneous, i.e., a zero time lag, the transient in At being of the 
same nature as the step change in power generation which 
initiated it. On the other hand, for systems having very large M, 
6 approaches zero and Af(z, 7) approaches At(z, 0). This is an 
approach to a condition of complete lack of transient and is that 
same condition approached for #(z, 7), Equation [12], and for 
t(x, rT), reference (1), Equation [11], also for large M. 

Owing to the complexity of Equations [6] and [7] the effect of 
the system parameter M on the response in the second time do- 
main has not been evaluated. It is expected that this will not be 
done as simply as in the foregoing and may require a series of 
computations and cross plots to find the effect of this or any other 
quantity. For large values of M, however, it is expected that the 
asymptotic value of zero of the temperature-response functions 
given in Table 1 will also be valid for the second time domain. 
The asymptotic values given in the table for the first time domain 
doubtless will be altered to new functions in the second time do- 

main for systems with small values of M. 


These results as well as those from reference (1) are summa- 


- tized i in Table 1 and are valid for the first time domain. 
As is shown in the Appendix, the functions 


ae |. T), ¥2**(z, T) 


T) 


which are required in Equations [6] and [7] to describe the heat- 
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TaBLE 1 Asymptotic Limits OF TEMPERATURE-RESPONSE 
FUNCTIONS FOR VALUES OF M = 0 anp M = @ 
Function M =0 M =o 

Az, r) — Wz, 0) 

( 0 
A(q/A)/h 
At(x, +) — At(x, 0) _ , 

=a Kr 0 


exchanger response, are presented in Figs. 2, 3, and 4 as various 
functions of the dimensionless quantities r, y, s, and g. It will be 
noted that these quantities may be written in the following form 


Hence, in the second time domain, Tu/x > 1, the response of 
the heat exchanger also is governed by the product of a time con- 
stant for the fluid K or the wall K,, and either a physical time 7 or 
a “lag time,’’z/u. Because the heat-transfer coefficient h and the 
area A are common to both wall and fluid, it also may be shown 
that K/K, = M and that sq = yr. 


EXPERIMENTAL APPARATUS AND MEASUREMENT 


The experimental data presented in this paper were obtained 
by Treadwell (15). The apparatus consisted of a horizontal 
water-cooled electrically heated stainless-steel tube '/:-in. ID, 
1/s-in. wall, about 3 ft long. Current connections were copper 
blocks silver-soldered at each end of the tube to which the power 
leads were attached. A schematic drawing of the system is shown 
in Figs. 5 and 6. An unheated hydrodynamic starting length of 
50 L/D was used. 

A once-through water system was used to avoid the necessity 
of recirculation loops, heat exchangers, and pumps. Cambridge 
City water at a maximum pressure of 50 psi was drawn from the 
central supply mains through standard '/.-in. pipelines to the test 
section. The liquid flow rate through the test section was regu- 
lated by a control valve and was measured by a calibrated sharp- 
edge orifice with a water manometer. Electric power was dissi- 
pated in the stainless-steel tube to provide the source for internal 
heat generation. Fluid and outside tube-wall temperatures were 
measured at two locations, L/D = 48, 66, by means of calibrated 
chrome] P, constantan 30-gage thermocouples. These metals 
where chosen for their high thermal emf per degree of tempera- 
ture difference. The fluid thermocouples were mounted as in Fig. 
5, with the exception that a mixing baffle was not used for these 
particular data. The wall thermocouples were soldered to the 
outside wall. The characteristic response time for the fluid 
thermocouple with step change in fluid temperature is estimated 
to be 0.005 sec (14), assuring its fidelity of response. The steady- 
state thermocouple readings were taken with a laboratory po- 
tentiometer and the transient recordings with a Hathaway Type 
8 14 C oscillograph. Power was applied to the test section by a 
sudden closing of a knife switch connected to the power supply. 
In this way power could be imposed essentially instantaneously. 
Measuring the coolant bulk temperature by means of a thermo- 
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Fic. 6 Scuematic DiaAGRAM OF EXPERIMENTAL APPARATUS 


couple in the center of the stream provided a source of uncertainty 
(15) which required a correction to be made to obtain the bulk 
temperature (see later). Stuart (16) improved on this measure- 
ment during a subsequent investigation by the installation of a 
mixing baffle of negligible heat capacity just upstream from the 
outlet-fluid thermocouple. This is shown in Fig. 6. 


EXPERIMENTAL RESULTS 


The experimental data collected are shown in Figs. 7 and 8 in 
comparison with the theoretical results for both time domains, 
All data correspond to a condition of zero initial power. 

The theory was compared by computing @(2, tT) — 6(z, 0) from 
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Equations [4] and [6] and then subtracting from this At(z, r) 
— At(z, 0) computed from Equations [5] and [7]. This gave an 
independently determined value of ¢(z, rT) — ¢(z, 0) which could 
then be compared with the experimentally measured values of 
fluid temperature. It is observed that the measured temperature 
falls slightly below the theoretical. This is partly a result of the 
method of measurement as the thermocouple monitoring the 
coolant in these cases was located at the center of the stream and 
hence would register a temperature less than the bulk tempera- 
ture of the stream. A mixing baffle was not used in the collection 
of these particular data. A correction on the steady-state meas- 
urements on the center-line temperature was attempted using the 
heat-transfer momentum-transfer analogy and the results of Mar- 
tinelli (17). This correction, which is shown in Figs. 7 and 8, in- 
volved the computation of ¢ — ¢, which may be found from 


t-t= 
h 
where ¢, is the temperature of the stream at the center line. The 
corrected bulk temperature ¢ was then found from t = ¢, + (t — 
t,) using the measured value of the center-line temperature for ¢,. 
The correction t — ¢, was computed from Equation [171 using 
Martinelli’s results for (t, — t)/(t, — t,) corresponding to the 
proper Reynolds and Prandtl numbers. The corrected bulk tem- 
perature ¢ falls slightly above the theoretical curve. This is 
probably the result of small nonsymmetry in the temperature 
profile, which may be expected in a horizontal tube, since the 
theoretical curve for large time and the steady-state heat- 
balance bulk temperature are in good agreement. Any lack of 
symmetry would result in somewhat higher measured tempera- 
tures at the center line. In view of the nearly 100 deg F difference 
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between the steady-state wall and center-line temperatures, a few 
degrees discrepancy between a corrected and predicted bulk tem- 
perature is acceptable. 

As a test of the convergence of Equations [6} and [7] to their 
steady-state value at large times, a calculation was made for 
Tt = 30sec for both the runs shown in Figs. 7 and 8. In each case 
the result gave essentially the same value of t — f) as that for 
T = 10sec. 
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INTEGRATION OF Equations [1] ANp [2] 


Appendix 


Equations [1] and [2] may be operated on by the Laplace 
operator to produce the following transformed equations 


= a,[p) — Wz, 0)].......-. 


and 


— U(x, 0)] + : 


(@—i)= 


Solving Equations [18] and [19] for ? and rearranging gives 


dl 


where 


1 
E + 0) + (1 + asp)ast(z, 0]. .[21b} 
al + ap) p 
The boundary and initial conditions to be imposed according to 
the outline of this problem are 


. [22a] 
(q/A)wd 
We, 
(q/A)md, (q/A) 

Ox, 0) = te + We, h [22c] 


Since fy is a constant it may be set equal to zero and the other 
constants in Equations [22] may be defined as follows 


c, = 
2 h } 


With these substitutions, the function f, may be rewritten and 
split up into two functions, as 


a, + C;[(a2 + a3) + 

[24] 
ap(1 + asp) + ap) 
= + fa 
Hence, Equation [21] becomes 
dt 


Equation [25] is now integrated by a standard mathematical 
technique by first setting the right side equal to zero. The solu- 
tion to the resulting expression is simple and of the form 


from which 


a 
d 


m4 
(zy 
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Introducing Equations [26] and [27] back into Equation [25] and 
integrating gives C(z) as 


O(a) = + + 

hence 

i= + f, + Ce~f* [29] 


Considering the Boundary Condition [22a] and noting that & 
was set equal to zero, the constant C is found to be identically 
zero. Then through integration by parts for the second integral, 
Equation [29] is written 


fa a + a,C2p 
, — (31 
fa 1+ a2p 
fi Pp 
and a! 


By substitution of Equations [31] and [30] and rearranging with 
the additional definition of d; = a; — a,C; the following result is 


obtained 
b, p? bb rt 
bs 
1 
z 1 
P2 bh +p 
be 


If this result is substituted into Equation [18] the following is 
obtained 


i 
6 = 
1 + ap 


Rearranging this gives Pa 
diby/bi* \ 
2 
+2 


ay 


a,(z, 0) 
p(1 + asp) 


(1 + agp) 


[33] 


b 
bs 
which may be written in the form il 


bt (% C; 
dibs 


=. 


) + - FA p)Fio(p)... [35] 
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TABLE 2 Functions F F AND G 


Pp 


az \b2/ + p) 


1 
a2 


In this equation the functions Fs, Fs, and Fy are Laplace 
transformed functions in the variable p which have corresponding 
original functions Gs, Gs, and G, in the variable 7 obtained by per- 
forming an inverse transformation on the functions F. This 
operation is usually outlined in most textbooks on operational 
mathematics, such as Churchill (18). Extensive tables of the 
functions F(p) and G(r) may be found in the works of Campbell 
and Foster (19) and Erdélyi (20). The Laplace transformed 
functions F and the inverse transformed functions G appropriate 
to Equation [35] are given in Table 2 

The product of transformed functions, such as Fy, may be 
treated by the method of convolution, a technique of the inverse 
transformation for product of functions. This is discussed by 
Churchill. Hence, the transformed equation in the physical 
domain of z and 7, which is the solution to the differential Equa- 
tions [1] and [2] and for boundary and initial conditions of 
Equations [22] is found to be © 


(i) O<tu/x <1 
db: 
bt 


2 
= dbs (C\z + C2) + 


(ii) tu/z = 1 


Gz, 


where the following functions are defined (see Table 2) as follows 


(Cyt + C2) + G(r) 
dibs 1 2 8 


=) — s)Gwo(s)ds 


— s)Gio(s)ds 
0 


Walz, + 1) ¥2**(z, r) 


T) 


4 Reference (18), chapt. II, p. 36. 


(ky? 


= ¥.°*(s,q)...... [39] 


r* a 
e~*z z=a e~*2z 
0 : k=0 (k!)? 0 


= q) 


_ The function y.** (z, 7) is identical with two functions which 
have been computed and presented by Rizika (8). The function 
is reproduced here in equivalent form in Fig. 4. The remaining 
functions ¥,(z, T) and ¥(z, T) have been evaluated and are pre- 
sented here in equivalent form in Figs. 2 and 3. 

With this reduction of the convolution integrals Equation may 
be written for the two domains of physical time imposed by the 
restrictions of the inverse transformation as 


(4) 0 < <1 


“dibs /b:? a 


i 
632 
‘ 
F(p) G(r) Restriction 
a, be ( a2 a;* 
a 
| bi as 
= = 
(2 
= — aa kd 
(=) 
a2 (k!)2 we (k!)? 0 
. y2**(z, T) = e a: To [2 
= e stds 
(=) aa 
‘ 
= e~*z*dz = 
7) = +f se “J, E (2) Je 
az 0 AA, 
| 
- 
(2 
a, 
ow A 
+ ff e 
be 0 
L » 2 0 
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(ii) > 1 
bi 
Oz, T) — tb a3 b, 
dibs/b,? iz + + | + a3? T | 
_ _ bi b 
3 e + ( 1) ¥2**(s, q) 
= — — y¥(s, [42] 


where = 2/u(ru/z — 1). 
In both Equations [41] and [42] the term C,(z) + C: may be 
combined with the left-hand side as 
Ox, T) — (to + Ciz + C2) 


The sum t + Ciz + C2 represents the initial axial-wall tempera- 
ture distribution within the assumptions or constant axial-energy 


distribution. Hence, + + C2) = 0) and Equation 


[43] is written 
Ox, rT) — Hx, 0) [44] Gilt — s)Gu(s)ds = — ¥2**(s, q) 
a 
Equations [41] and [42] may be rearranged accordingly, their 7 e © Pdr, ¥)...... [49] 
form then being the same as Equations [4] and [6] in the main s ; 
body of the paper. The significance of the form of Equation The resulting solutions are . 
TasLe ReMmaininG Functions F(p) G(r) = 
F(p) G(r) Restriction “& 
bi 
Fu a; — -e ) 7>0 


ast 


P bi aa 


be +p) 
[44] is that it represents the transient fluid temperature increase 
above any initial fluid temperature at the location (x = zx), for an 
initial condition of constant axial-energy distribution, including 
zero initial power. 

Remark. Considering the transformed Equations [32] and [34] 
the transformed temperature difference At = 0 —, t may be writ- 
ten in the following form 


+? 

1 
e be 
Al b 


2 

dybs /b,? abs C2: +Ful(p) +e Fi(p)Fi(p)... [46] 
The transformed function Fio(z, p) and corresponding original 
function Gio(z, 7) were shown in Table 2. The remaining pairs 
are given in Table 3. 

Again by treating the product of the transformed functions 
F,(p)F w(p) as a convolution pair, for the temperature difference 
At, we write 


(it) OS <1 


At(r) b,? 
/b;? = Cy + 


(ii) 


At(r) b,? 
G 
d,b2/b;? + Gulr) 


.. [47] 


* 
+e - 8 )Gio(s ds [48] 
where the product functions are defined as : 


— s)Gi(s)\ds = — e “1,12 -) ds 
0 be /0 ads 
= as \'/2 
Ip [2 ( Jas 


Using Equations [38] and [39] the foregoing functions may be : 
written in the following form 7 


a2 


=z 
4 = 
(i) O< <1 
At(z, rT) — At(z, 0) b, | 
l1—e 
d,b./b,? a2 
(ii) ru/z>1 
b = 
At(z, 7) — At(z, 0) {(: 
a, \ 


where 


At(z, 0) = C; 


Equation [51] represents the transient temperature difference At 
in a somewhat simpler form than would be obtained if @ and ¢ 
were evaluated separately and then their difference taken. 


Discussion i= 


J. P. Hartnett. The authors indicate in their Analysis 
section that the results of their paper may be applied to ducts of 


5 Associate Professor of Mechanical Engineering, University of 
Minnesota, Institute of Technology, Minneapolis, Minn. Mem. 
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noncircular cross section. It should be pointed out that in the 
general case of the noncircular duct the assumptions (b) and (f) 
are compatible only if the tube has an extremely large thermal 
conductivity in the peripheral direction as compared to the con- 
ductivity in the axial direction. In general, if one “shorts out’’ 
a noncircular tube, there will result a variation of the wall tem- 
perature around the periphery of the tube due to the lack of 
symmetry. If the system is now perturbed, a redistribution of 
the heat flow within the wall itself can occur and this discusser 
foresees some difficulty in utilizing the present analysis in this 
general case of noncircular-duct heat transfer. 


AutTuors’ CLOSURE 


Professor Hartnett has raised a relevant question concerning 
the application of our results to noncircular geometry. This is a 
point similar to one made by Prof. T. F. Irvine, Jr., of the Univer- 
sity of Minnesota, in his discussion of the authors’ first paper 
(Part I) on this topic. Rather than repeat our reply to Professor 
Irvine’s comments here, we would refer to our Authors’ Closure of 

that paper. In general, we are in agreement with Professor 
* Hartnett, for a noncircular duct does not have one wall tempera- 
ture, but has a continuous variation in wall temperature from 
corner to corner. At best, our results would predict the transient 
behavior of a mean or average wall temperature, according to the 
requirements outlined in the Authors’ Closure to Part I p. 624, 
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As can be noted by our results, even our simple model produces a 
fairly complex solution. We would anticipate that considerations 
of the variation Professor Hartnett has suggested would lead to a 
result very much more involved and unwieldy mathematically, if 
indeed a solution were even possible. Probably, a numerical or 
analog solution would be more practical. However, if one is able 
to assess the nature of the approximation of our results to non- 
circular geometry (the nature of which we discussed in connection 
with Professor Irvine’s comments) we can visualize that, in the 
absence of an exact solution our results could be of practical value 
in providing an estimate of the transient and/or a “feel” for the 
dynamic behavior of such a system. 

Professor Hartnett’s comment concerning our assumption (f) is 
valid only for temperature-dependent heat sources. Even then 
for electrically heated metallic systems in which fairly large tem- 
perature differences exist, our assumption (f) is reasonable. In 
this instance, it is a question of the magnitude of the temperature 
coefficient of electrical resistivity. For example, with 304 stain- 
less steel, a 100 F difference in temperature between two points in 
an electrically heated solid results in only approximately a 5-per- 
cent difference in their volumetric heat generation rates. Except 
for unusually thick-walled solids, it is seldom that a temperature 
variation in the electrical resistivity is an important factor in the 
thermal behavior of electrically heated systems made of the com- 
mon metals. 


' 
| 
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~-,- By N. E. FRIEDMANN,’ BEVERLY HILLS, CALIF, 


The influence of variation (with temperature) of ther- 
mal conductivity, density, and heat capacity at constant 
pressure on the solutions of the heat-conduction equation 
is considered. Several problems are solved by analog com- 
putation, for materials whose properties vary linearly with 
temperature, and the solutions of these are compared to 
analytical solutions. Analytical solutions also are ob- 
tained for problems involving materials which exhibit 
power-function-property variations with temperature. 
In all cases considered, the effects of property changes on 


calculated temperatures are found to be significant. _ 


_ The following nomenclature is used in the paper: 

K = thermal conductivity, cal/em* sec/deg C/em 
1 = length, cm 


NOMENCLATURE 


L, M = dimensionless parameters related to boundary 
temperatures 
N = number of analog-computer cells 
Nyro = Fourier number 


q = heat flux, cal/em? sec 

Q = dimensionless parameter related to boundary heat 
flux 

volumetric heat capacity (product of density and 
heat capacity at constant pressure), cal/em* deg C 


T = temperature, deg C 
¢ _¢ = time, sec 
= transformed temperatures, deg C 
X = spatial position, em 
a = thermal diffusivity, cm*/sec 
= dimensionless similarity variable 


INTRODUCTION 


Jj Since the formulation of the equations of transient heat con- 
duction by Fourier, solutions of these equations have been ob- 
tained mostly by treating thermal properties as temperature 
independent. In those instances for which temperature changes 
are small, and property changes are correspondingly small, 
comparison between the predictions of a constant-property 
theory and experiment have indicated that the constant-prop- 
erty simplification is justified. When temperature changes are 
large, material-property variations with temperature, in gen- 
eral, cannot be neglected. As a result, the usual constant- 
property theory is replaced by one in variable properties. 

At present, only a few particular results of a variable-property 
theory are available for quantitative comparison with either 
experiment or the constant-property theory. In spite of the 
few such comparisons which have been made, one conclusion is 


1 Abstracted from a dissertation, by the same title, submitted in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy at the University of California, Los Angeles, Calif. 

2 Litton Industries, Beverly Hills, Calif. 

Contributed by the Heat Transfer Division of THe AMERICAN 
Society or MECHANICAL ENGINEERS and presented at the ASME- 
AIChE Conference, University Park, Pa., August 11-15, 1957. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, April 
23, 1957. Paper No. 57—HT-10. 


outstanding: Under conditions in which property changes are 
large, analytical solutions obtained from the variable-property 
theory differ significantiy from their constant-property counter- 
part. The differences between the two theories are particularly 
pronounced at short times after the onset of heating or cooling. 
The object of this paper is to present results which demonstrate 
the effect of property changes with temperature on calculated 
transient temperatures. These results are obtained both ana- 
lytically and by analog computation for finite and semi-infinite 
solids. The problems considered are characterized by simple 
boundary and initial conditions, and material-property changes 
with temperature include linear and power-function variations. 
For these problems, temperature distributions are describable 
by the quasilinear parabolic equation 


dr oz ot 
To obtain solutions to this equation, subject to appropriate 
boundary and initial conditions, both analytical and machine 
methods have been utilized, the majority of solutions having been 
obtained analytically. As a consequence, the problems con- 
sidered have been characterized by particular boundary and 
initial conditions and specific thermal-property variations with 
temperature. Furthermore, results have been obtained only 
for the semi-infinite or infinite solid. 

To obtain the results already available, the formal analytical 
methods of approach to the variable-property heat-conduction 
problem have been divided essentially into five categories: 

(a) Methods for and conditions under which linearization of 
the partial differential equation can be effected (1, 2). 

(b) Independent variable transformations leading to the 
expression of the problem in terms of an ordinary nonlinear dif- 
ferential equation (3-5). 

(c) Separation of variables (6, 7). 

(d) Extensions of a method due to Neumann (8, p. 72). 

(e) Picard iteration (9). 

The numerical results obtained by machine methods have been 
derived by both analog (10) and digital (11) computation. 
The techniques used to obtain both types of solutions have been 
summarized in reference (12). 

In Tables 1-5, a summary is presented of the significant results 
obtained to date by both analytical and machine methods 
The contents of the tables are self-explanatory. Discussion in 
subsequent sections will be restricted to a description of some 
of the results obtained in reference (13). A detailed discus- 
sion of other entries in the tables may be found in the original 
papers. 


THERMAL-PROPERTY VARIATIONS WiTH TEMPERATURE 


= K(T), S = S(T) 


Various approximations of S/S») and K/Ko data as a function 


of temperature are shown in Figs. 1-3 for pure aluminum, a@-iron, 
302 stainless, and SAE 4130 steel. The particular data presented 
here have been selected from many such sets of data presented in 
reference (13) because they enter into computations to be made 


? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
‘The majority of reference (5) results cap only be interpreted 
explicitly as solutions to problems in which S is temperature invariant. 
Other implicit interpretations are possible (see reference 13, p. 17). 


{ 
z= | 


in subsequent sections. The objectives of the different approxi- 
mations of the data presented in Figs. 1-3 are (a) utilization 
of the data to determine the influence of different approximations 
of the same data on calculated temperatures, and (b) satisfaction 
of the assumptions concerning property variations with tempera- 
ture that will be imposed in forthcoming analytical treatments. 
Thermal-conductivity data for pure aluminum over the inter- 
val 100 to 600 C were obtained from Gmelin (26). The value 
at 0 C was found in Eckert (27). Density and heat-capacity 
data for pure aluminum were obtained from the Metals Handbook.’ 
Most results are in good agreement with those obtained inde- 
pendently by Storm. Thermal-conductivity and heat-capacity 


5 American Society of Metals, Cleveland, Ohio, 1948 edition. 
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Fic. 2. Power-FuNcTioN REPRESENTATION OF INTEGRATED THER- 
MAL PROPERTIES OF PuRE [RON, PURE ALUMINUM, AND 302 STAINLESS 
STEEL 
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THERMAL-PROPERTY VARIATIONS OF PurRE ALUMINUM WITH 


~ TRANSACTIONS OF THE ASME 

data for iron, and SAE 4130 steel were obtained from Metals 
Handbook and McAdams (28) tables. Density variations were 
calculated through Metals Handbook linear-expansion data as- 
suming isotropic expansion. Results are again in good agree- 
ment with those of Storm. For 302 stainless steel, conductivity 
data were obtained from studies by Silverman (29) while heat 
capacity was obtained from Metals Handbook data. Again, 
density variations were calculated from linear-expansion data 
presented in the Metals Handbook for 302 stainless. 

While the approximating functions may differ slightly from the 
actual data, a few words of caution are necessary in this respect. 
First, the property data are obtained with a precision of +3 per 
cent. Some may be as poor as +10 percent. Also the data have 
been obtained over periods of time which may have been of 
several hours’ duration. Therefore the data, so to speak, are ob- 
tained under steady-state conditions, or at least over a long 
enough period for many if not all, significant metallurgical reac- 
tions to take place. For some materials, the applicability of the 
data to short-time duration heat-transfer processes, say, of 
several milliseconds’ duration, is questionable. Finally, the 
thermal properties of many of the materials, for which data are 
presented, are dependent on their heat-treatment. Thus, with 
each cycle of heating and cooling, if any, the properties can vary 
with the duration of the quenching temperature and time. 


APPROXIMATION OF THE Errects OF PROPERTY CHANGES 


Solution Bounds. Although a number of numerical results of a 
variable-property theory are already available, apparently no 
attempt has been made to determine simple techniques for es- 
tablishing the gross effects of property changes on calculated 
temperatures and heat flux. In this section a procedure will be 
described which permits a quantitative determination of bounds 
on the effects of property changes. The method is not submitted 
as a cure-all, for certainly it is not. However, it may prove useful 
to the heat-transfer analyst who requires only bounded estimates 
of the effects of property changes. 

In most conduction heat-transfer calculations, variations of 
the properties K and S with temperature, are accounted for by 
evaluating these at some suitable temperature, which is gener- 
ally assumed a priori; that is, instead of attempting to obtain 
solutions of the equation 


(KT,), = ST,, K = K(T),S = S(T) 


subject to appropriate boundary and initial conditions, solutions 
of the simpler equation 
Va 


are obtained where Ky and Sy are (constant) mean values of S 
and K. An alternative approach has been to evaluate the ther- 
mal diffusivity at some mean temperature. In this case, a 
transformation of the form 


To Ky 
is applied to Equation [1], where 7’ is replaced by 7’, to obtain 


In reference (13) it is shown that unless K(7’) is constant and 


100" 200 4 
4 
‘sy + + + 
0.787 
nae | 
sala 0 100 200 30 
th T whereupon S/K(T) is replaced by Sy/Ky to obtain 2 
Fie 


APRIL, 1958 


equal to Ky, T # T. 


source | Boundary-]| Property [Solution [Parameters Remarks 
Initial |Variations| Type 
Conditions 
(16) TT, 4Q] Backward Through a linear 
Bruce Difference transform,problem 
Peaceman | has an interpreta- 
Rachford | TTs(i,t)=0 “4 tion as a linear 
property heat 
problem. 
(15) Tio,¢)= T, Ks Forward Comparison with lin- 
Aronofsky 'x(4,t): s: Difference earized solutions 
Jenkins | Tix,0)= based upon average. 
(17) Ty (0,t)=>™ Ker Picard 
Rothe : iteration = 
© $:2 ad 
: 2 mo (1 c 
Friedmann | To] , discrete .38) 
#-aTo\2 
Tix T, pre = (+.0125,.10) 
What can be derived from this particular Bu 0 
approach is that certain solutions of Equation [4], hence the (0, t) = w(z,0) = w(l,t) = 0...... [6] 


TaBLes 1-4 AvaILABLE NumMeERICAL Data ON Sotutions oF = IN ONE SPACE 
DIMENSION 
TaBLe Tue Finite Sotrp: Constant INITIAL AND SURFACE TEMPERATURES 
Source Boundary-| Property | Solution Parameters Remarks 
Initial [Variations Type 
onditio 
(14) Tio,t)= T, 210 
Green Forward=- Comparison with lin- 
Backward earized solutions 
Tinos Difference based upon mid-value 
K, 
a 2 
(15) Forward Comparison with lin- 
Aronofsky4 272 Difference]™: earized solutions 
Jenkins T(x,¢)= To to based upon average K. 
(13) Tio,e)= T, | ar Semi- (M,L):(.04,.08) 
Friedmann Liscrete (06,20), 
L: 
& \ieale) (.08,.0h), 
Ve a/b (.10,.25). 
Taste 2 Tue Finitre Sour: Constant Surface Heat anp SurFACE TEMPERATURES— 


GENERAL INITIAL TEMPERATURE 


corresponding 7’ computed from the inverse of Equation [2], 
bracket solutions of Equation [1]. 


To obtain these bounds, postulate that in the problem consist- 
ing of Equation [1] together with the boundary and initial condi- 


tions 


T(0, t) T, T(z, 0) i= To 


T, > To.° This is to insure that temperatures in the interior of 
the slab are increasing with time. 


Equation [4] subject to 


consider the two problems 


u(0, t) = wm, u(z, 0) = u(l, t) = O 


Now instead of considering 


1 
v(0, t) v(x, 0) t) = 0..... 
a 


where a; and qa are the maximum and minimum values of 
K/S(T) in Ty) < T < 11. 
We now intend to show that 


Since 7, > To, T, is positive and so is 7,,. 
there obtain the two differential inequalities 


* The results which follow can be extended easily to include the case 


Ti < To. 


If so, then w < u < v. 


| 


Constructing the difference g’ = u — v between Equations [7] 
and [5], there obtains 


> 9'(0,t) = 0) =g(l, t) = 0...... 


From Equation [3] 


Mas . [8] 
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TaBLE 3 Tue Semi-Inrinire Sotip: Constant INITIAL AND PRESCRIBED SURFACE TEMPERATURES 


Boundary- 
Initial 
Conditions 


Property 


Source Variations 


Solution 
Type 


Parameters Remarks 


(15) 
Aronofsky 
Jenkins 


(0,t) = 
IT (@,t)™To 
T (x,e) =T, 


Forward 
Difference 


Comparison with 
linearized solu- 
tions based upon 
average K. 


N =T/To 
ho, 
% 


T(o.t)= ot? 


(18) ,(19) Toa)=T (x9) 
=o 


Barenblatt 


Analytical 


Solution is not 
regular. 


(3) i+ 
Crank 


Henry 


(0,4) =T, 
T (co,t) = 
T (x,0)=0 


\+ Iteration 


Comparison with 
linearized equsa- 
tion solutions, 


(13) 


K =naT 
Friedmann K 


T (0;t)=T, 
T(o.t)= 0 


m-i 
T(x,0) = 0 mbT 


Se 


Picard 
° Iteration 


Comparison with 
analog computer 
solution in Fig. 
6.27, of Ref.(13) 


(oe) =T, 
T(w,t)=© 
T (z,.°)=T, 


K = j-aT 
K 


3 step interpola- 
tions onto propem 
ty data. Compari- 
son with solution 
bounds in Figs. 
3.4 and 6.26 of 
Ref. (13). 


T(0,t) =T, 


T 0, t)=To 
T (x,c)=T, 


5 sets of (M,L). 
Comparisons with 
many of the above 
solutions. 


=0 


Picard 
Iteration 


Comparison with 
Bq. (3.3.13) data 
in Fig. 3.2 of 
Ref. (13). 


(20) 
Lyubov 


iT (0,4) =T, 
T (x,0)=To 
To 


K= a+ ST 
S= 


Analytical 
Power 


Stefan ype 
problem, 
Series 


T (0,t) = T, 
(@ =Te 


(21) 
Philip 


K stepwise 
in 2 steps 


Discrete, 
Picard 
Iteration 


4 


Interpolation 
onto property 
data. 


(22) 


(0,t)= © 
Polubarin- 


ova ,Kochinal T(x,0)- T (es) $=! 


Now suppose that at some point (%, 7), g’ <0. Then (a) the 
first derivative g’, = 0, (b) the second derivative g’,, > 0, and 
(c)g’, = 0. This is equivalent to requiring that g’, — ag’,, <0 
which contradicts Equation [9]. Therefore g’ cannot take on a 
minimum at (#, 2?) hence g’ > Oandu>v. By the same reason- 
ing as applies to g’ we conclude that the difference between 
Equations [6] and [8], g’’ = w — u > O over all (z, t) hence 
v <u <_w, which brackets wu. 

Since 7’ corresponding to w is computed from 7 


and 7’ correspondingtoufrom 


it follows directly that T’ < T < T” and hence 7’ and T” derived 


from v and w also bracket 7. 
_ To illustrate application of the result, consider the problem 


(KT,), = ST,; T(0,t) = T(2,0) = T(@,t) = 0... [10] 


under the transformation 


where Kp is the value of K at 7 = 0. This transforms into the 


equivalent problem 
4 
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Tas_e 4 Semi-Ineinire Constant TEMPERATURE, PRESCRIBED SuRFACE Heat 
om: FLux 
Source Boundary ndaryeInitial | Property Solution Rerarks 
Conditions Variations Type | 
=, 1 Analytical | Comparison with 
KTx(o,t) = - 8 (3)"=A sda] linearised solu- 
+aT Analytical | Numerical evalua- 
KT, (0,t) = -8 tion for an 
aT application, Con 
_ perisons with 
Se > 4 linearized equa- 
tion solutions. 
dq 
; (13) KTx(0,%) = -8 K =(1-aT)™ Analytical | Heat transfer in 
Friedmann | K mn SAE L130 
T (4) =T(x,0)=T, =(1+6T) steel gun barrel 


TABLE 5 


= 
= 


Source 


More THAN ONE Space DIMENSION 


AVAILABLE NUMERICAL Data ON SOLUTIONS OF QUASILINEAR HEAT PROBLEMS IN 


Parabolic 
Bquation 


Boundary-Initial 
Conditions 


Solution 
Type 


Re:warks 


t 
(23) Vy T? =Te q(x,y,e)dt Picard Two Dimensions 
Piskunov (x, y, = Te Iteration 
(16) Tr, Backward | Symmetry. 
Bruce, r (ra,t) Difference |Actually one 
= Peaceman, TT, (r,t) = © dimension. 
Rachford (r, o) = T> 
(24) V-(TU-T)=2T, | Kot clear Forward Syametry. 
- Jenkins Difference |Actuelly one 
dimension. 


(25) v7] = 
Vanichev Not clear Forward is Laplacian 
- —* = (C+dT)T Difference | in 3 space, 


1 
¢,; = 


a(g@) = 


is the thermal diffusivity of the 


According to the inequalities v < u < w, solutions to E }quation 
{10] are bracketed by the solutions to the linear problems 


1 
= w,; w(0, t) 
a 


™ K(A) 
Ko 


dX = gi; 


K(o) 
S(o) 


material. 


= w(z, 0) = t) 


1 
= — v; 00, t) = hi, 0) = oo, t) = 
a 


example, 
T> (or T; < To) and 7; is a monotone increasing (or decreasing) 
Even the restriction of uniform 7) may be 


= 0 
function 


w(z, t) 


= erfe 


t) = gy erfe at) 


Therefore, if T = f(@) is the inverse of Equation [11], then T is 
bracketed by 


x 
f E erfe 2 (a < 7's erfe | 


Some of the restrictions which were imposed to demonstrate 
the validity of the inequalities v < u < w can be removed. 


For 


the inequalities are still valid if 7> is uniform, 7 > 


of time. 


removed provided the maximum of 75 (over all z) < minimum 
0 of 7; (over all t) and so forth. The principal limitation of this 
method of obtaining solution bounds lies in its restriction to 


The two functions », | problems in which the boundary temperature must be known a 


priori. Weare unable to remove this restriction. 


transformed back through Equation [11]. 
w are found to be 
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Constant Initial Temperature, Constant Heat Flux, Power- 
Function Property Variations. One of the techniques which has 
proved successful in obtaining solutions of the heat equation for 
variable properties, is that which attempts to linearize the quasi- 
linear heat equation. The largest contribution to the linearizing 
approach, made to date, has been due to Storm (2). His anal- 
ysis shows that if the heat flux is known at the boundary of a 
semi-infinite solid, and if the thermal properties K, S satisfy the 
equation 


where A, @, and 79 are constants, then the temperature dis- 


tribution in the solid can be found as the solution of a linear para- 
bolic partial differential equation subject to slightly modified 
boundary and initial conditions. Having presented the trans- 
formations necessary to linearize the heat equation, Storm then 
proceeds to examine in detail those materials for which the 
product KS is constant. 

In this section, the solutions of a particular boundary-value 
problem obtained by linearization will be presented. The results 
obtained will then be applied to the problem of heat transfer in 
gun barrels. The principal difference between these results and 
those obtained by Storm is that in the present case materials 
characterized by property variations of the form KS = (a + 
bT’ )~? are considered where a and b are constants. 

Based upon analysis presented in reference (13), chapter 2, it 
can be shown that a solution of the problem 


(KT,), = ST,; KT, (0, t) = — Qo, T(«, t) = T(z, 0) = To 


where 
K m a _\~(m+2) 
¢ Ko m So m 


and 7'o, Qo, Ko, So, a are constants, is given by 
1 1/m+1 
T(X,t) = [12a] 
a 


2/6" 2 


_ 
- —fR exp 


X hvV/6\? 


X 
) 
-V 


=1+ = e’X(1 + h? 6 + hX) erfe ( 


1 te 
2/0 


As an example of application of these results, consider the 
problem of calculating the temperature distribution in a real 
gun barrel; one in which the properties are dependent on tem- 
perature. The importance of the problem is twofold: (a) 
A knowledge of temperature distribution permits calculation 
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of thermal stress and control of subsequent design to maintain 
material strength at elevated temperatures. (b) A knowledge of 
these temperature distributions may lead to methods for mini- 
mizing or retarding the rate of erosion in steel guns, hence of 
increasing gun-barrel life. Temperature measurements by Giedt 
(30) at a distance of 0.0002 in. from the bore surface, for several 
stations, far removed from the origin of rifling, have contributed 
data for analysis of the erosion and stress problems. Giedt’s 
analysis of the measured data contains estimates of heat-flux 
variations with time at four thermocouple stations near (0.0002 
in.) the bore surface. Since his results are based upon constant 
thermal properties they can be used for comparison with caleu- 
lated temperatures reflecting the effects of property variations 
with temperature. 

Our approach will be an inverse one. Based upon the heat flux 
calculated by Giedt at one station by assuming constant proper- 
ties, a determination will be made of the temperature variation 
with time at the bore surface, resulting from this flux. Although 
this particular station reaches the lowest maximum temperature 
of the four stations for which data are available, results obtained 
will serve to illustrate the errors resulting from the assumption 
of constant properties. The choice of this particular station is 
one of convenience. At this location the heat flux is essentially 
independent of time. 

In the absence of axial conduction, because of symmetry, and 
neglecting the effects of curvature, the heat-transfer problem at 
this station is describable as follows with the usual notation 


’ = 71 T 
[(: m r) r.| Ko m ) “ 
a 

(3 

m 


T(@,t) = T(z,0) = To 


In the present case, the constants are taken as? 


© = 1.381 x 10-*/deg C, m = 50.5, Te = 20 deg C, 


m 


Qo = 2.833 X 10° cal/cm? see 


Kg = 0.116 cal/em/sec deg C, So = 0.890 cal/em* deg C 


The approximations of the property data, which satisfy 


—m—2 
= -(1- r) 
Ko m So m 

for SAE 4130 steel, are shown in Fig. 1, and the solution of the 
problem is given by Equations [12]. In Fig. 4, numerical re- 
sults for surface temperature computed from Equations [12] are 
compared with corresponding experimental data by Giedt. The 
present results, which differ at most from Giedt data by 20 per 
cent in temperature, yield temperatures which are consistently 
greater. By decreasing the amplitude of the heat input from 
2.833 X 10° cal/em? sec to 2.42 X 10° cal /cm? sec, or 15 per cent, 
substantial agreement is found between variable-property solu- 
tions and constant-property solutions. As an alternative 
method of comparison, the time required to reach a given tem- 
perature will be in error at most by 25 per cent (at 275 C) on 
the high side by using constant-property data evaluated at some 
mean temperature. From this result it can be concluded that 
errors in predicted gun-barrel life greater than 15 per cent are 
incurred through the use of constant-property solutions. 

To provide ‘an additional comparison with constant-property 


? These data are based upon information on the metallurgical com- 
position of the gun steel kindly supplied us hy W. Giedt. 
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solutions we have calculated surface temperature, using the 
classical solution for the constant-property problem, reference (8) 
p. 56, for properties taken at a reference value of 20 deg C. The 
results, shown in Fig. 4, are in excellent agreement with the 
variable-property solutions. It should be recalled that a method 
for bounding solutions of this problem has not been obtained. 
Thus quantitative conclusions cannot be drawn which are based 
upon the good agreement between the two solutions for this 
case. 

To provide additional heat-transfer data as well as a check on 
the hypothesis of an infinite radial dimension, the radial tem- 
perature distribution has been calculated at a time of 0.75 milli- 
sec after the onset of heating.* The results shown in Fig. 5 clearly 
justify the hypothesis. The temperature essentially remains at 
its initial value at a distance of 0.35 mm from the bore surface. 
A similar computation shows that an error of less than 5 deg C is 
introduced by assuming bore-surface temperature and that 
measurtd at a depth of 0.0002 in. to be coincident. 

Constant Initial Temperature, Constant Surface Temperature, 
Power-Function Property Variations. The most frequently used 
analytical technique to obtain solutions of the quasilinear heat 
equation consists in applying the Boltzmann (31) (Blasius)® 
transformation to the heat equation to reduce it to an ordinary 
differential equation." The technique has been used success- 

fully by Awbery (4), Crank-Henry (3), and Hopkins (9), among 
others, and their findings are summarized in Tables 1-5. Be- 
cause of the properties of the Boltzmann transformation, all 
results obtained by this approach are restricted to semi-infinite 
or infinite solids. Restrictions on boundary and initial condi- 
tions which can be considered are equally stringent. 

In this section, we begin by rewriting the heat-conduction equa- 


w tion, in a somewhat unfamiliar form, and consider the problem 
K(X) d (TSA) 

— dv\ = — —— dh; 
Jog Ko at Jo So 


T (x, 0) = T(@, t) = 0, T(0, t) = T;...[13] 


For a number of common materials the integrals appearing in 
Equation [13] can be approximated by power functions of 7 


8 This time essentially corresponds to the duration of the heat-flux 
input. 

® See in this respect, ‘‘Modern Developments in Fluid Dynamics,” 
by S. Goldstein, Oxford University Press, London, England, 1938. 

% Solutions of partial differential equations, in two independent 
variables, obtained by a study of an ordinary differential equation, 
derived from the partial differential equation, are described as simi- 
larity solutions in fluid dynamics. See in this respect, the paper by 
Morgan (32). 
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over a restricted range of temperature. In Fig. 2 data are 
shown for three materials, aluminum, iron, and 302 stainless 
steel, which exhibit variations with temperature which may be 
approximated closely by 


T 
0 Ko 


where Ko, So, a, b, m, n, are constants. If consideration is re- 
stricted to such materials then, as shown in reference (13), a 
second-order approximation to the problem [13] is given by 


E 


(2sir F) + iol + (1 + tol) (i + ial) 


*T 
T*, ——d\ = b7™.......[14 


4 2r 
, Ko an 


E =exp —&, =erfe&, i] = E — 
1 2 te 
if = [a - ee | 
4 


Referring to Fig. 2, it may be noted that in the case of alu- 
minum, the coefficient C is small. Therefore, for this material, 
Equation [15] is very likely a good approximation to the dis- 
tribution of temperature. A numerical evaluation of the solution 
[15], in the case of aluminum, is presented in Fig. 6. Since no 
other analytical results are available for comparison, the results 
of analog computation using a procedure described in references 
(13) and (33) for property variations of aluminum represented 
by linear functions of temperature, are also presented. The re- 
sults show the comparative insensitivity of calculated temperature 
to representation of thermal-property data by two significantly 
different pairs of approximations: The maximum difference be- 
tween calculated temperatures is less than 3 per cent (5 deg C). 
Since the sum of leakage and truncation errors (12, 34) present 
in the analog solution is estimated to be less than 5 per cent, the 
figure of 3 per cent is very likely realistic. 

As in previous comparisons, solution bounds to the variable- 
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— ANALOG COMPUTER K 
(KT,). = K 1- 
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© ANALYTICAL 1 —aT,\? 1 

T(o, t) 600°C, T(x, 0) 0 b 

--- LINEAR SOLUTION BOUNDS LS ik ~-- CONSTANT PROPERTIES AT STATED L 


ANALYTICAL 
| 
= 


© HOPKINS (9) 
x ANALOG COMPUTER 


(1 $ 10*T)T,)}, = 1.155 (1 + 2 


600 
T 


— 


0.374 
25 
02° 0.10915 9 290.2 


TEMPERATURE RATIO T@) 


TEMPERATURE RATIO 


0.6 


0.68 * 
\e 


Fic. 6 DIFFERENCES IN TEMPERATURE DISTRIBUTION IN A SEMI- Fi 7 TT D F I ; 
“1G. URE STRIBUTIONS IN A SEMI-INFINITE Sou 
BY A LINEAR FUNCTION AND BY A PoWER FUNCTION OF TEMPERATURE. 


es , id > (Three step and linear representation of property variations with tempera- 
M = 0.04, L = 0.08 ture. M = 0.10, L = 0:25.) 


property solutions are also presented. Although the approach 1 
is heuristic, the mean of the two solution bounds comes close to (1 + + T2)7T,), = — (1 + + 
approximating the variable-property solution. In contrast, « 
differences as large as 30 deg C exist between individual bounds 
and the variable-property solutions. 
Constant Initial Temperature, Constant Surface Temperature, 


T(z,0) = T(@,t) = To, T(0, t) = O 


for the case a; = 8, = 0, wa = b, = —a. The results are in 
Linear Property Variations. Similarity solutions obtained by 
good agreement with those obtained from Equation [17] for 
Neumann (8, p. 72) for a free-boundary problem, can be ex- -- 
; : &<0.75. At larger values of & the departure between the two 
tended to include other problems as well. Based upon a sug- sete aff date 
gestion by Philip (21) and the paper by Weiner (35), the method — ean Apts 
of Neumann will be utilized to obtain a solution to the following 
problem 


To provide a check on both results, an analog-computer solu- 
tion of the problem is also presented in Fig. 7. This comparison 
shows excellent agreement between Equations [17] and the 
(KT,), = ST,; T(z, 0) = T( ©, t) = To, T(0,t) = T,..[{16] analog solution. Since once again the combined leakage and 
truncation error in the analog solution could not have exceeded 
5 per cent of 7’; — To, it is concluded that the method of Neumann 
vields a better approximation to the solution of the problem than 
that obtained by Hopkins. Applications of the method of Neu- 

K Ss ; a mann by Philip and by Weiner to other problems, have yielded 

K. _—_ 1 + OT, “Ahad 0 a similar success. Finally, as with preceding results, solution 
bounds to the problem are also presented in Fig. 7. In the 
and a, b, Ko, So are constants. If the thermal diffusivity A/S present instance, the heuristic procedure of taking the mean 
_ is approximated as shown in the insert to Fig. 7, and of the two bounds does not lead to an adequate approximation 
of the solution. 


where 7» and 7; are constants. To demonstrate its application, 
_ consider a three-step approximation of the data for the problem 
[16] where 


1 —aT,\? 1 
M = = 0.10, L= = 0.25 Tue 


b Constant Surface Temperature, Constant Initial Temperature. 
Linear Property Variations. As is perhaps evident by now, the 
majority of analytical techniques utilized in preceding sections do 


0.2695 — 0.1695 erfe 1.35 0< E<0 280 
= 0.2509 — 0.1475 erfe 1.175 0 < 0.735 | 
0.2500 — 0.1135 erfe 1.05 & > 0.735 

not permit computation of closed analytic solutions of boundary- 
_ value problems involving the finite solid. The singular exception 
_is the method of Picard iteration. To provide such results, 
analog solutions have been obtained of problems involving finite 
Data are presented in Fig. 7 for the variation of T with £. solids characterized by material properties which are linearly 
possible check on the validity of the results, a comparison is also dependent on temperature. The results, shown in Figs. 8 and 9, 
made with numerical data obtained from Hopkins’ (9) approxi- have been obtained by methods described in references (13) 

mate solution to the problem ae and (33), and represent solutions to the problem 
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T (0,t) = T; 
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In these problems, emphasis has been placed upon linear-property 
variations, simply because available data for many technologically 
common metals indicate this to be an adequate approximation 
in the range of temperatures between room and melting. The 
particular values of the pair of parameters (M, L) correspond to 
both heating and cooling in this range of temperature. Because 
analytical or other solutions are apparently unavailable to pro- 
vide a check on the results, solution bounds for several Fourier 
numbers are also presented in each figure. The results are 
illustrative of the effect of thermal-property changes on calculated 
temperature distributions. Calculated temperatures at a given 
time and spatial position, based upon constant properties, may 
differ from their variable-property counterpart by as much as 50 
This is particularly true for short times (small Fourier 
numbers). Corresponding differences are found in the time re- 
quired to attain a given temperature. 

To provide an experimental estimate of the influence of trun- 
cation error on the results, a comparison is made in Fig. 8 between 
analog solutions obtained by using 6 and 11 cells in the computer 
(33). The comparison shows a maximum difference between the 
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two solutions of less than 2 per cent of 7; — 7. The value is 
in keeping with analytical results described elsewhere (12). 
Constant Surface Temperature, Constant Surface Heat Flux, 
Constant Initial Temperature. Linear Property Variations. Asa 
concluding study of the finite solid, analog solutions of the prob- 
lem 


T(z, 0) = T(l,t) = To 


for several values of the pair of parameters 


qal 


2K, (1 + ) 


Q= L= 


b 


are presented in Figs. 10, 11 as the spatial variationof = 
i-e 
1 —aT>o 


for heating and 
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for cooling for several different Fourier numbers. 

In view of the absence of analytical solutions or solution 
bounds, other than the one for steady state, an attempt has been 
made to apply the method of solution bounds to this class of 
problems as well. Although the specific findings ovtained are 
not presented here, the procedure yields reasonable results for 
the pairs of (Q, L) considered in Figs. 10, 11. By reasonable, we 
mean that, with the exception of the larger values of Nro, the 
“‘bounds’’ truly bracketed the analog solutions, although in most 
instances they were separated widely. Similar results are evi- 
denced in Storm’s computations. 


CONCLUSIONS 


Although the solutions of only a few problems have been pre- 
sented, these together with the small number of other steady-state 
(36) and transient solutions available demonstrate the significant 
effects of property changes on calculated temperatures. Unfor- 
tunately, the available solutions constitute a small fraction of 
those which are technologically needed. Many problems still 
remain to be examined. For example those involving heterogene- 
ous or anisotropic media, problems involving free boundaries, 
those involving other boundary conditions and perhaps the most 
important, those involving spatial geometries other than the one- 
dimensional solid. While machine methods are potentially capa- 
ble of providing these and other results, more analytical solu- 
tions and experimental data are required to provide a basis for 
validating the machine results. The obvious lack of accurate and 
consistent data on material-property variations with tempera- 
ture is perhaps the most deserving of attention. Without such 
data, analysis of the effects of real property changes on calculated 
temperatures could be obscured by errors in the measurement 
of property values. 
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Discussion 


W. A. Beyer." Should not the equation for one-dimensional 
transient heat flow in a homogeneous isotropic material with 
temperature dependent properties be 


oT re) 
—{K —-}] = — (ST), K=K(T), S = S(T)..[18 
( =) (ST) (T). . [18] 
The equation of continuity reads 
op 
liv J — = 0 
div J + 


where J = —K grad 7 and p = ST." 

If Equation [18] of this discussion is correct, how can it be trans- 
ferred into an equation of the type of Equation [3] of the paper? 

The solution bounds obtained, i.e., v << u < w, are interesting. 
However, the writer does not find the argument convincing. The 
author indicates that if (#, 7) is a relative minimum of the function 
gq’, then g,’ = g,' = Oand g,,’ > Oat (#,2). Could not g’,, = 0? 
If this be true, then the argument breaks down. 

It would be interesting to know more about u,. 
Does it maintain the same sign? Isv,< u, < w,? 


Is it bounded? 


W. H. Grepr.'* We are sincerely indebted to the author for 
this timely and revealing study. Although he modestly points 
out that the solutions of only a few problems have been presented, 
it is readily apparent to the reader that he has devoted extensive 
time and effort to it and that excellent critical comment is in- 
cluded. The results are and will be very useful to researchers 
dealing with problems where the question of the influence of 
thermal-property variation arises. 

It was of considerable interest to the writer to note how closely 
the results of the variable-property analysis compared with the 
experimental gun-barrel temperature measurements, Fig. 4, when 
the surface heat rate was considered constant. The actual heat- 
rate curve calculated on the basis of average properties as pre- 
sented in reference (30) is shown in Fig. 12 (curve labeled T.C. # 
4). The suggestion that use of a heat input of 2.42 < 10° instead 
of 2.833 X 10° cal/em? sec may seem somewhat arbitrary. It is 


11 General Electric Company, Evendale Plant, Cincinnati, Ohio. 
12**Methods of Theoretical Physics,"’ by Morse and Feshback, 


McGraw-Hill Book Co., Inc., New York, N. Y., 1953, pp. 172-173. 
13 Associate Professor of Mechanical Engineering, University of 
California, Berkeley, Calif. 
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actually quite reasonable, however, in view of the fact that the 
lower value of the thermal conductivity at the higher surface tem- 
peratures would strongly influence the surface heat rate. 

The curves for the other three thermocouple locations in Fig. 12 
might be considered as illustrations of a problem involving varia- 
ble properties and requiring further analytical study. As can be 
observed the heat-rate variation deviates more and more from a 
constant value as the No. 1 thermocouple position is approached. 
This is, of course, near the origin of rifling where the erosion prob- 
lem is the greatest. It also might be mentioned that the surface- 
temperature change at this location (up to approximately 1000 C) 
includes the region where phase changes influence the thermal 
properties, Fig. 4. 

In connection with the author’s cautions about the accuracy of 
thermal-property values, it may be well to add the possibility of 
chemical and metallurgical changes which occur near the surface 
of materials subjected to frequent high heat rates. In such cases 
anisotropy of the medium results and analysis is very difficult be- 
cause (a) its actual variation is open to question, and (6) it 
changes with time. 


J. 8. Tuomsen.'* The author presents a very interesting dis- 
cussion of methods available for treating problems of quasilinear 
heat flow. He also indicates the order of magnitude of the dif- 
ference between the linear solution and the more exact solution 
using temperature-dependent properties. It might be interesting 
to know if he has considered the case where boundary conditions 
are periodic functions of time and, if so, whether there are more 
striking differences between the linear and nonlinear solutions in 
this case. 


AutTuor’s CLOSURE 


The author can hardly see how Mr. Beyer’s comments on 
Equation [1] are pertinent to the subject of the paper, since they 
apply to an entirely different problem. For a derivation of 
Equation [1], Mr. Beyer may wish to refer to reference (37). 

Answers to Mr. Beyer’s remaining questions may be found in 
references (38 and 39). 

The author accepts Dr. Giedt’s flattering remarks with humil- 
ity since his excellent paper (30) was a motivating stimulus to the 
present study. 

We are in complete agreement with him regarding our arbi- 
trariness in proposing that a value of heat input of 2.42 x 10% 
cal/cm? sec replace the value of 2.833 x 10% cal/cm? sec. 
intent in suggesting such change was primarily to indicate a 
trend. 

In reply to Mr. Thomsen’s query, the author has not sys- 
tematically considered the case for which boundary conditions 
are periodic functions of time. It is our experience that solutions 
under periodic boundary conditions are readily amenable to 
digital or analog computational methods (such as that de- 
scribed in 33) and relatively intractable under formal analysis. 


Our 
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Heat- 
Mercury in a Staggered Tube Bank—IT | 


By C. L. RICKARD,? O. E. DWYER,’ ann D. DROPKIN‘ 


As part of a continuing liquid-metal heat-transfer pro- 
gram at the Brookhaven National Laboratory, both local 
and tube-average heat-transfer coefficients have been 
obtained for the flow of mercury normal to a staggered 
tube bank. 2-in. tubes, six 
wide and ten deep, arranged in an equilateral-triangular 
array. The paper presents results showing the effects of 
flow rate, Prandtl number, wetting, gas entrainment, and 
tube location on the tube-average coefficients. The angu- 
lar variation of the local coefficient is not considered here, 
owing to the fact that the values have not been calculated 
completely from the original data. 
are compared with a few results obtained with water in 
the same equipment. 
Reynolds number range of 20,000 to 200,000, whereas the 
water runs cover the range 8000 to 20,000. Pressure-drop 
results for both water and mercury flow through the tube 
bank are reported also. The mercury coefficients for tubes 
in the interior of the tube bank are well represented by the 


The bank consisted of sixty ' 


The mercury results 


The heat-transfer runs cover the 


equation 


Nu = 4.03 + 0.228(Pe)° 


heat transfer area per tube, sq ft 


C, = specific heat of fluid evaluated at bulk temperature, 
Btu/lb-deg F 
Dy) = outside diameter of tube, ft 
E = voltage drop in heating element corresponding to area A 
f = friction factor, dimensionless 


go = conversion factor, 4.17 108 (lbw )(ft)/(hr)*(Ibr) 

h = local heat-transfer coefficient, Btu/hr-sq ft-deg F 

h = average heat-transfer coefficient, Btu/hr-sq ft-deg F, 
defined by Equation [1] 

I = electric current, amp 

k = thermal conductivity of fluid evaluated at bulk tem- 
perature, Btu/hr/ft/deg F 

= number of rows of tubes across which fluid flows 


Nu = Nusselt number, hDo/k 


_ Ap = pressure drop, psf 


1 This paper is based on work done at the Brookhaven National 
Laboratory and sponsored by the U. S. Atomic Energy Commission 
It represents part of an experimental project carried out by C. L. 
Rickard, the principal investigator, as a thesis for the PhD degree 
from Cornell University. 

2General Atomic Division, General Dynamics Corporation, San 
Diego, Calif. Assoc. Mem. ASME. 

3 Department of Nuclear Engineering, 
Laboratory, Upton, N. Y. 

4 Professor of Mechanical Engineering, Department of Thermal 
Engineering, Cornell University, Ithaca, N. Y. 

Contributed by the Heat Transfer Division of THe AMERICAN 
Society or MecHANicaL ENGINEERS and presented at the ASME- 
AIChE Conference, University Park, Pa., August 11-15, 1957. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, April 23, 
1957. Paper 57—HT-11 


Brookhaven National 


Transfer Rates to Cross-Flowing 


P = tube pitch, distance between centers, in. or ft 

Pe = Peclet number, pDoVmaxC, /k 

Pr = Prandtl number, C,u/k 

q = 3A137E = rate of heat transfer from whole tube, 
Btu/hr 


Re = Reynolds number, DoVmaxp/u 
= bulk temperature of fluid, deg F 
t,, = local outside wall temperature of tube, deg F 
Vinax = Shell-side velocity of fluid across tube bank and based 
on minimum flow area, fph 


p = density of fluid, pef 
& = absolute viscosity of fluid evaluated at bulk tempera- 
ture, lb /hr-ft 
= angle from forward stagnation point, deg 
Subscript 


f = physical property evaluated at average film tempera- 
ture 


INTRODUCTION 


This is the second paper to present experimental heat-transfer 
results obtained from a continuing study at the Brookhaven 
National Laboratory. The genera! purpose of the work is to de- 
termine the effects of the pertinent variables on heat-transfer 
rates to liquid metals flowing crosswise through tube banks. 

The previous paper (1 )° presented heat-transfer results showing 
the effects of Reynolds number, tube location, and ‘‘wetting’’ on 
both local and tube-average heat-transfer coefficients. Some 
preliminary pressure-drop results also were presented. In the 
present paper, these same factors will be covered again. It is felt 
that the later results, besides being more extensive, are somewhat 
more accurate as a result of improved experimental techniques. 
The present paper, in addition, presents results on the effects of 
Prandtl number and gas entrainment on heat-transfer rate. 

The scope and experimental conditions of the present study are 
summarized in Table 1. _ 


TABLE 1 EXPERIMENTAL CONDITIONS AND SCOPE OF 
INVESTIGATION 
Tube size, OD in....... '/, 
Length of tubes, vertical, in............... 4'/s 


Tube-bank size................ .. 6 tubes wide - 
10 tubes deep 


Bulk mercury temperature, deg F........ 100-250 
Maximum temperature rise of mercury in 

passing through tube bank, deg F....... /s 
0.014 to 0.022 


20,000 to 200,000 
0.42 to 4.50 
Helium 


Reynolds-number range.................. 
Cover gas......... 


Besides the Brookhaven work, the only other liquid-metal 
cross-flow heat-transfer study known to the authors is that re- 


5 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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> 
cently reported by McGoff and Mausteller (2). These investiga- 
tors obtained coefficients for NaK flowing crosswise through a 
tube bank composed of '/2-in-OD tubes on a °/s-in. equilateral- 
triangular spacing. Flow rates were varied to give a Reynolds- 
number range of 3000 to 80,000. The NaK coefficients in general 
fell about 30 per cent above those reported by Hoe, et al. (1) for 
mercury under nonwetting conditions and 20 per cent above those 
under wetting conditions. This, of course, is not surprising; but 
the Nak coefficients were found to vary as the 0.8 power of the 
Reynolds number, whereas those for mercury were found to vary 
as the 0.52 and 0.66 powers of the Reynolds number for nonwet- 
ting and wetting conditions, respectively. It is felt that the 0.8- 
value may be more apparent than real, owing to the fact that the 
McGoff and Mausteller results were obtained indirectly by sub- 
tracting calculated tube-side and tube-wall resistances from the 
measured over-all resistance. At the higher Reynolds numbers 
the shell-side resistance accounted for less than a fifth of the over- 
all resistance, making the calculated coefficients particularly sus- 
ceptible to error. 

The physical properties of mercury at the temperatures em- 
ployed in the heat-transfer studies are summarized in Table 2. 

EXPERIMENTAL EQUIPMENT 

The same circulation system, Fig. 1, as that used in the earlier 
investigation was used for the present tests. However, a new tube 
bank was used. This bank, shown in Fig. 2, consisted of 60 
1/,in-OD tubes arranged on a '/j¢-in. triangular pitch. The 


TABLE 2 


Temperature, Density, Specific 
F pef heat 

100 843 0.0331 

150 838 0.0329 

200 834 0.0328 

830 0.0327 


250 


PuysicaL PROPERTIES OF MERCURY (7) 


On 4.125 
-e he 5.36 


Fic. 2 


(All dimensions are in inches. 


Pian View or TuBe Bank 
Numbered tubes represent test locations.) 


tubes were 4'/; in. long, and half tubes were located at the side 
walls. The basic geometry of the tube bank was the same as that 
employed earlier, but the height and width of the bank were some- 
what less in order to achieve higher linear velocities through it. 
Thirteen tubes, the locations of which are shown in Fig. 2, were 
removable; into any one of these locations an instrumented test 
element could be inserted. The test elements were held in posi- 
tion by O-ring seals. The design of the elements, shown in Fig. 3, 
as in the earlier study. A single test element was 
used ata time. They were electrically heated internally, and each 
contained nine thermocouples, 40 deg apart between mid-points, 
for measuring surface temperatures. 7 


was the same 


Thermal 
conductivity, 
Viscosity, Btu/(hr) Prandtl 
Ib/(ft)(hr) (deg F)(ft) number 
3.50 5.16 0.0215 
3.24 5.60 0.0185 


3.02 6.00 0.0160 
2 84 640 0.0138 
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In brief, a test element consisted of a resistance heater encased 
in quartz which was centered in a metal tube, the annular space 
being filled with mercury for good thermal contact. The metal 
tubes were '/:-in. OD X 0.049 in. wall thickness X 7!/2 in. long 
and made of copper. They were chromium-plated, except when 
wetting was desired. The thermocouple junctions were copper- 
constantan and the Teflon-insulated constantan wires ran along 
the tube just under its outer surface. The junctions were 0.005 to 
0.010 in. below the surface of the tube. The thermocouple leads 
were connected to a recorder, the cold junction being immersed 
in the mercury stream entering the tube bank. Thus the re- 
corder gave the difference between the tube-wall and bulk-stream 
temperatures. All thermocouples were calibrated. The test 
elements were heated by direct current. The amperage and the 
voltage drop for the system were measured by calibrated in- 
struments. 

Before entering the tube bank, the mercury flowed turvugh an 
expansion section, a flow-straightening section, and a calming 
section in series. The expansion section consisted of a rectangular 
pyramid, the faces of which made 7!/.-deg angles with the axis; 
the flow-straightening section was five in. long, had the same 
cross-sectional area as the tube bank, and was filled with '/:-in. 
circular tubes; and the calming section was 12 in. in length. 

Both pressure taps and thermocouples were installed upstream 
and downstream from the tube bank. The pressure taps were 
located 1'/2 in. and 2°/, in. upstream and downstream, respec- 
tively, from the ends of the bank. Flow rates were measured by a 
standard ASME “‘long-radius’’ flow nozzle; and pressure drops 
across the nozzle, as well as those across the tube bank, were 
measured by means of automatically controlled gas-seal pots and 
precision differential-pressure gages. 


OPERATION AND PROCEDURES 
Before assembly, all components contacted by mercury were 
cleaned with “‘Wedae,’’ a commercial acid cleaner. This was fol- 
lowed by consecutive rinses with water and alcohol. After as- 
sembly, the loop was flushed thoroughly with helium and then 
filled with mercury. All free surfaces of the mercury in the 
facility were blanketed with helium. The mercury was cleaned 
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first by aeration and then by washing with 4 N nitric acid. 
Spectrographic analysis of the mercury when charged to the loop 
showed that copper, iron, silicon, and magnesium were present 
in concentrations up to 0.001 per cent, while there was 0.01 per 
cent silver. 

Preliminary operation of the loop revealed that helium was 
being entrapped in the mercury stream at the surge chamber and 
carried throughout the system. Small quantities of helium 
could be trapped out at all pressure-tap connections, and a con- 
siderable quantity could be vented continuously from the test 
section. A baffle was placed in the surge chamber to prevent the 
formation of a vortex, and the mercury level was raised to cover 
the inlet pipe. Operation of the loop under these conditions 
eliminated gas entrainment, as evidenced by the fact that helium 
did not collect in the test section during long periods of testing. 
Operation of the loop with conditions of gas entrainment could 
be re-established simply by lowering the mercury level to a point 
below the baffle and entrance line. 

The first series of tests consisted of alternating between runs 
with and without gas entrainment, while determining heat-trans- 
fer coefficients on test elements located in the center of the bank. 
During these tests, the rate at which gas collected at the vent on 
top of the test section was measured. Dividing the measured gas 
collection rate by the mercury flow rate gave a lower limit for the 
concentration of gas in the entering stream, for undoubtedly not 
all of the entrained gas was trapped out. The actual amount of 
gas in the mercury was unknown, although attempts to measure 
it by gamma-ray attenuation techniques showed it to be certainly 
less than 1 per cent. 

The next series of tests was made to determine whether en- 
trance, exit, wall, or axial heat-loss effects extended into the 
center of the tube bank. Accordingly, average heat-transfer co- 
efficients were measured at positions 8, 5, 9, 7, 11, 6, and 10 across 
the bank, at positions 2, 4, 5, 7, 9, 11, 12, and 13 through the bank, 
and at 13 evenly spaced positions from top to bottom of a single 
test element located at position 7. 

Tn a normal run, the flow rate was first adjusted and then the 
heat input to the test element was established at the desired 
value. When steady-state conditions were reached, the dif- 
ferences between tube-surface and bulk temperatures for the nine 
points around the circumference of the tube were measured. A 
test element usually was oriented so that surface temperatures 
were measured at 0, 40, 80 deg, and so on, with respect to the 
direction of flow. Temperatures at other angles were obtained 
by rotating the tube. 

The bulk temperature of the mercury was controlled by adjust- 
ing the water flow to the cooler. This temperature was maintained 
between 100 and 105 deg F, except for the tests in which the 
Prandtl number was varied. 


RESULTS 
In the present paper, average heat-transfer coefficients on a 
tube basis were determined by the equation 


_ 360g 
AS (te — 
For the same g/A and fixed average (t,, — t,), the value of h will 


depend upon the extent to which dq/dA, and also t, remain con- 
stant around the circumference of the tube. When dq/dA is 


constant, Equation [1] reduces to 


h 
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t 360 
For a case where the angular variation of the coefficient from 
front to back of the tube is about sixfold—a typical variation in 
the present study—the average coefficient under the condition of 
constant dqg/dA would be about 25 per cent less than under the 
condition of constant ¢,. In the present study, neither dg/dA nor 
i,, Was constant with angie; in fact, each varied considerably, as 
is often the case in heat-exchange equipment. In addition to the 
factors just mentioned, of course, there are always the intrinsic 
differences in the coefficient depending upon whether the heat 
flux or the surface temperature is held constant in the direction 
of flow. 

Interior of Tube Bank. Fig. 4 presents the effect of flow rate on 
the average heat-transfer coefficient for a tube in position 7, 
which is in the interior of the tube bank. The data points are 
from runs made under conditions of nonwetting, i.e., chromium- 
plated copper tubes, and where there was no measurable gas en- 


trainment. There is a slight upward curvature in the graph as 
drawn. The line is represented by the equation 
Di Vmaxp 0.67 

= 4.03 + 0.0174 ( [2] 
4% + 


we 

Under the pressure, temperature, and flow conditions employed 
during the entire study, wetting of the chromium-plated tubes by 
the mercury was never observed. By the term ‘‘no measurable 
gas entrainment’’ is meant that, by the methods of gas collection 
and measurement described previously, the gas content of the 
flowing mercury was so small as to be undetectable. The effect of 
gas entrainment is shown by the curves in Fig. 5, in which the 
data from two runs with gas entrainment are compared with those 
from two runs where there was no measurable gas entrainment. 
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The no-gas runs check very well with those plotted in Fig. 4; but 
the two gas-entrainment runs gave coefficients falling appreciably 
below the others at the lower Reynolds numbers. Unfortunately, 
the peculiarities of the equipment precluded the possibility of 
maintaining a constant amount of gas entrainment at all flow 
rates. As flow rate increased, gas entrainment decreased, as 
shown on the figure. It is seen that the converging curves merge 
beyond a Reynolds number of 10°, indicating that gas concen- 
trations up to 0.0003 per cent by volume were not sufficient to 
lower the heat-transfer rate at those flow rates. At the lowest 
flow rate employed, i.e., around a Reynolds number of 20,000, gas 
entrainment was 0.02 per cent and its effect was to lower the co- 
efficient by about 20 per cent. Under nonwetting conditions, it is 
seen that one effect of gas entrainment is to tend to straighten the 
curve of coefficient versus Reynolds number. 

The effect of wetting, as mentioned earlier, was determined by 
making runs with unplated copper test elements; which, as a re- 
sult of amalgamation, gave complete wetting. Fig. 6 presents the 
experimental results for four separate runs using copper elements, 
one with gas entrainment and three without gas entrainment. It 
is interesting to note that, in this case, gas entrainment had no 
effect on the heat-transfer coefficient. It is of further interest to 
observe that the curve drawn through the points in Fig. 6 is 
practically the same as that drawn in Fig. 4 and the no-gas- 
entrainment curve in Fig. 5. Thus Equation [2] appears to be 
quite well established for the crossflow of mercury through the 
tube bank under study and under conditions of good thermal 
contact between the tubes and the mercury. These results show 
that gas entrainment can reduce seriously liquid-metal heat- 
transfer coefficients only under conditions of nonwetting; which 
after all seems quite reasonable, for when there is perfect wetting 
there is no possibility of gas becoming immobilized on the surface 
of the tubes to increase the resistance to heat transfer. 
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A comparison of the results obtained in the present study with 
those obtained in the earlier one is given in Fig. 7. In general, the 
Under con- 

ditions of wetting, the discrepancy between the two curves in- 
creases with flow rate until they are about 10 per cent apart at a 
Reynolds number of 80,000, the upper limit of the earlier curve. 
Under nonwetting, gas-entrainment conditions, the two curves 
cross over each other, the present curve being about 10 per cent 


2 lower and 10 per cent higher than the earlier one at Reynolds 


- numbers of 20,000 and 80,000, respectively. In the earlier study, 
the conditions of operation were such that it is believed there was 
appreciable gas entrainment in the mercury. The level of the 
mercury in the surge tank was low; i.e., at the same level as that 

The 

relatively low slope of curve D compared to that of curve C 

looks a bit strange; but it is found that the original data points 

for curve D, upon re-examination, do suggest the possibility of a 

In the earlier in- 


used for the gas-entrainment runs in the present study. 


higher slope at the higher Reynolds numbers. 
vestigation, the range of Reynolds numbers studied was 20,000 to 
80,000, which was actually too narrow for the data to show much 
curvature. 

It should be pointed out that the average coefficients repre- 
sented in Fig. 7 are not those defined by Equation [1]. In order 
to make a comparison between the present results and those of the 
previous study, the average coefficients in this figure were defined 
in the same manner as they were in the previous study. 

Effect of Prandtl Number. By varying the bulk-stream tem- 
perature of the mercury between 100 and 250 F, it was possible to 
achieve a twofold increase in Prandtl number and thereby de- 
termine the effect of this quantity on the coefficient. The results 
are shown in Fig. 8 for a tube in the center of the tube bank. It 
can be seen that the shape of the curves, for all practical pur- 
poses, is the same as for those in Figs. 4, 5, and 6, which indicates 
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that a given percentage change in either Prandtl number or 
Reynolds number will produce the same percentage change in the 
coefficient. This means the coefficients can be correlated by the 
Peclet number—the product of the other two numbers—as 
exhibited in Fig. 9, where the data are the same as those plotted 
in Fig. 8. This is not surprising, of course, owing to the fact that 
the Prandtl numbers are low—in the range of 0.01 to 0.02. Liquid- 
metal coefficients, because of their low Prandtl numbers, generally 
correlate well with Peclet numbers. When expressed in terms of 
the Peclet number, Equation [2] becomes 


Nu = 4.03 + 0.228(Pe)®-*.. 


This, then, is considered the best equation, based on the results of 
the present investigation, for representing cross-flow forced-con- 
vection heat transfer. 

End Effects. Several runs were made to determine the extent 
to which axial heat flow affected the coefficient as measured at the 
mid-points of the elements. There is an additional effect of the 
velocity gradient in the vertical plane. It was found, however, 
that these effects were quite small, and it is estimated that their 
total influence on the coefficients as determined was of the order 
of 2 per cent. 

As for the longitudinal variation of the coefficients through the 
tube bank, it was found that the coefficients for the tubes in the 
fourth through the ninth transverse rows were always the same. 
The coefficients gradually increased from the first to the third 
transverse rows, for Reynolds numbers up to about 80,000, in 
agreement with the results of Hoe, et al.(1). Above this Reynolds 
number the coefficients continued to increase to the fourth row. 

There was no significant decrease in the average coefficient for 
tubes near the side walls; whereas in the previous study these 
tubes gave coefficients 25 per cent below those in the interior of 
the tube bank. This disparity, presumably, may be due to dif- 
ferences in velocity distribution approaching and within the tube 
bank. 

Pressure Drop. The pressure-drop results are shown in Fig. 10, 
where they are compared with previously reported results on oil 
(3), air (4), and water (5). 
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Heat-Transfer Tests With Water. Heat-transfer tests were run 
with water after the mercury tests were completed, using the 
same equipment and procedures, except for minor changes in the 
method of measuring pressure drop. The data were obtained with 
a chromium-plated copper tube located in the center of the bank. 
For these runs, the average heat-transfer coefficients were calcu- 
lated according to Equation [1]. The results are shown in Fig. 11 
where they are compared with the Colburn equation, Grimison’s 
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correlation, and the curve of Dwyer, et al., the latter curve repre- 
senting the only prior data obtained with water in this Reynolds- 
number range. The present results fall exactly on the Grimison 
line and about 10 per cent above the Colburn line; but both lines 
appear to be fairly consistent with the third curve lying in the 
higher Reynolds-number range. Thus the present results for 
water appear to establish the reliability of the experimental equip- 
ment and procedures, and, by implication, that of the mercury 
data. 


Discussion 


Analytical (6) studies have shown that for flow of fluids inside 
tubes at low Prandtl numbers, say, below 0.1, the Nusselt number 
is a unique function of the Peclet number. Above this limit, the 
Nusselt number becomes a function of any two of the Prandtl, 

tevnolds, and Peclet numbers. On the fair assumption that a 
similar situation holds for flow of fluids across tube banks, the 
graph shown in Fig. 12 was constructed. Curve A is the same as 
that drawn in Fig. 4, except that the abscissa is now the Peclet 
number instead of Reynolds number. Curve B is the Colburn 


equation 
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at 200 F and 1 atm. Curves C and E are plots of the Colburn 
equation for Prandtl numbers of 1.0 and 10, respectively; while 
curve D represents the cross-flow data of Dwyer, et al. (5) for 
water at a Prandtl number of 1.0; and curve F represents the 
correlation of Bergelin, et al. (3) for oils, adjusted to a Prandtl 
number of 10. The point the authors wish to make about Fig. 12 
is that A for mercury, where the Prandtl number was 0.02, lies 
very close to that of curve B for air, as one would expect from the 
arguments presented in the foregoing, and that curves E and F for 
a Prandtl! number of 10 fall considerably below the other curves. 
Tt is felt that the close proximity of curves A and B lends con- 
siderable credence to the reliability of the present results. 

Of the measured quantities required to calculate and correlate 
the coefficients, the measurement of (t,, — 4,) involved the chief 
source of error; it is estimated that all other quantities could be 
As mentioned earlier, the thermo- 
couples and recorder used to measure (¢,, — ¢,) were calibrated; 
The thermocouple 
junctions were located at an uncertain distance below the surface 
of the tube (0.005—0.01 in.) and therefore might tend to indicate 
too high 
thermocouples in the tube wall undoubtedly affected the heat- 


measured with less error. 


however, other possibilities for error existed. 


a temperature; also, the method of imbedding the 
flux pattern, which might make the thermocouples read either 
high or low. 
checked directly. 
the copper tube wall was only about !/i9 of (t, 


Neither of these two sources of error could be 
However, since the temperature drop across 
— t,), the errors 
produced in the calculated coefficients by the factors discussed in 
the foregoing are estimated to be not more than 5 per cent. More- 
over, the data points on the various plots have an average devia- 
tion from the curves of about this same magnitude. 


CONCLUSIONS 
Based upon the results and discussion presented, the authors 
have drawn the following conclusions regarding the crossflow of 
mercury through a staggered tube bank: 
1 The average heat-transfer coefficient for a tube in the in- 
terior of the tube bank can be expressed by the equation 


DoV maxpC, 
k 


hDo ( 
— = 4.03 + 0.228 
k 

2 The effect of Prandtl number on the coefficient was found 
to be the same as that of the Reynolds number; i.e., the same 
percentage increases in Prandtl and Reynolds numbers each gave 
the same percentage increase in Nusselt number. 

3 Under conditions of no gas entrainment. no difference in the 
coefficient was observed between wetted and nonwetted tubes. 

4 Under wetting conditions, no difference in the coefficient 
was observed between operation with gas entrainment and with- 
out gas entrainment. 

5 Under conditions of nonwetting and gas entrainment, the 
reduction of the coefficient is a function of the Reynolds number; 
the higher the Reynolds number, the less the reduction, until a 
Reynolds number of 10° is reached, beyond which there is no re- 
duction. At a Reynolds number of 2 X 104, the reduction was 
found to be about 20 per cent. 

6 At Reynolds numbers below 80,000, the coefficient in- 
creased smoothly from the first to the third transverse row, after 


which it remained constant; whereas at Reynolds numbers 
above 80,000, the coefficient continued to increase to the fourth 
row. 


7 The coefficients for tubes near the walls were about the 
same as those for tubes in the interior of the tube bank. 

8 Pressure-drop results across the tube bank, in general, were 
somewhat below what would have been expected on the basis of 
previously reported results on oil, air, and water. 
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The problem of heat transfer in liquid metals is studied 
for the case of a fully developed turbulent flow in cylindri- 
cal pipes of constant diameter, the fluid under considera- 
tion being heated (or cooled) by a constant and uniform 
heat input at the wall. In the analysis, the similarity 
theory 
A theory is presented which gives the ratio of eddy dif- 


between heat and momentum transfer is used. 


fusivities for heat and momentum transfer as a function of 
the Prandtl modulus. It is shown that heat transfer in 
liquid metals can be analyzed universally in terms of a 
dimensionless parameter called the “generalized Peclet 
and defined by the relation 


)(Ner*) = [Nre(f/2) 


modulus’”’ 


Np.* = (Nre* 


Temperature profiles are presented and the limiting cases 


for Np, = 


0 are studied. 


NOMENCLATU RE 
The following nomenclature is used in the paper: 
A= 


= 


area, sq ft 
- 


numerical constant in Equation [3] 
numerical constant in Equation [16] 
Fanning friction factor 

= convective film heat-transfer coefficient, 
deg F 


Btu/hr sq ft 


k = thermal conductivity, Btu/hr ft deg F 
L = mixing length, ft - 
Nwu = Nusselt modulus, Vwu = AD/k 
Nee = Peclet modulus, Npe = NprNre » 
Npe* = generalized Peclet modulus, Npe* = Npr*NrRe* 
Ner = Prandtl modulus, Npr = v/a 
Ne;r* = generalized Prandtl modulus, Npr* = Nero 
Nre = Reynolds modulus, Nre = u,,D/v 
Nre* = generalized Reynolds modulus, Nre* = Pao 
q = rate of heat flow, Btu/hr 
R, = mean radius of eddy, ft 
r = distance from center line of pipe, ft 
ro = radius of pipe, ft Tt 
T = temperature ratio, 7 = (t, — t)/(t, — t,) 
¢ = mean local temperature, deg F 
t,, = mixing cup temperature, deg F 
u = mean local velocity in z-direction, fps 
u* = generalized mean local velocity in z-direction, 
u* = u/(r,/p)'” 
u,, = mean velocity in the x-direction based on rate of flow 
and flow area, ft/sec 
x = direction of flow in pipe, ft 
y = perpendicular distance from wall, ft 
y* = eeryey dis tance perpendicular to wall, 


= y(7,,/p)'/?/v 
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= dimensionless distance from wall, z = y/ro 
thermal diffusivity, a = k/pc,, sq ft/sec = 
€y = eddy diffusivity for heat transfer, sq ft/sec 
€y = eddy diffusivity for momentum transfer, sq ft/sec 
dimensionless mixing cup temperature, 
0 = (t, — ta)/(ty — t) 
= defined by Equation [8] 
= kinematic shear viscosity, sq ft/see 
= mass density, lb sec?/ft* 
ratio of eddy diffusivities, ¢ = €,/€s, 
= fluid shear stress, lb/ft? 
= angular cylindrical co-ordinate in radians a 
= time — which an eddy loses energy by conduction 
only, s¢ 


Subscripts 


= average value of quantity — 
= center of pipe 
= final value 

= initial value 

= radial direction 
wall of pipe 


i] 


The interest shown in recent years in the use of liquid metals as 
heat-transfer media is primarily due to their high thermal conduc- 
tivity, their relatively low viscosity (resulting in low Prandtl 
number), and their high boiling-point temperatures at low vapor 
pressures. As a result, high-temperature differences can be used 
and, under similar hydrodynamic and thermal conditions of 
operation with heat exchangers using other heat-transfer media 
higher heat-transfer coefficients can be attained. 

For the purposes of the present paper the following conditions 
of operation are assumed: The liquid metal flows in a tube of con- 
stant circular cross section; the flow is turbulent and fully de- 
veloped; the heat input at the wall is constant and uniform. 
Under these conditions, but for Prandtl] numbers corresponding to 
ordinary fluids (Np; > 0.5), analytical treatment has succeeded in 
producing almost perfect agreement with experimental evidence. 
For liquid metals (Npr < 0.1) the same treatment has given sub- 
stantially higher Nusselt numbers as compared with experi- 
ments. The explanation offered by many authors for this dis- 
crepancy is that nonwetting conditions prevail during the ex- 
periment and/or the ratio of eddy diffusivities o is substantially 
lower than 1.0. The first hypothesis has been examined critically 
by MacDonald, et al.(20)3 and their conclusion is that it should be 
rejected. Reliable experiments also concur with this point of view 
(15, 25, 27). 

The second hypothesis has been esserted from experimental 
data by Brown, et al. (2) and partialky by Isakoff and Drew (9). 
In 1951 Jenkins (10) studied, from a theoretical standpoint, the 
problem of the variation of the ratio ¢ One objection to his 
theory is the assumption by which the radius of an eddy at a dis- 
tance y from the wall is set equal to the mixing length at this 
point. According to Prandtl, in fully established turbulent flow, 
the mixing length equals 0.4y, which means that for a distance 
from the wall of, say, 1 in. the eddies should assume a diameter of 
0.8 in. according to Jenkins’ theory; a rather large number if the 
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3 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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Fig. 1 Comparison OF APPROXIMATE VELOCITY PRoFILE OF Equation [3] WitH von KarMAN 
PROFILE AND EXPERIMENTS 


diameter ef the pipe is, say, 2.5in. Using ideas similar to those of 3. TEMPERATURE PROFILES 
Jenkins, in 1952 Deissler (4) expressed o as a function of the 
Peclet number only. As may be seen in Fig. 7 the results of 
Deissler’s theory are indeed lower than those predicted by either 
Martinelli (19) or Lyon (18) but the form and the trend of the 
function Nwu versus is definitely distorted. 


As is proved in Section 7 in the limiting case for which Np, = 0, 
the temperature profile, for all practical purposes, does not de- 
pend on the velocity profile. On the basis of this evidence in the 
present work a simple velocity profile is selected, given by the 
equation 


2 Basic Equations u* =o¢,In(y* +1)....... . [3] 


One can start from the three equations of motion by Navier- Equation [3] (with ¢; = 3.4) is plotted in Fig. 1 and is compared 
Stokes, and the energy equation as corrected for turbulent flow with different experimental data. For values of y* higher than 
by Reynolds, and the continuity equation for incompressible 400 some investigators (3, 13, 23) report velocities higher 
low; then make the following assumptions: than those reported by Nikuradse. More specifically it seems that 

ate » Pre law « > 
The flow is fully developed. these data follow the Prandtl 1/7 law. One can now solve 

Equation [1] for €y then through o substitute this quantity in the 


f 
1 
2 All parameters are independent of the angular co-ordinate. af “al ‘le gi 
2 . energy Equation [2] : alter us > ve ‘pr ve 
Boussinesq’s concept of “eddy diffusivity’? for momentum and after using the ve given by 
Equation [3] integrate between two sets of limits: in one ease 


and heat transfer is a valid one. finite di lin tl 
4 The flow has reached the steady-state condition. vetween the wall and some finite distance irom it, and in the other 
case between the wall and the center of the pipe. This was per- 


5 The quantity ot/dz is independent of r, ¢, and z or time. : ws 
_ 6 It is assumed that q,/q, = (A,/A,)(r/r0) formed (17) and the results are reproduced as follows 
Under the foregoing conditions it can be shown (14) that the ove Re* 
following equations of motion and energy are valid 2c1q Fo 
y du $28 + + 48)'* + 
(1 = (€y + v) 21 + (28 — [(1 + 48)'* — 
—22+2+ 


= —(€y + a) —......... 8 
H dy 


The coupling of these two equations is made possible through the 2c:qulo 
ratio of the eddy diffusivities 7 = €,/€y. This parameter is a 
true measure of our ignorance of the mechanism of heat transfer 


inturbulent motion, 


~ 
"Ld + 46)” —1 


(4) 


1 E + 48)'2 +1 
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where 6 is a parameter set for convenience and defined by the 
relation 


It can be seen from Equation [6] that the dimensionless tem- 
perature ratio 7 is only a function of the radial position and the 
parameter 8, which in turn depends only on the generalized 
moduli Nre* and Np-*. Actually for Npr < 0.1 one can see that 
in Equation {7] the quantity (1 — c,) equals —2.4 and therefore 
can be negleeted as compared to ¢;/Nepr* > 3.4/0.1 = 34. For 
Np-r* = 0.01 and Ner* = 0.001, (c:/Nerr*) becomes respectively 
340 and 3400. As a result of this simplification an important fact 
emerges; namely, that in the case of liquid metals the dimension- 
less temperature ratio 7’ is only a function of the position z and 
the generalized Peclet number since 
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the corresponding average relative difference in the values of T 
in the region for Npe* giving the steepest increase in the 7’ values 
(Npe* ~ 100), for all z was found to be smaller than 0.75 per cent 
(17). These considerations substantiate the fact that the tem- 
perature profiles are essentially functions of Npe* only. 

4. Mrxinc-Cupr TEMPERATURES 


A dimensionless mixing-cup temperature is defined by the 


equation 
er, 
J, 


Using the dimensionless velocity profile given by Equation [3] and 
the dimensionless temperature ratio 7’, given by Equation [9], 
Equation [11] becomes 


(8) In (Nuetz/2 + 1)T(z, — 2)de 
Nre*Nrer Nee = — [12] 

Upon using the foregoing approximation Equation [6] becomes In + 11 — 2)dz 

4c, (1 4 Sc; 1| 2c; 

z 
In + In 
| 4c, ( 8c; N Pe 2c, 
T(z, Nre*) = 8c, 
(+ 
Nree* 
3 In 1/ 
Se; ‘2 

Values of the function 7’ were calculated (17) for twenty equal 1.0 T T T T r T ~— 
intervals of the dimensionless distance between zero and | and dif- | F “a * 
ferent generalized Peclet numbers between 0.01 and 10°, and ae a oe, ae (1)- 


some of the calculated data have been plotted in Fig. 2. 

If the approximation of Equation [8] is not desired, Fig. 2 can 
still be employed if one uses instead of the modulus Npe* the 
quantity 

Npe* 
a —1), 
Np.* + 
C1 


Npe* 


.... [10] 
—0.705 + 1 


Nevertheless, even for a value of Np;* = 0.1, the difference be- 
tween Np.* and the foregoing quantity is less than 8.6 per cent; 
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DIMENSIONLESS TEMPERATURE Ratio T as A FUNCTION OF 
z AND Np-*; Equation [9] 
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Curve (4) 
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This equation shows that @ is a function of the generalized 
Reynolds and Peclet numbers only. Because of the complexity of 
the function 7’, no analytic solution was attempted. Instead, 
Simpson’s rule was employed for numerical integration using 20 
equal intervals for z between zero and 1 and six values of Nre*. 
The generalized Peclet modulus was varied from 10~* to 104, 
using 28 values within this interval. The final results obtained, 
Fig. 3, showed that the ratio @ is a rather weak function of the 
modulus Nre*. It can be seen from Fig. 3 that for a given Npe* 
and for increasing Nre* the modulus 6 decreases. Also for Npe* 
up to 1, @ is almost a constant, whereas for Np.* between | and 
103, 6 changes very fast. Moreover, the difference in 6 between 
two Nre*, increases with increasing Np.*. For infinite Npe*, 0 
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2 C1 
| | u 
rdr 
o 
| 
/ ee? 
- 
10? 107} 10 1% 10? wr ww 
0.7 7 
= 
- 0.4 (from Equation 24) 
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becomes | asymptotically for all Nre*. For Npe* going to zero, 6 


assumes asymptotically the value 0.5. 


5 Tue Eppy Dirrvusivities 
Consider the simplified physical picture depicted by Fig. 4 
which may be described as follows: 


1 Assume that an eddy originates within a fluid layer 7 at a 
distance y from the wall where it has the time average tem- 
perature ¢; (equal to that of layer 7). 

2 As the eddy leaves layer 7 it travels a certain distance along 
an undefined path, essentially maintaining its identity, and 
Energy dissipation by turbulent 


heat transfer during final 
disintegration process 


Energy dissipation by 
conduction during time 
interval 7 


Negligible energy loss 
in thie emall fraction 
of time interval 


At temperature 


4 


——— At temperature 


- > ime 


Fic. 4 Friicut or aN Eppy From Layer i To Layer f, aNnp Its 
DISINTEGRATION STATES INDICATING NoTATION Usep 


finally begins its complete turbulent disintegration within a layer 
f at a distance (y + L) from the wall (where LZ is the mixing 
length). 

3 From the instant the eddy leaves layer 7 until it starts its 
final disintegration within layer f, the eddy spends an interval of 
time x during which period, in general, it loses part of its energy 
through the mechanism of heat conduction. 

4 It is conceived that the eddy spends the greater fraction of 
the time interval x in the average neighborhood of layer f. On 
the basis of this premise, it may be postulated that at the end of 
time x (or the beginning of its final turbulent disintegration) the 
eddy will have assumed an average‘ temperature ¢t,, the magnitude 
of which may be calculated on the assumption that a sphere of 
uniform initial temperature ¢; is suddenly immersed in a region of 
average temperature ¢,, its surface assuming this temperature ¢,, 
instantaneously. 

5 After the time interval x the eddy begins its final stage of 
disintegration during which process it loses its identity and gives 
up all of its remaining thermal energy by the mechanism of tur- 
bulent heat transfer. 


One can prove by using the foregoing assumptions that the 
ratio of eddy diffusivities o is given by the following equation, 
(4 or 17) 

t; - ly 

According to the foregoing postulations o will be equal to unity 
only when the temperature ¢, is equal to ¢;; a condition which is 
valid only when no heat is lost by conduction from the eddy dur- 
ing the time interval x between the moment the eddy leaves layer 
zi and the moment it starts its turbulent disintegration. This 
condition is approached in the case of fluids having low thermal 
conductivities, whereas in the case of fluids with high thermal con- 


* Average considered both with respect to the time interval x and 


the mass of the eddy. 
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ductivities, the difference between ¢, and ¢; will be considerable 
and therefore o will be less than 1. In the case of the fluids with 
extremely high thermal conductivities, one should expect the 
temperature f, to be very close to t, and therefore the ratio a will 
be almost equal to zero. 

To evaluate the ratio g = (t, — t,)/(t; — ty) certain assump- 
tions are required in addition to the physical picture postulated. 
The additiona] assumptions are: 


(a) During the process of heat loss by conduction (during time 
interval x) the eddies consist of spheres of an average constant 
diameter R,. 

(b) The time x required for an eddy, initially at a uniform 
temperature {,, to assume a given average temperature ¢, is 
proportional to the outside surface of the eddy; i.e., proportional 
to #,?. In other words, for an eddy of large outside surface the 
time x, needed to reach a temperature ¢,, will be longer than the 
time needed for an eddy of smaller outside surface. 

(c) The time x is inversely proportional to the viscosity of the 
fluid. The physical interpretation of this assumption is that 
high fluid viscosities will result in high shear forces at the surface 
of the eddy which forces in turn will speed up the inception of tur- 
bulent disintegration or conversely shorten the time interval x, 
during which the eddy can be assumed to preserve its spherical 
identity and dissipate its energy by the process of conduction 
only. In other words, for a nonviscous fluid the time x can be in- 
finite since no dissipative forces will act on the eddy to disinte- 
grate it as it randomly wanders within the region of layer f. On 
the other hand, for infinite viscosity, the time x is zero because 
the eddy starts its disintegration instantly upon leaving layer 1. 


As a result of assumptions (b) and (c), one can write 


(R)? (R,)? 


= C2 
v op 


Based on the foregoing physical picture and the assumptions as- 
sociated with it, the mathematical problem is one of formulating 
an expression for a, Equation [13], for a spherical eddy of average 
radius FR, and initial uniform temperature t; suddenly immersed 
in a region whose average temperature is fy. 

The solution of this problem is given by Ingersoll, et al. (7) to be 


—t 


The foregoing series is convergent and hence for an infinite num- 
ber of terms it assumes a finite value. The analysis has shown 
that o is a function of the quantity ax/P,*. Substituting for x in 
Equation [15] its equivalent from Equation [14] and noting 
that the dimensionless ratio v/a is the Prandtl number, we have 


6 C2 4er 

Ner 4. Ne; 

= e e 


The constant c in Equation [16] is assumed, as a first approxima- 
tion, to be independent of the distance z from the wall and also 
independent of any heat-transfer parameters. The extent of the 
validity of these two assumptions is discussed when the experi- 
mental data are compared with the results of the present theory. 
The constant cz in Equation [16] is evaluated later in this paper. 


[16! 


6 NusseELT NUMBERS 


In the present work the Nusselt numbers are based on a heat- 
transfer coefficient A, defined in terms of the temperature dif- 
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ference between the mixing-cup temperature and the wall tem- 
perature; nainely 


hD 
= 
k k(t, — ty Ay 
Using the dimensionless mixing-cup temperature 6, this relation 
becomes 


A,k | “4 (ty t,) 
ty — t 

Substituting the quantity (¢, — ¢,.) given by Equation [5] in 

Equation [17] 
Nre*(1 + 48)'7 
[18] 


= — 
(1 + +1 
In | — 
(1 + 48)” -1 
For small Prandtl numbers one can use the simplified expression 
for B given by Equation [8] so that 


Inasmuch as @ was shown to be a very weak function of the 
generalized Reynolds modulus, Fig. 3, one may conclude from 
Equation [19] that the Nusselt number is a function of the 
generalized Peclet number only. Using Equation [19] and the 
already calculated values of the function @ the Nusselt moduli for 
different generalized Reynolds and Peclet numbers were calcu- 
lated. The results are plotted in Fig. 6. It remains now to 
evaluate the constant c; in Equation [16]. For this determina- 
tion the experimental results of Johnson, et al. (11) are used.’ It is 


* The reported results in reference (11) are in good agreement with 
the results of other investigators working in the same region of 
Prandtl and Reynolds moduli. They are considered by Stromquist 
(25) to be“... . possibly the most reliable of any in the liquid metals 
field.”’ 
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found that for a Prandtl number equal to 0.029 and Reynolds num- 
ber equal to 4.24 X 104, the constant c, should assume the value 
0.01 in order for the Nusselt number calculated from Equation 
[19] to coincide with the experimental Nusselt value reported in 
the foregoing reference for the same Prandtl and Reynolds num- 
bers. Using Equation [16], the results of Fig. 6 are replotted in 
Fig. 7 in terms of the conventional co-ordinates Nu versus Npe. 


7 


Limiting Temperature Profile for Ner = 0. For the purposes of 
the present work Equation [2] is written as follows 


(1 — z)dz = (<# + 1) dl.... 
a 


Integrating this equation between two sets of limits; in one 
case from the wall (z = 0) to a dimensionless distance z = y/ro 
from the wall, and in the other case again from the wall to the 
center of the pipe, and dividing the two integrals member by 
member one obtains 


120) 
ac,pAy 


In this result the only place where the velocity profile enters is in 
the quantity €,Np-/v; which quantity becomes zero for Npr = 0. 
Performing the indicated integrations for the condition Np; = 0, 
one finds 


— 22/9),2 
Limit = [#: t ] /2)o 
Np: — t. (z 22/2 


Equation [22] describes a parabolic temperature profile® and is 
based on the assumption that 


GAw 
GA, 

Based on his experimental data and calculations Isakoff (8) 
reports a somewhat different distribution of this quantity in terms 
of z. He also found a very small dependence of this ratio on the 
Reynolds number. In order to compare the result of Equation 
[22] with the limiting temperature distribution based on Isakoff’s 
data, his data were satisfactorily represented by a single empirical 
quadratic equation of the form 


. [24] 
where a = —0.3138. 


Calculations showed that the maximum difference in the values 
of T obtained by using Assumptions [23] and [24] occurs at z = 
1/; and equals 0.028. This difference is very small. 

The foregoing analysis has shown that for fluids with Prandtl 
numbers very close to zero their temperature profiles should de- 
pend very little on the velocity profile. It is on the basis of this 


¢ Martinelli (19) has predicted a straight diagonal line for Np, = 
0. Obviously this does not seem to be the case. 
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aa 
evidence that the approximate velocity profile of Equation [3] was 
used in the present work. 

Limiting Value of 6 for Prandil Number Approaching Zero. 
From Equation [11] it can be seen that the minimum @ corre- 
sponds to the minimum dimensionless temperature distribution 
T, which was found to be equal to a good approximation to 2z — 
z+. If this limiting value is substituted for 7 in Equation [11], 
then we have 

a 
= 


VARIATION OF NussSELT Moputus WitH aNnp PrRaNpTL Moputi as CaL- 
CULATED From Equation [19! 


(Generalized Npe* and Np-* moduli were converted to conventional definitions of Np. 
this representation.) 


and Np, for 


a f, (1 — z)(2z — 2?) In (Nre*z/2 + 1)dz 


Limit 6 = 
0 


[25] 
f, (1 — z) In (Nre*z/2 + 1)dz 


The integrals in Equation [25] were calculated (17) and the final 
result is 


Limit 6 = 
2 


N Re* 
2 


® 
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| - 
- 
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[26] 
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In view of the fact that for turbulent flow Nre* is always greater 
than 140 (Nre ~ 2000) Expression [26] can be approximated by 


In Nre* — 1.61 


2 In Nre* — 4.39 [27] 


Limit 6 = 
Npr*—+0 


The next step will be to evaluate the double limit of 9 as ex- 
pressed mathematically by the condition 


(Limit @)...... 


Ner*-+0 


Limit 
This limit can be found either from Equation [26] or from the 
definition of 6 given by Equation [11]. The latter approach 
is used in the following: 
For very high (infinite) Reynolds numbers one may set u*/u, 
= 1.7 Using also Equation [22] we find 


* 


1 

(Limit 0) = - 0.5 . [29] 
Np,*—+0 z)dz 


0 


Limit 


Martinelli reports values of @ smaller than 0.5. Since he did 
not discuss theoretically the limiting conditions it seems that his 
numerical] calculations in this respect are in error. 

Limiting Values of the Nusselt Modulus. Upon using Equation 
[19] and making \Vp;* approach zero, one can find after some cal- 


culations that 
Nre*\? Nre* 8 Nre* 
12 ( ) +1] in| 
2 


Limit Nx. = 4 


CG 
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ber approaches zero and the Reynolds number approaches in- 
finity is found to be 


(Limit Nwu) = 8... 


Nper*-+0 


Limit . [32] 


This result has been found also by Lyon. For a Reynolds num- 

ber of 2000 (Nre* ~ 140) and for zero Prandtl number, one finds 

from Equation [30] that the Nusselt modulus is equal to 6.8. 
This value is the lowest theoretical limit for turbulent flow. 


8 Comparison or THEORETICAL ResuLts WitH EXPERIMENTAL 


Temperature Profiles. The only reported data on temperature 
profiles are those of Amstead, et al. (1) and Isakoff and Drew (9). 

Fig. 8 shows a comparison of the present results for Vre = 
2 X 10° and Nre = 7 X 10° with the experimental data of Am- 
As is evident a considerable scatter of the experi- 
mental data exists; with the dimensionless temperature ratio 7, 
corresponding to low Reynolds numbers overlapping with 
those corresponding to higher Reynolds numbers. On the average 
the experimental data reported are higher than the theoretical 
predictions especially for z < 0.3. 

In Fig. 9 the data of Isakoff and Drew (9) are compared. The 
agreement is excellent for all Reynolds numbers except for Nre* 
= 4.81 X 10%. This profile falls considerably below the limiting 
parabolic profile for Npr* = 0 and therefore it should be rejected. 


stead, et al. 


a 
—11 + 28 + 42 + 12 } 


A good approximation of Equation [30] is given by the relation 
2 Nrae* — 4.39 
Limit Nwu 4 [31] 
In Nre* — 1.61 
The double limit of the Nusselt number when the Prandtl num- 


? This is the condition of the so-called slug flow. 


Fie. 8 TermMPeRATURE DisTRIBUTION FOR DiFFERENT REYNOLDS 
NumBers Reported By Brown, ET AL. (Npr = 0.020) Comparep 
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Nevertheless the agreement in the slope for small z is remarkable. 

Ratio of Eddy Diffusivities. In the present work it was postu- 
lated that the ratio of eddy diffusivities o is independent of the 
dimensionless distance z. As of this writing, only Isakoff and 
Drew (8, 9) and Brown, et al. (2) report values of o based on ex- 
perimental velocity and temperature profiles. The data of the 
first group show a definite dependence of the ratio o on the di- 
mensionless distance z, whereas those of the second group confirm 
the independence of the ratio o from z, as postulated in this 
paper. 

Comparative study of the foregoing two works’ shows that they 
are in substantial disagreement on the dependence of o on the 
Reynolds number. For Nre = 250,000 Isakoff and Drew report 
an average’ 0 ~ 1, whereas Brown, et al., report o@ ~ 0.65, aratio 
of approximately 1:1.5. For Nre = 730,000 the corresponding 
values of o are: 1.8" and 0.85: corresponding to a ratio of 1:2. 
Moreover, Isakoff and Drew report values higher than 1. The 
theory presented in Section 6 yields values of o always smaller 
than | and in this respect it is in agreement with Brown, et al. 

In view of the fact that the experimental values of ¢ have been 
found mainly by graphical methods applied to experimental data 
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data for the determination of the constant c, one finds that for 
Np, = 0.02, ¢ varies between 0.8 and 1.0 which is in good agree- 
ment with the average a, reported in references (2) and (9). In 
view of the foregoing discussion it is apparent that more ex- 
perimental evidence is necessary, especially in a wider range of 
Prandtl numbers, in order to draw any final conclusions on the 
true variation of o with the Reynolds moduli. 

Nusselt Numbers. For the comparison of the reported heat- 
transfer coefficients with the present theory extensive use was 
made of the work of Lubarsky and Kaufman (16) who reduced all 
available experimental data to a common basis for comparison 

In Fig. 10 are compiled the data of different researchers and 
compared with the present work in a NVwu versus Npe* representa- 
tion. Experimental data reporting Nusselt numbers below 48/11 
should be rejected (18). 

The agreement of the present work with the experimental data 
of Trefethen (27), Johnson, et al. (11, 12), Stromquist (25), and 
Seban (24) (wetted data) covering a region of Prandtl numbers 
between 0.020 and 0.044 is excellent both in magnitude and gen- 
eral trend. The agreement with the data of Lyon (18) and Lubar- 
sky (15) is good in magnitude but not in trend. The data of 
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on temperature and velocity distributions, their accuracy is in- 
herently sharply limited. 

For the average Prandtl number of 0.022, for the two groups, 
the theoretical Equation [16] predicts a value of o = 0.41 which 
is independent of the variation of Reynolds moduli. This value 
is considerably lower than those reported in references (2) and (9). 
The main reason for this difference lies in the fact that both 
Isakoff and Drew and Brown, et al., report Nusselt numbers which 
are considerably higher than those reported by other investiga- 


tors'' in the same range of Prandtl numbers. If one uses their 


8 The data reported by both groups are for a constant Prandtl 
number of Npr = 0.024 and Np, = 0.020, respectively. Their 
average is Np, = 0.022. 

* Average over the dimensionless distance z. 

This value is extrapolated, based on a suggested correlation 
formula by the authors for different Reynolds numbers. 

11Tn the present work the data of Johnson (11) are used in the 
evaluation of c: as the most representative of this group. This fact 
explains the departure of the present theoretical results from those of 
Isakoff and Drew (9) and Brown, et al. (2). 


English and Barrett (6) show a trend not in accordance with any 
other experimental data. 

Finally, in Fig. 11, the data of Isakoff and Drew (9) are shown 
to be higher than the theoretical predictions and so is the case with 
the data of Brown, et al. (2). The foregoing investigators are the 
only ones reporting such high magnitudes for Nusselt numbers as 
compared with many others who have worked in the same region 
of Prandtl numbers (Ver ~ 0.022). The data of Styrikovich and 
Semenovker (26) scatter as they are seen to be higher than the 
theoretical predictions. The data of Elser (5) in the same figure 
are in error since they predict Nwu < 48/11. 

Mikheyev, et al. (21) report an empirical correlation for the 
prediction of Nusselt numbers which, although it seems to confirm 
the general trend of change in a Nwu versus Npe representation, 
nevertheless admits for zero Peclet numbers the value Nwu = 
3.2. This seems to be contrary to the theoretical findings of 
Lyon (18), Trefethen (27), and the present work, and also many 
reliable experimental data as discussed. 
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9 SUGGESTED SIMPLIFIED APPROXIMATE EQUATIONS 


The theoretical relation for the Nusselt number, Equation [19], 
can be approximated satisfactorily in terms of conventional 
parameters by the following expressions: 


For 


Nre 4.2 X 108 and 0 < O.1 


_ 0.01 
0.0445( N re [. + 0. 25e 


Nre> 4.2 X 10° and 0 < 0.1 


_ 0.01 _ 0.047}. 
[. 4 0) 2Q5e | . . [34] 


Nre < 4.2 X 10° and 0.01 < Ner < 0.03 


Nwu = 7 + N pr)!-34 


10 CoNncLuUSIONS 


1 Based on the mixing-length concept, a modified theory is 
presented, which gives the ratio of eddy diffusivities o, as a func- 
tion of the Prandtl number. 

2 It is shown that heat transfer in liquid metals can be 
analyzed universally in terms of a new dimensionless parameter; 
namely, the generalized Peclet modulus 


Nepe* = (Nre*)(Ner*) = (Nre V/f/2)( Nero) 


3 It is proved that for liquid metals the dimensionless tem- 
perature distribution 7’ (Equation [6] ) is, to a high degree of ap- 
proximation, only a function of the dimensionless distance z and 
the generalized Peclet modulus. The limited available experi- 
mental data give good support to the foregoing predictions, Figs. 
Sand 9. 

4 It is shown that the dimensionless mixing-cup temperature 
6 is a strong function of the generalized Npe* modulus and a 
weak one of the generalized Nre* modulus, Fig. 3. 

A limiting expression is derived indicating that for Vp, = 0, the 
dimensionless mixing-cup temperature @ is a weak function of the 
generalized Nre* modulus. It is further shown that for Ver = 0 
co, # assumes asymptotically the limiting minimum 


* 


and Nre = 
value of 0.5. 

5 It is shown that the use of the approximate continuous 
universal velocity profile of Equation [3] is justified in the 
development of the correlation equation for heat-transfer data to 
liquid metals. 


In the development of Equation [19] it is shown that for liquid 
metals the Nusselt number is a strong function of the generalized 
Peclet modulus and a very weak one of the generalized Reynolds 
modulus. An analytic expression is derived which gives the 
variation of the Nusselt modulus as a continuous function of the 
generalized Reynolds modulus for the limiting case of zero Prandtl 
number. This expression yields the lower limit 6.8, for a 
Reynolds number of 2000 whereas for infinite Reynolds modulus 
it yields the value 8, as found also by Lyon (18). The extensive 
experimental data on heat-transfer coefficients for liquid metals are 
shown to correlate satisfactorily when plotted in Nwu versus Npe* 
co-ordinates. 

Further studies are in progress at Purdue University on heat 
transfer to liquid metals with variable properties. Results al- 
ready at hand indicate that for a Peclet number of 5 X 103, the 
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difference in the Nusselt number between solutions considering 
constant physical properties and properties variable with tem- 
perature is of the order of +9 per cent. This fact is in good 
agreement with the results of Mikheyev, et al. (21) who propose 


an empirical correction factor 


K = Npr) Nr )wati] 
to account for the variation of the properties with temperature. 
Calculations for higher Peclet numbers are now being considered 
in order to determine the range of Peclet numbers, where the in- 
fluence of the variation of thermal properties with temperature 
produces a more significant change in the Nusselt numbers. 
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Discussion 


R. N. Lyon.'* The writer is quite impressed by the straight- 
forward approach which is used in the paper. However, experi- 
mental demonstration of the thesis is hampered somewhat be- 
cause of the use of the constant c., derived from the very data 
which are needed to test the theory. The net result is, in effect, 
the empirical determination of a parameter o which, when ap- 
plied in foreed-convection heat-transfer theory, brings the 
theoretical results into line with Johnson’s experimental results, 
regardless of the theoretical model used in justifying the parame- 
ter. This does not reflect on the validity of the proposed mecha- 
nism, but merely emphasizes the fact that agreement of the result- 
ing theoretical curve with Johnson’s data does not prove the pos- 
tulated mechanism. The partial agreement with other published 
data can be explained on the basis that Johnson’s data agree to a 
similar extent with the other data, and the range of Np; and there- 
fore of the proposed ¢ is not large. The authors recognize this 
fact in their discussion, but the writer believes it is worth keeping 
this well fixed in mind when examining Fig. 10. 

An important point which appears to have been almost com- 
pletely neglected recently in comparing experimental results with 
theoretical predictions of liquid-metal heat transfer is that at low 
values of Peclet number, experimental Nusselt-number values are 
markedly lower than 7—approximately the value predicted 
theoretically if the eddy diffusivity of heat is zero. No adjust- 
ment of the value for eddy diffusivity of heat (barring the absurd 
postulation of a negative eddy diffusivity) permits such a predic- 
tion for a fluid in a round-tube system with a symmetrical turbu- 
lent-flow velocity distribution and an undistorted steady-state 
temperature distribution at constant wall heat flux. One is 
struck by the fact that, while most of the data which appear well 
below the prediction were obtained in a horizontal tube, the 
vertical-tube data of Isokoff and Drew agree more closely with the 
prediction. Also, most of the existing data have been obtained 
with dense liquids (Hg and Pb-Bi) in which the stratifying effect 
of thermal expansion of the fluid is stronger, while at a given 


13 Reactor Experimental Engineering Division, Oak Ridge National 
Laboratory, Union Carbide Nuclear Company, Oak Ridge, Tenn. 
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Peclet number or a given Reynolds number, the mixing tendency 


to counter the stratifying tendency is probably independent of 
the density. 

Unfortunately, the writer has not had time to examine the 
possibility of estimating the steady-state temperature distribu- 
tion which might develop in a liquid metal in a heated horizontal 
tube, nor has he had time to determine whether the drop below 
the theoretical value at low Peclet number increases with increas- 
ing wall heat flux, as might be expected from the model which he 
proposes. Of course, the most direct approach would be to ob- 
tain a vertical temperature traverse across a horizontal tube at low 
Peclet numbers and high heat flux with turbulent flow. 

The foregoing comments are not intended to imply that efforts 
to determine the real ratio between eddy diffusivity of heat and 
eddy diffusivity of momentum are useless or abortive, but rather 
they are intended to point out that determination of such a ratio 
does not solve our dilemma completely, and to suggest that per- 
haps natural convection effects, or some other effect which causes 
Nwu to drop below 7 at low values of Npe, may have to be sepa- 
rated out of experimental data before evaluation of constants used 
in finding values of o. 

Again the writer wishes to compliment the authors on proposing 
a very likely model of eddy diffusivity, for exploring the implica- 
tions of the model in a thorough fashion, and for describing the 
model, their development, and their conclusions in a lucid and 
useful fashion. 


C. A. Steicuer, Jr.'* It should first be pointed out that the 
velocity profile enters the present analysis in two ways. It enters 
as itself and as its derivative through €,,. The velocity itself is 
assumed to be everywhere constant and equal to the mean 
velocity. This fact, as pointed out by Martinelli (19), is in- 
herent in assumption 6 under Section 2, and is necessary for the 
derivation of Equation [2]. It is because of this assumption, in- 
cidentally, that the temperature profiles for Np, = 0 are found to 
be independent of velocity profile. 

The analysis in the paper up to the point of evaluating o differs 
from that of Martinelli only in that different eddy-diffusivity pro- 
files were used. The simple Equation [3] for velocity (used only 
to find €,,) has allowed the authors to obtain one expression for 
the radial temperature distribution whereas Martinelli divided 
the pipe into three radial regions and gave separate expressions 
for each region. The velocity profile used here, however, is not 
as accurate as that of Martinelli. Consequently, its derivative 
and €y, which strongly affect the temperature profile, are con- 
siderably less accurate than those of Martinelli. From Equations 


[1] and [3] one finds that 
To 


For y* < 2.4 this equation yields a negative €,/v, and for the 
turbulent core it differs from Martinelli’s €,,/y by about 35 per 
cent. Since numerical work and numerical integration were re- 
quired to calculate temperature profiles and mean temperature, 
with little additional effort the authors could have used the far 
more accurate velocity profiles suggested by Deissler,’© Van 
and others. 


v 3.4 


4 Shell Development Company, Emeryville, Calif. 

‘® Numbers in parentheses refer to the authors’ Bibliography. 

6 ‘Analytical and Experimental Investigation of Adiabatic Tur- 
bulent Flow in Smooth Tubes,”’ by R. G. Deissler, NACA TN 2138, 
1950. 

7 “On Turbulent Flow Near a Wall,’ by E. R. Van Driest, Heat 
Transfer and Fluid Mechanics Institute, Preprints of Papers 
Paper XII, University of California, Los Angeles, Calif., 1955. 
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errors in €, are masked by the added a, and near the center of the 
_ pipe the errors are compensated for by the use of an experimentally 
derived o. One may conclude that the value of o found in this 
manner is not correct, but is in error to the extent necessary to 
make the analysis agree with experiment (of reference 11). 

It is noted that o has been assumed independent of radius. To 
have assumed otherwise would have complicated greatly the ex- 
pression for the temperature profile, and, incidentally, would ne- 

ate the conclusion that for liquid metals 7 is a function of z and 

Nre* only. The eddy model used by the authors to generalize ¢ 

to systems other than that of reference (11) conveniently confirms 
that ¢ is not a function of radius. 

Any physical model of an eddy is, of course, bound to be a 

_ simplification, but the assumptions used here are particularly un- 
realistic. An ‘““eddy”’ changes size and shape as it moves in a ran- 
dom manner; it does not jump from one region to another, there 
~ to lose heat by conduction and then disintegrate. It seems to the 
writer that the continuous diffusion of heat and momentum from 
-an eddy as it moves, as in Jenkins’ model (10), is more realistic 

than the present analysis. Jenkins’ analysis is also a simplifica- 

tion, and there are reasons for suspecting it, but these reasons do 

not include the one mentioned by the authors. According to 
"Prandtl, the mixing length J is equal to 0.4y only for y/ro less 
‘than about 0.1. Near the pipe center //ro = 0.14. Using the ex- 
ample of the authors and Schlichting’s graph,’ one finds that at 1 
in. from the wall of a 2.5-in-diam pipe, y/ro = 0.8 and 1/rp = 0.135 
orl = 0.17, which is reasonable indeed. 

_ The present analysis shows o to be independent of radius be- 

_ cause, unlike the analysis of Jenkins, it does not allow for any 

effect of the intensity of turbulence on eddies. The result is con- 
trary to experiment, and the statement by the authors that the 

7 ™* of Brown, et al. (2) confirm the independence of o and z is 
wrong. The results of the foregoing group show that, for the flow 

of mercury at a giveri Reynolds number, ¢ is approximately con- 
stant only in the broad region away from the pipe wall where 
€,/v is also approximately constant. Near the wall, where €,,/v 

decreases rapidly, ¢ also decreases rapidly (Fig. 9 of reference 2). 

This decrease near the wall is significant for the purpose of cal- 

culating heat transfer to liquid metals at the high Reynolds num- 
bers used by Brown, et al. This same effect of intensity of tur- 
bulence on ¢@ is also evident near the pipe center as the Reynolds 
number decreases, in which case €,/v and o decrease. Both of 
these trends were also observed by Isakoff and Drew (8, 9), al- 
though their values for o were higher. Thus one may conclude 
that o is a function not only of Np; but also of €,,/v and, therefore, 
of radius. These observations were made previously by this writer 
and Myron Tribus.'® 

The Nusselt numbers found by Brown, et al., and Isakoff and 

Drew are appreciably higher than those of Johnson, et al. (11) 

| probably because the former employed a rough pipe and the 
latter had a nonretractable probe in the upstream end of the test 
section and/or possibly because in both of these cases the wall 
temperature was determined by extrapolation of the fluid tem- 
perature). Now, the Nusselt numbers of the present analysis 
agree with those of Johnson, et al. How, then, can the tempera- 
ture profiles agree so well with those of Brown, et al., and 
Isakoff and Drew? The answer lies in the normalization of the 
temperature profiles of Figs. 8 and 9 at both ends of the curves. 


18 ‘Boundary Layer Theory,’ by H. Schlichting, Pergamon Press 
Ltd., London, England, 1955, p. 408. 

19*‘Heat Transfer in a Pipe With Turbulent Flow and Arbitrary 
Wall-Temperature Distribution,’”’ by C. A. Sleicher, Jr., and Myron 
Tribus, Heat Transfer and Fluid Mechanics Institute, Preprints of 
Papers, Stanford University, Stanford, Calif., 1956. Also Trans. 
ASME, vol. 79, 1957, pp. 789-797. CeO le 
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Had temperature rather than dimensionless temperature been 
plotted, the results would not have agreed at all well because the 
t.. — t. (which is related to the Nusselt number) in the experi- 
ments of Johnson, et al., and consequently in the analysis of the 
authors, does not agree very well (for the same heat flux, diame- 
ter, and temperature) with the ¢, — ¢, of Brown, et al., or of 
Isakoff and Drew. 

In summary, the authors have employed an unsophisticated 
analysis which, because it is fitted to data through a constant, 
amounts to an empirical fit of liquid-metal heat-transfer data. 


L. TrererHen.” The authors present an interesting and 
imaginative concept of turbulent diffusion. Inherent in their 
analysis, as they recognize, is the difficulty common to its prede- 
cessors, that it involves a greatly simplified physical picture of 
an immensely complicated flow pattern. From Reynolds through 
Lykoudis and Touloukian, intuition, not Navier-Stokes, has 
been the common ingredient. This intuition, even though it re- 
sults in nonrigorous conclusions, has been very useful in offering 
explanations of experimental data, as in the authors’ paper. 

These theories have all started, to the writer’s knowledge, with 
equations of the form of the authors’ Equations [1] and [2]. A 
relationship between €, and €y is then postulated, empirical 
velocity profiles are assumed, and the heat-transfer coefficients 
calculated, usually with the omission of a few terms for simplicity 
in the calculation. Reynolds and several subsequent writers, in- 
cluding Martinelli, have taken for their relationship of €4 and €,, 
the simple idea that €y = €y. Recently, since it appears experi- 
mentally that €, does not in fact equal €,,, more complicated as- 
sumptions about their relationship have been made. That has 
been the authors’ procedure. 

The writer would suggest that it may be helpful to question the | 
usefulness of Equations [1] and [2], or, more specifically, to 
abandon those equations, but to retain the concept that heat and | 
momentum are transferred equally. Equations [1] and [2] are 
definitions of €, and €y. They are not derived. It is true that 
they have the form of the similar equations involving the Reynolds 
stress and heat-convection terms in place of €y and €,, and that 
those equations are as rigorous as the Navier-Stokes and energy 
equations from which they are derived. This is, perhaps, un- 
fortunate, in that the similarity confers an authority on the form 
of Equations [1] and [2] which is not real. This is not to imply 
that Equations [1] and [2] are incorrect. Since they are defini- 
tions, they cannot be in error. It is in the use of €y and €y which 
they define that the simplified physical picture creeps in. 

The difficulty with the definitions, Equations [1] and [2], is 
that they imply that molecular and turbulent diffusivities act 
separately and in addition to each other. This may or may not 
be true, and there are several reasons for challenging it. For ex- — 
ample, the smooth temperature profile given by average tem- 
perature is quite different from the instantaneous temperature 
profile. In an instantaneous profile, one would expect that the 
available temperature difference across the fluid would be con- 
centrated at the eddy terminals, where the fluid, which has been — 
transported from one environment to another, exchanges its ex- 
cess energy, through heat conduction, to its new environment. 
It does this by means of a locally intense temperature gradient. 

If this is true, then one is led, as a first approximation, to the — 
hypothesis that, in a region where eddies are important, the 
molecular conduction term should be excluded, since the available — 
temperature gradient would be concentrated at the eddy ter- 
minals and not operative over the entire eddy. This, too, must 
be an oversimplification, but it may approximate turbulent con- 
ditions more closely than the additive assumption. This de- 
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parture from the Reynolds analogy can be stated by equating the 
total diffusivities 


where Ey, and Ey are defined by 
= Eydu/dy 


q/pe,A = Eydt/dy 


except for the important qualification that Ey = a if Ey < a; 
that is, the total diffusivity at a point must either equal the mo- 
lecular diffusivity, in which case the eddies make no contribution, 
or is greater than the molecular diffusivity, in which case only the 
turbulent intensity is relevant, and the molecular diffusivity 
makes no contribution. 

The use of Equation [36] rather than €7 = €y, along with the 
same type of assumptions Martinelli employed (19), leads to a 
relationship of = F''(Nre, Npr). This has been calculated (it 
has not been published, though the conclusions were described ).*! 


21“Some Current Liquid Metal Heat Transfer Problems,"’ by 
Lloyd Trefethen, a paper presented at the Summer Session on 
Modern Developments in Heat Transfer, Massachusetts Institute of 
Technology, July, 
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section of this surface, for the representative value of Npr = 0.02 
for liquid metals, is shown in Fig. 13, where it is seen that it agrees 
rather closely with some of the experimental data, in much the 
same Way as the authors’ prediction. 

A test of these assumptions is furnished by temperature-profile 
data. The data of Isakoff and Drew (8) indicate that the ratio 
E,,/Ey is more nearly a constant than €,/€y; that is, it varies 
less over the turbulent core, and varies less with Nre. A detailed 
comparison with the diffusivity values of Brown, Amstead, and 
Short (1, 2) has not been made. It appears that there, too, 
E,/Ey is more nearly a constant than €g/éy, with a value 
ranging between 0.8 and 0.95. For the Isakoff and Drew data its 
spread is greater, with an average of about 1.3. 

This discussion is not given with the idea that the results pre- 
sented are correct, for such a simple picture of turbulence cannot 
be correct. Its main purpose is an attempt to invite questions 
concerning the usefulness of Equations [1] and [2], and the 
whole idea of studying the relationship of €y to €y, which, al- 
though it may prove to be the most useful approach, is not neces- 
sarily so. 
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AvuTuors CLOSURE 


The authors are most grateful for the extensive discussions pre- 
sented by Drs. Lyon, Sleicher, and Trefethen. There are a num- 
ber of points in these discussions which the authors feel need clari- 
fication and in the following paragraphs these will be discussed in 
the order in which they appear. 

Of the two points raised by Dr. Lyon, the first one pertains to 
this work directly. Therefore we wish to clarify the question 
concerning the general validity of the procedure used in the selec- 
tion of the value of the constant c.. The authors wish to empha- 
size that the constant cz is calculated using only a single, isolated 
datum point; i.e., a single experimental value of the Nusselt 
number corresponding to one Prandtl number and one Reynolds 
number. It is further stressed that this single datum value could 
be any correct value of the Nusselt number for any set of Prandtl 
and Reynolds numbers. Such a selection of experimental data, 
to evaluate the constant c: in the theory, simply implies that the 
theoretical prediction of Nwu will be identical with the chosen ex- 
perimental Nyu only at that unique point. The fact that the 
results of the theory do coincide with all of the data of Johnson is 
only an indication that the theory predicts the same results as the 
data of Johnson which cover a Np, range of 0.021 to 0.044 [see 
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Figs. 10(G and F)|. These data are considered by many 
workers as the most reliable in the liquid metals field. 

From the preceding discussion we feel it is amply clear that the 
concurrence of the results of the theory with the data of Johnson is 
not the outcome of an empirical or forced fit. This is further evi- 
denced by the fact that the similar theory of Deissler (4) when ad- 
justed to pass through a single point of the data did not give a 
good agreement in trend at other values of Np; and Nre. 

Finally, to conclude this phase of the discussion we wish to 
point out that the procedure employed in the evaluation of the 
constant ¢: in the theory is not novel. An outstanding example 
of this procedure is the establishment of the universal velocity 
profile based on Prandtl’s mixing-length theory. 
perimental velocity profile data are used to evaluate not one, but 


In this case ex- 


four constants in the logarithmic velocity profile. 

The second point Dr. Lyon raises in his discussion is well taken. 
The authors did not have the time either to explore the possible 
justification that some of the experimental data could correctly 
The reasons Dr. Lyon suggests 
could contribute, in various degrees, to the lowering of the Nus- 
selt number; however, in some of the cases where the Nusselt 


yield Nusselt numbers below 7. 


numbers fall below 7 there is no question that the experimental 
data are either in error or do not conform with the conditions 
stipulated in the theory. 

Concerning the discussion of Dr. Sleicher, the authors are some- 
what disturbed by the fact that Dr. Sleicher exhibits little appre- 
ciation of the importance of the role played by the various factors 
which enter the present analysis. To begin with, the work under 
discussion is aimed at presenting a heat-transfer correlation for 
liquid metals. In arriving at the final theoretical results, the 
authors have used certain simplifications which they discuss and 
justify as having little influence on the final outcome. If Dr. 
Sleicher is not sufficiently convinced by the brief arguments pre- 
sented and wishes to obtain further detailed evidence of the order 
of magnitude effects of the simplifications resulting from velocity 
profile selection, and so forth, we wish to refer him to reference 
(17) of the paper. 

Concerning Dr. Sleicher’s criticism of the physical model of the 
eddy, the authors agree that in reality eddies loose their energy 
continuously and not intermittently. However, estimates based 
on continuous heat loss by an eddy during its flight, from layer 7 
to layer f, indicate that such refinements and complications are 
not justified since they pertain ty 4n order of magnitude that is 
finer than the whole theory. 

On the matter of size of the eddy, as in Jenkins’ model, we still 
cannot agree that a sphere 0.34 in. in diameter (which is the 
correct postulated value) 1 in. away from the wall of a 2.5-in. 
diam pipe is a realistic size for an eddy. 

Studying all available experimental evidence, the authors main- 
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tain their contention that their assumption of o = constant. is 
reasonably well substantiated for most of the pipe radius. The 
authors never intended to make a sweeping generalization on this 
point for the whole range of radius. Due to the known inaccu- 
racy inherent in graphical differentiation of experimental data, 
the authors look at the reported values of o versus Ve, Np, with 
extreme caution. The considerable discrepancy both in order of 
magnitude and trend in the findings of Isakoff and Drew and 
Brown, et al., do reconfirm this point of view. 

The authors are well aware that the normalization of Isakoff 
and Drew’s temperature profiles does make for better agreement 
with the theoretical normalized profiles and that the actual tem- 
perature profiles do not concur as well. This fact is evident from 
the disagreement of the heat-transfer data which is discussed in 
The fact remains that the trend of the two sets of pro- 
files are consistent irrespective of their actual numerical magni- 
tudes. 


the paper. 


In concluding our remarks to Dr. Sleicher’s comments we feel 
that on all other points raised in his discussion, Dr. Sleicher sup- 
plies the answers to his own questions. Finally, referring to Dr. 
Sleicher’s last paragraph, the authors regret that, in general, they 
cannot agree with Dr. Sleicher’s “sophisticated” criticisms on 
points which, by the very nature of the subject, are more wisely 
considered with a certain degree of unsophistication 

Concerning the discussion presented by Dr. Trefethen, the 
authors concur that Equations [1] and [2] of the paper could be 
considered as definitions of €, and €y. If one particular short- 
coming had to be singled out in these equations, in the opinion of 
the authors the most serious question involved is the validity of 
the assumption that the molecular and eddy contributions follow 
the simple additive rule. 
difficulty by his use of total diffusivities E, and Fy, is seriously 
hampered by the qualifications he imposes on the magnitudes of 
Ey, and Ey. Ina sense, Dr. Trefethen is going back to earlier 
analyses of the turbulent boundary laver by postulating that 
either the molecular diffusivity is operative or the eddy diffusivity 
is operative, each singly and separately. 
hardly a solution to the difficulty since it avoids the additive hy- 
pothesis of eddy and molecular diffusivities by eliminating one or 
the other. The results presented by Dr. Trefethen in Fig. 13 
show that the authors’ postulation constitutes a better fit to the 
data than the nonadditive prediction. In the final analysis, the 
postulation of a velocity profile and the ratio of diffusivities is 
necessary for a solution. The authors would be very much in- 
terested in seeing the detailed procedure of Dr. Trefethen’s ap- 
proach in using total diffusivities Ey, and Ey, in case their under- 
standing of this picture is in error. 

The authors conclude their remarks by thanking the discussers 
for the time they have taken in studying the paper. 


Dr. Trefethen’s attempt to bypass this 


Such a procedure seems 
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T -ansfer to Fluids With Low Prandtl 


~ Numbers for Flow Across Plates and © 


Cylinders ot Various Cross Section 


Local and over-all heat-transfer coefficients were determined 
analytically for one and two-dimensional flow of a fluid with small 
Prandtl number, such as a liquid metal, across a flat plate and 
cylinders of various cross section. The possibility of heat genera- 
tion within the fluid was considered. Certain of the results were 
simplified for convenient calculation, and the approximations in- 
vestigated. A comparison of the results with those of Pohlhausen 
and Squire showed good agreement. The procedure for obtain- 
ing these coefficients rested upon a consideration of forced con- 
vection in a fluid with small Prandtl number which implied that 
inviscid flow can be assumed, and eddy transport of heat is 
negligible in comparison to molecular conduction for flows with 
small or moderate Peclet numbers. The analysis was simplified 
greatly by means of a transformation and certain results due to 
Boussinesq (1).° The agreement of the analytical results with 
those obtained experimentally by Hoe (2) for mercury flowing 
through tube banks and the method for calculating heat-transfer 
rates in tube banks will be described in a later paper. 
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Nomenclature 
— Tue following nomenclature is used in the paper: 


; c¢ = specific heat at constant pressure, Btu/lb deg F 
ft Y) = symbol for function of (7 


h, = over-all heat-transfer coefficient based on the mean 
value of the local coefficients, Btu/hr ft? deg F 
; h, = over-all heat-transfer coefficient based on a specified 


surface temperature, Btu/hr ft? deg F 
h, = local heat-transfer coefficient, g”/Qo, Btu/hr ft? deg F 


k = thermal conductivity, Btu/hr ft deg F a? 
= pressure, lb/ft? 
q = rate of heat flow, Btu/hr ee 
q’ = rate of heat flow per unit length of plate or cylinder 
perpendicular to the direction of flow, Btu/ft hr 
_ q” = surface heat flux, Btu/ft? hr 
q'’’ = rate of heat generation per unit volume, Btu/hr ft 
---s_- = distance along the surface of an object from forward 
stagnation point, ft 
t = temperature, deg F 
t; = uniform upstream temperature, deg F "J 
u,v = velocity components in the z and y directions, ft/hr 
wv = velocity vector, ft/hr 


! Associate Professor of Mechanical Engineering, Purdue Univer- 
sity, Lafayette, Ind. Assoc. Mem. ASME. 

? Research Engineer, Heat Transfer Section, Westinghouse Re- 
search Laboratory, Pittsburgh, Pa. 

3 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Contributed by the Heat Transfer Division and presented at the 
. Fall Meeting, Hartford, Conn., September 23-25, 1957, of Tue 
J AMERICAN Society OF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, June 4, 
1957. Paper No. 57—F-29. 
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r,y = distance co-ordinates, ft 
A = area, ft? 
A, = surface temperature excess over ¢, for power series dis- 
tribution, deg F 


= substantial, fluid, or total derivative 
Dr 
D = diameter, ft oe 
F(y) = complete elliptic integral of the first kind with argu- 
ment Y 
F = body force per unit volume vector, lbr/ft? 


1 
G, = Tin+1 r(n+ 3) 


K,(y) = modified Bessel function of the second kind with argu- 
ment ¥ 
L = characteristic length of an object, or length of a flat 
plate, ft 
= over-all Nusselt number, h,L/k, dimensionless te 
= over-all Nusselt number, h,/k, dimensionless 
Nwu.z = local Nusselt number, h,L/k, dimensionless 
Nee. = over-all Peclet number, pcVL/k, dimensionless 
Nee. = local Peclet number, pceVz/k, dimensionless 
Ne: Prandtl number, cu/k, dimensionless ap 
V = uniform upstream velocity, ft/hr 
a = thermal diffusivity, ft?/hr 
8 = angle measured from forward stagnation point on 
cylinder, radians 
Tl = gamma function 
© = temperature excess of the fluid, ¢ — ¢;, deg F 
©, = surface-temperature excess, deg F 
4 = dynamic viscosity, lb/ft hr 
os kinematic viscosity, ft?/hr 
_ & = co-ordinate measured perpendicular to wall, ft 
p = density, lb/ft* 
o = temperature ratio, 0,/0,,, for cosine temperature dis- 
tribution 
T = time, hr 4, 
® = hydrodynamic potential function —— 
@ = unit hydrodynamic potential function, V/V - 
bs W = hydrodynamic steam function Fe. 
= unit hydrodynamic steam function ®/V 
Introduction 


The use of liquid metals as a heat-transfer medium has become 
important due to developments in the field of nuclear power. 
Considerable research has been conducted in an effort to predict 
heat transfer for flow through tubes and between parallel plates 
(3, 4); but, few investigations have been carried out concerning 
flow of liquid metals over objects such as tubes. In the latter 
case, the investigations have dealt with tube banks (2) and shell- 
and-tube heat exchangers (5, 6). The study described here is a 
result of an analytical investigation of heat transfer to liquid 
metals for flow across flat plates and normal to cylinders of 
various cross section. 
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Calculations of heat transfer for cross flow depend on an ex- 
pression for the local heat-transfer coefficient. This coefficient 
is also expressed in dimensionless form by means of the Nusselt 
number. In any case, the coefficient can be obtained from a 
knowledge of the temperature distribution in the fluid and subse- 
quent. application of the Fourier-Biot law of heat conduction 


‘ ot 


to evaluate the heat flux at the surface of the object. 

In order to obtain the temperature distribution in the fluid it is 
necessary to solve simultaneously the equations which express the 
laws of conservation of mass, momentum, and energy; an equa- 
tion of state; and equations describing the variation of thermal 
properties with temperature. In the case of laminar incompressi- 
ble flow of a fluid with constant properties these laws take the 
form, respectively, of 


div = 0... 


p = constant... 


The momentum equation, Equation [3], is nonlinear and a for- 
midable obstacle in attempting any simultaneous solution of the 
set of equations just given; therefore certain simplifications are de- 
sirable. Historically, the momentum equation has been simplified 
by assuming inviscid flow, the method of Stokes or Oseen, and 
the method of Prandtl. The method of Prandtl (7) gives rise to 
the usual boundary-layer equations and is of great practical im- 
portance for flows characterized by a large Reynolds number. 
The method of Stokes or Oseen (7) is applicable to very slow or 
creeping motion, flows characterized by a very small Reynolds 
number. Boussinesq (1) had considered, in 1901, the extreme of 
neglecting viscosity for the simultaneous solution of the equations 

The method of Boussinesq is not applicable for calculating heat- 
transfer rates to ordinary fluids.‘ However, heat-transfer co- 
efficients were calculated in this manner during the period from 
1900 to 1920, and some of the results are still in use- notably, the 
form of King’s (8) results for calibrating hot-wire anemometers. 
The difficulty with the inviscid-flow theory arises because the re- 
sistance to heat transfer is concentrated in a region where the 
effects of for ordinary fluids, are of paramount 
importance: The momentum boundary layer. When the 
effect of Prandtl number, the ratio of momentum to 
thermal diffusivity, is considered, the possibility exists of as- 
suming inviscid flow for fluids with very low Prandtl number. 
This can be seen as follows: For the external flow of this fluid, 
the thermal-boundary-layer thickness will be much greater than 
that of the momentum layer since the Prandtl number indicates 
the fluid has a much greater ability to transfer heat rather than 
momentum. This in turn would indicate that viscous effects 
would be limited to a small portion of the thermal boundary, and 
that in the limit as the Prandtl number approaches zero, the heat- 
transfer rate calculated from viscous theory could approach that 
caleulated from the inviscid theory. These remarks would not 
hold for closely bounded or internal flow, flow in a tube for ex- 
ample; since, viscous effects may predominate throughout the 
entire region of interest. The Prandtl number range for liquid 
metals is roughly 0.005 to 0.025. Therefore the inviscid theory 


viscosity, 


4 Fluids with Prandtl numbers near or greater than one. 
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might be used for calculating heat-transfer rates in the external 
flow of liquid metals. 

The microscopic or so-called molecular conduction of heat in a 
fluid can be augmented by a macroscopic or eddy transport of 
heat; for instance, in the wake of an object or in the turbulent 
momentum boundary layer. Eddy-transport effects often pre- 
dominate over molecular conduction in ordinary fluids; but, in 
the case of liquid metals this transport has been found to be 
negligible in comparison to molecular conduction for flows charac- 
terized by small or moderate Peclet numbers. This might be il- 
lustrated in Fig. 1 from data compiled by Hoe, et al. (2). The in- 
crease in heat-transfer coefficient for air, as shown in curves B and 
C, at nearly 90 deg from the stagnation point and thereafter, is 
usually attributed to turbulence, the wake, and separation of the 
boundary layer from the cylindrical surface. In these regions 
eddy transport of heat is large. These increases are not apparent 
for the flow of mercury as shown in curve A. 


Authors Fluid PYD | Spacing 

Hoe Hg 1375 | Equilatero! 
DeBortoli etal | Air 130 | Equilatera! 
Winding& Cheney Air Isosceles 


Average coefficient of heat tronster 
h= Local coefficient of heat transfer 


40 


60 80 100 120 140 160 180 
Angle, Degrees 
Fig. 1 Local heat-transfer coefficients for flow over tubes in a tube 
bank showing the effect of Prandtl number (2) : ie 


The theory for calculating heat-transfer rates to an external 
flow of fluid with small Prandtl number is based on the following 
assumptions: 


Theory 


1 Thermal properties of the fluid are constant over the tem- 
perature range of interest. 

2 Velocity and temperature fields are steady and two dimen- 
sional. 

3 Eddy transport of heat is small in comparison to molecular 
conduction. 

4 The fluid has a low Prandtl number such that inviscid flow 
may be assumed without large error. 

5 The flow is incompressible and irrotational. 


The last assumption is partially fulfilled since liquid metals are in- 
compressible. In the absence of vorticity, the flow is irrotational. 
Vorticity diffuses into the fluid from boundaries due to friction or 
sharp changes in curvature of the surface over which the fluid is 
flowing. In general, it penetrates no further than the thickness of 
the boundary layer except in wakes; hence the flow can often be 
considered irrotational to a first or second approximation. 
The above assumptions reduce the energy equation to 


where the coefficients u and v are, in general, variable. The equa- 


tions expressing the law 8 ofe conserv ation of of momentum and mass 


can be replaced by 


an 
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ap n 
oz? oy? 
ox? oy? [7] 


te- 
wre 
where V and ® are the hydrodynamic stream and potential func- 


tions. The velocity components can be calculated from the re- 
lations 
ov of 
u= [Sa] 
Oy Or 
ov 
or oy 


Hence the problem reduces to solving Equations [6] and [7a] or 
[7] with appropriate boundary conditions. 

This solution is greatly aided by employing a transformation 
due to Boussinesq (1). If the independent variables x and y in 
Equation [6] are replaced by ¥(z, y) and @(z, y), then the equa- 


tion becomes 
2 
(2 + [9] 
oo og? oy? pe 
where the coefficient of the first term on the left-hand side is a 
constant. The original boundary conditions, which would pre- 
scribe the heat flux or temperature distribution along the bound- 
ary of the cylinder, would also be transformed. The transforma- 
tion collapses the cylinder to a flat plate and gives rise to a flow 
with constant velocity, as shown in Fig. 2, where the temperature 
distribution or heat flux is also specified in some manner over the 
flat plate. The transformed problem is one which occurs in cal- 
culating the temperature distribution during welding and in the 
theory of moving heat sources (9); hence rather general solutions 
can be obtained. If the heat flux is specified as ¢”(@) along the @ 
axis, then according to Aichi (10) 


(@—») 


~)-t = — 


Ko [x {(@ — n)? + [10] 


a 
2 


Potential Lines 


¥, 
| Streomlines 
Vv 
¥, “» 
Liquid 


> 
i 
b 
Heot fiux or temperoture _ 
“specified over surfoce 
from above 


Fig. 2 Co-ordinate systems for the analogous cases of two-dimen- 
sional flow about a cylinder and one-dimensional flow over a flat 
plate 
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If the temperature is specified as f(@) along the @ axis from yo to 
yi, and the @ axis is insulated elsewhere, then (10) 


| wines?" 
V ® 
2a 


If the rate of heat generation per unit volume of fluid is ¢'’'(@, W) 
and the heat flux is prescribed along the @-axis, then 


Vv 
57, 


= 


E — n)? + vi] dn 
2a 
Ko | — n)? + — | dndo 
te 2a 
2rk J 
Ko | — {(@ — + + dando. [12] 
2a 


as shown in the Appendix of this paper. These solutions are ap- 
plicable when the bounding surface for flow is removed from the 
region in which significant temperature differences from the up- 
stream value ¢; occur. 

The solutions above are inconvenient for numerical calcula- 
tions; hence some further approximations are desirable. Con- 
sider the case where heat generation is negligible. The term 
07/0? in Equation [9] represents the heat transfer by conduction 
in the direction of flow. It is often small in comparison to the 
heat transferred by convection in the same direction, and there- 
fore is neglected. The assumption is investigated later in this 
paper. Thus Equation [9] becomes 


Letting Y = 0 be the surface of the heated body, and @ = 0 the 
forward stagnation point, the boundary conditions can be given 


as @ 
tora’ =O) ¥=0, O<¢<@ 
= 0 v=0, 
t = 4; y=o, @=¢ [14] 


where ¢; corresponds to the rear stagnation point. Equations 
[13] and [14] are analogous to a one-dimensional transient heat- 
conduction problem. 


Solutions for Flat Plate 


The first cases that will be considered are concerned with cal- 
culating the local and over-all Nusselt numbers for flow of a fluid 
with low Prandtl number across a plate. For one dimensional 
flow, Equation [13] becomes 


7 


Heat generation in the fluid is assumed negligible. 

Constant Temperature. For the case of a flat plate having a 
constant surface temperature excess Qo, the solution for the sur- 
face-heat-flux distribution for one side is found from reference 


(11) to be 
( : ) | 
kOy 
Tar 


Vk\'? 
TL e 

Nwu. = 0.564 ( ) Npe, 

To obtain the over-all heat-transfer coefficient 


l L CVk Vk 
(° ) dr = 2 ) 
L Jo Wr 


Nwu. = 1.128N pe, 


q"(x) 


Therefore 


and 


Constant Flux. For the case in which the surface heat flux is 
constant, q"(x) = q”, for both sides of the plate the surface- 
temperature distribution ‘s found from reference (11) to be® 


2q” az ) 
O(z) = 
k 


) 
x 


This 


L\'/s 
Nyu. 2 = 0.886 ( ) Nev. 1” 


From simple considerations, it would be possible to consider a 

contact resistance between the fluid and plate in this example. 
Power Series Temperature Distribution. A generalized case in 

which the surface temperature for one side of the plate is repre- 


sented by a finite power series of the form ¥¢ 
I 
n 
L 


The heat flux from the surface of the plate can be represented 
by 


N 


O(z) = > A, 


n=0 


will now be considered. 


= go" + qn” 

where go” corresponds to the constant surface-temperature excess 
Ao, and q,,” corresponds to the temperature excess represented by 


= 


V 
qo” = kAo ( ) 


From the solution for the transient-heat-conduction problem 
where the wall temperature is a function of time and given by 


5 For the corresponding transient solution g” is based upon a unit 
length, however, for this case g” is based upon a unit area, and since 
there are two unit areas per unit length a factor of two may be in- 
corporated. 
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0,(7) = Ar*, the temperature field in the fluid for which the 
surface temperature is given by Equation [20] is 
N 


O(2, y) = >. T(n + 1)(42)" 


Correspondingly 
( 00 ) 
Oy J 


and letting 


T(n + 1) 


— 
1 
( 2 ) 
the heat-flux distribution will be 


= ay 


n #0 


x 
ee 
Sant, L 
Defining the over-all heat-transfer coefficient to be based upon 
Apo, the leading edge temperature, then 
h, = 
LA» » 


To find the total heat transfer from the plate 


L \ 
, 1 
= > ( 
J, n + 1/2 


Thus 
and 


Solutions for Circular Cylinders 


The final cases that will be considered are concerned with 
calculating the local and over-all Nusselt numbers for flow of a 
fluid with low Prandtl] number over a circular cylinder. The 
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equations for two-dimensional flow can be transformed to Kc Jqua- face are a, the same situs tion will arise in this case as pre viously. bd 
tion [13] Thus for a constant surface heat flux, g"(s) = q", the expression 
4 for the heat flux as a function of @ will be 
18 , ot 
Heat generation in the fluid is assumed negligible. — 
Constant Temperature. The case of a circular cylinder which and for a circular 
has a constant surface-temperature excess is analogous to the D . 
constant-temperature flat plate. Thus the heat-flux distribution = q" 
is given by Equation [16] in which z is replaced by @ 2¢/(2D — o)"* 
oO Ve \'/ The solution of Equation [13] for the case in which the surface 
peVk ® q 
_ = O heat flux is q"(@) is given in reference (11) as 


0 


Thus 


In this case, however, the heat-transfer coefficient is not based Old) = q’D ( a ) Pa du 

upon a unit area on the surface of the cylinder, but is based upon 2k \rV o luo — u(2D —- o + u)]'/* : 
a unit increment of the co-ordinate @ on the flat surface. Letting 
s represent the circumferential distance along the surface of the 
cylinder, the relationship that will exist between h(@) and the — 
local-heat-transfer coefficient hg based on a unit area of cylinder is 


) 


De nnn the integral by J(@), then 


D 


\. 
For the surface of a circular cylinder From reference (12) the solution of J ( D ) is found to be 


= D(1 — cos B) [25] 


= V2F(y) 
where 8 is the angle measured from the forward stagnation point _ D 


of the cylinder. Also 


where F(7) is a complete elliptic integral of the first kind, and 


Thus 


ds 
dd  29¢'/(2D — ¢)'” 


Therefore 


dp _ (pcVk 


Transforming this expression to a function of 8, utilizing Equa- 
tion [25] 


9 k (1 + cos To obtain the over-all heat-transfer coefficient without reference 
D a specified temperature difference the following definition is 


_ employed for use later 
and 
0 


hg = 


Nwu.g = 1.128N pe. p “(1 + cos [26] hp = 


To obtain the over-all heat-transfer coefficient 
and by Simpson’s rule for numerical integration ' 


1 4 2pceVk 1/2 
f = — ( =D ) 1.340 Noo, p”............- [30] 


Cosine Temperature Distribution. In certain cases of flow about 
; » : a heated cylinder the temperature excess on the surface of the 
[27] cylinder may be represented by 


and 


Constant Heat Flux. Since the heat flux is dependent upon sur- 0,.(8) = 9,, — 9, cos 8B 


and T 
r(8 
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To obtain the heat-transfer coefficients corresponding to this 
case, the temperature distribution will be transformed to a func- 
tion of ¢ by use of Equation [25]. Therefore 


= 8, —-98, + 9, 


_ The heat flux from the surface of the cylinder can be represented 
Consider the case in 


Power Series Temperature Distribution 
which the temperature distribution on the surface of the cylinder 


by 
=a" + — 


is represented by a finite power series of the form 


and g2” correspond to the constant surface temperatures 
N 


and and g;” corresponds to a surface temperature 0,¢/D. 
The solutions for q:” and q2” follow from Equation [16] and are 
@.(8) = A,(1 — cos B)" 
” n=0 


Transforming this expression to a function of @ 


| 


«Mi (5) 
0 
_ By analogy to Equation [21] for the flat plate 


= reference (11) the temperature field corresponding to the 
surface temperature 0,¢/D is 
peVk 


Therefore 
where G,, was previously defined as 


4 
oy D G 
] 
te The expression for q”(@) can now be written as 
@ 
| G, = 0.564 


| Vv ( 
=k — 8, + 20 
ay To obtain the local heat-transfer coefficient 


and correspondingly 

a 


D 
N 
Vik 
) (1 + cos > A,G,(1 — cos 8) 


= 
ons - 6, +0,— 
D n=0 


Transforming this expression to a function of 8 by the use of hg = N 
Equations [24] and [25] and letting — cos 
n=0 
and 


as» 


2N pe, p'/* (1 + cos 8)" A,G,(1 — cos 8)* 


n=0 


7\'/ 1 + o — 20 cos 
>> A,(1 cos 
n=0 


j The over-all heat-transfer coefficient will be defined as 


and 
Nwa.g = 1.128N pe, v'/? (1 + cos 


+ — 20 cos 


1 —ocosB 


Defining the over-all heat-transfer coefficient to be based upon g,, 


the temperature 9,,, then 


where — 

2kpeV D \'/2 QpcVk 
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Fig. 3 Local Nusselt numbers for the flat plate, circular cylinder, 
and elliptical cylinder with a constant surface temperature 
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Fig. 4 Local Nusselt numbers for the fiat plate, circular cylinder, 
and elliptical cylinder with a constant-surface-heat flux 


aty 


It should be noted that the foregoing methods of solution for 
the circular cylinder will apply to any cylinder of arbitrary cross 
section providing the stream and potential functions are known 
and incorporated in the solution. 

The variation of the local Nusselt number is shown in Figs. 3 
and 4 for the flat plate and circular cylinder for the conditions 
of constant surface temperature and constant surface-heat flux. 
The local Nusselt number is also shown for an ellipse from the re- 
sults given in reference (13). 
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The Effect of a Low Prandtl Number 


Pohlhausen (14) has obtained a solution of the local Nusselt 
number for laminar flow of a viscous fluid across a constant- 
temperature flat plate. This solution was obtained by solving 
simultaneously the continuity equation, the energy equation for 
which longitudinal conduction was neglected, and the Prandtl 
‘boundary-layer equation. This set of equations is 
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Fig. 5 Comparison of the inviscid theory with Pohlhausen’s solution 
for laminar flow across a constant-temperature flat plate 
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where values of a; were determined numerically by Pohlhausen for 
a Prandtl number range of 0.6 to 15.0. 

Both Equation [35] for laminar flow and Equation [17] for 
inviscid flow across a constant-temperature flat plate represent 
solutions of the energy equation, and the only difference between 
the two solutions is the velocity distribution. Thus a comparison 
of Equations [35] and [17] for the range of Prandtl numbers in- 
volving liquid metals would give an indication of the deviations 
that will occur when utilizing the assumption of inviscid irrota- 
tional flow for liquid-metal heat transfer. 

In order to obtain this comparison, numerical integration was 
required to determine values of a, for the Prandtl-number range 
of liquid metals, and these values are given in Table 1. 


Values of a, for use in Pohlhausen’s solution 


‘Table 1 


Pr a; 
0.077 
0.010 0.104 
0.015 0.125 
0.020 0.142 
0.025 0.157 
ley 0.030 0.169 
is 


Equation [17] may be written in terms of the local Peclet 
number as 


[36] 


and Fig. 5 shows the comparison of Equations [35] and [36] with 
respect to Prandtl number. It can be seen that the deviation of 
Nwu.z for inviscid flow, when compared to laminar flow, is ap- ; 
proximately 7 to 12 per cent within the Prandtl-number range 
for typical liquid metals. Further, the deviation of the inviscid 
local Nusselt number should be even less for the case of turbulent 
flow, since the velocity distribution for turbulent flow will more 
closely approach that of inviscid flow than for the laminar case. 

By a method similar to that of Pohlhausen, Squire (15) has ob- 
tained a solution for the local Nusselt number at the forward 
stagnation point of a constant-temperature circular cylinder, and 
this solution is 


where values of az were determined for a Prandtl number range of 
0.6 to 15.0. As in the previous case, Equation [37] for laminar 
flow, and Equation [26] for inviscid flow differ only in the velocity 
distribution, and a comparison of the two solutions would give an 
indication of the efficacy of the inviscid theory for two-dimensional 
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flow. Numerical integration was again required to obtain values is not neglected Equation [9] must be considered. The solution 
of a; and these values are given in Table 2. of this equation for various conditions is given in Equations [10], 
(11), and [12]. based on 110) wed the loc al 


Table 2 Values of a: for use in Squire’s iti 


0 054 Flat Plate. The first case that will be considered is one- 
0.010 “075 _ dimensional flow without heat generation across a flat plate for 
0.015 OL which the surface heat flux is constant. For this case Equation 


0 
0.030 
For the forward stagnation point of a circ ular cylinder Equa- Letting 


tion [26] becomes 
pmo = 1.595N pe. p 


and Fig. 6 shows the comparison of Equations [37] and [38] with 
respect to Prandtl number. It can be seen that the variation of 
the inviscid Nusselt number when compared to Squire’s solution Pu . 
is approximately 5 to 10 per cent for the Prandtl-number range of ce Ku) = J eK 
typical liquid metals. 


dz 


the local Nusselt number is found to be 


roy 
tinviscid Theory = 

Squire's Solution 

| | values of I(u) been Jaeger ( 
‘ A comparison of Equation [39] with Equation [19] for which 
Liquid Metals longitudinal prorat, is neglected is shown in Fig. 7 for an over- 
all Peclet number of 50. It can be seen that the only deviation 
| | that occurs between the two solutions is at the forward portion of 
| the plate, where the value of Nwu.; approaches infinity as z 
0.010 0020 0.030 approaches zero for the case in which longitudinal conduction is 
Prandt| Number, Np, neglected as compared to a finite value for the solution whie ch i in- 

cludes longitudinal conduction. 


‘Fig. 6 Comparison of the inviscid theory with Squire’s solution for 
flow about a constant-temperature circular cylinder 
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From the preceding analyses for the flat plate and circular = 1 = 
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cylinder it is seen that relatively small deviations of the local 
- Nusselt number occur between inviscid and viscous-flow theories 
when application is made to liquid metals. Thus for conditions 
in which either a laminar or turbulent boundary layer exists the 
approximation to irrotational inviscid flow would seem reasonable 
when dealing with liquid metals. However, for many cases of 
two-dimensional flow, conditions will prevail for which boundary- 
layer flow does not exist, namely in the region beyond the points 
of boundary-layer separation. Nevertheless, it is believed that 
within this region no extreme deviations from the inviscid theory 
will occur, since the primary effect of separation upon heat trans- 
fer will be the introduction of turbulent transport, and for liquid 
metals this is small compared to thermal conduction. Further, 
in an experimental investigation conducted by Hoe (2) for the 
flow of mercury through a bank of circular tubes it was found 
that no pronounced deviation occurred in the value of the local 
Nusselt number as the flow progressed along the surface of the 
tubes into the separated or wake region as shown in Fig. 1. Hence 
this would tend to substantiate the hypothesis that separation 
will have little effect on the inviscid-flow method of calculating 


the local Nusselt number. oes Fig. 7 The effect of longitudinal conduction at Np. 1. = 50 for flow 
across a flat plate with a constant-surface-heat flux 
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_ The Effect of Longitudinal Conduction ris 
In the solutions presented in the previous sections, conduction Circular Cylinder. The case of a circular cylinder having a con- 
in the direction of flow was neglected, and the convection problem stant surface heat flux will now be considered. The quantity 
reduced to solving Equation [13] subject to the appropriate "(@) for a circular cylinder having a = heat flux was 
boundary conditions. When conduction in the direction of flow previously determined as A aw. » ine 
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Employing this expression in Equation [10] the local Nusselt 
number is found to be 


for an over-all Peclet number of 50 were obtained on 
the Purdue University digital computer. 

A comparison of Equation [40] with Equation [29] for which 
longitudinal conduction is neglected is shown in Fig. 8 for an over- 
all Peclet number of 50. The only deviations between the two 
solutions occur at the stagnation points, the primary deviation 
being at the rear stagnation point where the approximate solution 
goes to zero. 

For both one and two-dimensional flow at a Peclet number of 50 
very little difference has been shown to occur by neglecting longi- 
tudinal conduction, and as the over-all Peclet number is in- 
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Fig. 8 The effect of longitudinal conduction at Np.» = 50 for flow 
about a circular cylinder with a constant-surface-heat flux 


creased, these differences will correspondingly decrease. There- 
fore since a Peclet number of 50 is a small value when considering 
actual heat-transfer problems, a reasonable conclusion would be 
that longitudinal conduction 1s negligible for the external one or 
two-dimensional flow of a liquid metal. 


Conclusions 
The conclusions that may be drawn from the present study are 
as follows: 


1 Longitudinal conduction may be neglected when consider- 
ing the external one or two-dimensional flow of a liquid metal. 

2 The inviscid theory would seem to apply very well for the 
case of liquid metals flowing at moderate velocities; however, at 
high velocities the fact that eddy conduction is neglected will 
probably cause the theory to give low results. 

3 The method of solution presented for the circular cylinder 
will also apply to any cylinder of arbitrary cross section by prop- 
erly incorporating the resulting stream and potential functions. 


‘ 
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APPENDIX— Solution of the Fourier-Poisson Equation with 
Heat Generation 
The energy equation, Equation [9], can be written as 


where \ = —1/2q@ and the subscripts denote first and second par- 
tial derivatives with respect to @ or Y. Assuming the heat flux is 
specified over the surface of the object, the boundary conditions 


can be written as aS 
to, ty = 0 
—kty = q"(¢) y—-0....... [42] 


It is observed that g” must go to zero for large positive and nega- 
tive values of @ according to the boundary conditions. Let 


t — t, =e p)........... 
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; 
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and 
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1 | 
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=(AV)*X+H 


Then Equation [41] becomes 
+ Xyy 
and the boundary conditions are 
X=0 
Xy = 0 
Xy = Q¢) 
A double Fourier transform is convenient for solving Equation 
[44]. Let 
1 oa 
Jo 


where ¢t is the square root of minus one. 
transforms to 


. [46] 


Then Equation [44] 


+ y? + = = — h(é, [47] 


where g(£) and h(é, y) are the transforms of Q(@) and H(@, yw). 
Solving for the transform of X we have 


Now, taking an inverse 
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The solution of the first integral on the right-hand side of Equation 
[49] is given in reference (17), page 8, and the second integral can 
be evaluated by the Faltung theorem; thus 


— 


— 
x(t, 


_ ME, 0) 
2 Jo (We 
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Finally, the complete inverse of 2(£, Y) can be obtained from the 
relation po 


Var 


By employing Equation [50] for z(¢, ¥) in Equation [51] and 
then employing the Faltung theorem, we find 


0 


—@ 


Then by employing the definition of X(¢, Y), shown in Equation 
[43], the final resfilt shown in the text as Equation [12] is ob- 
tained. 


(50) 


Solutions for the over-all Nusselt number, previously ob- 
tained by the authors for the flow of a fluid with a low 
Prandtl number about asingle cylinder, have been extended 
to include the case of flow through a bank of tubes. A con- 
ducting sheet analogy was used to determine the flow field 
through the tube banks, assuming inviscid irrotational 
flow, and solutions for the over-all Nusselt number were 
obtained for four basic tube-bank geometries. Various 
heat-flux and temperature distributions were considered 
for the surface of the tubes. 

A comparison of the analytical results with experimental 
results for mercury flowing through a staggered tube bank 
was made; the comparison showed a very good correlation 
between theory and experiment for moderate fluid veloci- 
ties. For high velocities the theory will give low results as 
could be expected from the assumption that eddy conduc- 


tion is negligible. 
heat capacity, Btu/lb deg F 


= over-all heat-transfer coefficient based on a mean 
value of local coefficients, Btu/hr sq ft deg F 

= over-all heat-transfer coefficient based upon a specified 

= surface heat flux, Btu/sq ft hr 

= temperature, deg F 

= free-stream temperature, deg F 

= rectangular Cartesian co-ordinates, ft 

= surface-temperature excess coefficient for power-series 
distribution, deg F 

=Tin+1/Tin + 

= over-all Nusselt number based on a mean value of 
local heat-transfer coefficients, hy D/k, dimensionless 


NOMENCLATURE 


The following nomenclature is used in the paper: 


surface temperature, Btu/hr sq ft deg F 
= thermal conductivity, Btu/hr ft deg F —_ 
= rate of heat flow per unit length, Btu/ft hr Dey 
= surface temperature, deg F 
= velocity components of fluid in z and y-directions, re- 

spectively, fph 
&/ 

ctor 

= a Fed) 
= diameter of cylinder, ft 
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for F low 


Nyu,, = over-all Nusselt number based upon a specified surface- 
temperature excess, h,D/k, dimensionless = 


Nee, p = over-all Peclet number, pcVD/k, dimensionless 
Np, = Prandtl number, dimensionless 
P = distance between tube centers in a tube bank, ft 
V = free-stream velocity, fph 
a = thermal diffusivity, ft?/hr 
8 = angle measured from forward stagnation point of 
cylinder, radians 
6 = surface-temperature excess, deg F 
p = density, lb/cu ft 
o = temperature ratio, 0,/0,,, for cosine temperature 
distribution, dimensionless 
u = absolute viscosity, lb/sec-ft 
6 = temperature excess above free-stream temperature, 
deg F 
T(y) = gamma function with argument y 


® = velocity potential 


= unit velocity potential 
= 
y = 


stream function 
unit stream function, V/V 

In a previous paper by the authors (1)* it was shown that for 
fluids with very low Prandtl number, such as liquid metals, irrota- 
tional inviscid flow could be assumed when considering a forced 
convective heat-transfer problem where the fluid flows ex- 
ternally over the surface of the heated or cooled object. This as- 
sumption was reached by considering the consequences of a low 
Prandtl number, and it was indicated that, as the Prandtl number 
of a fluid approaches zero, the temperature field in the fluid, and 
correspondingly the Nusselt number, will become independent of 
viscous effects. It was further shown that the Prandtl-number 
range of typical liquid metals is such that the inviscid-flow as- 
sumption is applicable. By employing this assumption, solutions 
for the local and over-all Nusselt numbers were obtained for one- 
dimensional flow across a flat plate and two-dimensional flow 
about a circular cylinder. For these cases various surface heat- 
flux and temperature distributions were considered. 

The purpose of this paper is to extend the solutions previously 
obtained for flow about a circular cylinder to include the case of 
flow through banks of tubes. The results reported herein are a 
first approximation based on an idealized system described later. 


INTRODUCTION 


Liquip-MetaL Heat TRANSFER 


A great number of investigations have been conducted concern- 
ing the transfer of heat to a liquid metal flowing within a tube or 
annuli, and a review of these investigations is given in reference 
(2). However, few investigations have been carried out concern- 
ing flow of liquid metals over objects such as tubes. 

The first experimental investigation dealing with the transfer 


* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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of heat to a liquid metal flowing outside of tubes, was conducted by 
Tidbali (3). Results were obtained for the shell-side heat-transfer 
coefficients for sodium-potassium eutectic flowing through a shell- 
and-tube type heat exchanger with half-moon baffles. Tidball 
found that his experimental results compared fairly well with the 
empirical equation of Donohue for the shell-side coefficients of 
fluids with higher Prandtl numbers. This equation is 

k 

where h,, is the heat-transfer coefficient, D is the tube diameter, 
D, is the equivalent diameter in inches of the shell side, and G, 
is the mass velocity based upon the minimum area between tubes. 
The lack of dimensional balance in this equation is due to its 
empirical origin. Lyon (4) has pointed out that Donohue’s 
equation should be used with caution when dealing with large 
liquid-metal heat exchangers, since Tidball’s results were ob- 
tained using a very small exchanger where the outside diameter of 
the tubes was '/, in. 

Experimental results for the local and over-all heat-transfer co- 
efficients for mercury flowing through a staggered tube bank have 
been obtained by Hoe (5). The experimental apparatus con- 
sisted of a bank of !/.-in. equilaterally spaced tubes with only one 
tube being heated at a time. Most of Hoe’s data were obtained 
for chrome-plated tubes under conditions of nonwetting; how- 
ever, a few experiments were made with copper tubes for which 
wetted conditions existed. 

In comparing the results for the copper and chrome-plated 
tubes, Hoe found that wetted conditions produced higher heat- 
transfer coefficients than for nonwetting, values for wetting being 
35 per cent higher at a Reynolds number of 50,000. No definite 
explanation can be presented for this difference between wetting 
and nonwetting. For ordinary fluids any resistance to heat flow 
occurring at the liquid-solid interface is usually masked by the 
high thermal resistance of the fluid. However, liquid metals have 
a much lower thermal resistance than ordinary fluids and it has 
been suggested by many investigators that when the liquid metal 
does not wet the surface of the solid an appreciable contact re- 
sistance may occur. It has further been suggested that this con- 
tact resistance is due either to an oxide film or an absorbed gas 
film on the surface. Contrary to these suggestions MacDonald 
and Quittenton (6) have shown that it is improbable any appre- 
ciable contact resistance will be produced by either oxide or ab- 
sorbed-gas surface films. Further, MacDonald and Quittenton 
suggested that the marked variations in heat-transfer results were 
not caused by wetting or nonwetting, but rather were the result 
of an increased resistance to heat flow throughout the fluid due to 
mechanical gas entrainment. However, this hypothesis would not 
explain the variations observed by Hoe unless a surface and bulk 
effect were apparent, since Hoe’s results for wetting and non- 
wetting presumably were obtained under the same conditions 
and the effect of gas entrainment may have been the same in either 
case. Therefore it would not seem that any definite conclusions 
can yet be drawn in regard to the so-called problem of wetting. 


ANALYSIS 


The method for calculating heat transfer to fluids with low 
Prandtl number flowing through tube banks is based upon the 
laws of conservation for mass, energy, and momentum. If these 
laws are expressed by means of partial differential equations it is 
apparent that the simultaneous solution of these equations is 
formidable in view of their order and nonlinearity. However, 
certain approximations have been made from time to time to 
simplify the integration and the results are in good agreement with 
experiments. Therefore in the results that follow, simplifying 
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assumptions will be made. According to reference (1), the " 


following assumptions are made: 


1 Steady, two-dimensional flow and heat transfer occur. 

2 The effect of eddy transport of heat is negligible in com- 
parison to conduction. 

3 The density, specific heat, and thermal conductivity of the 
fluid are constant. ' 

4 There is no contact resistance at the liquid-solid interface. 

5 Heat generation within the fluid can be neglected. 

6 The fluid has a sufficiently low Prandtl number such that 
irrotational inviscid flow may be assumed, 


The justification for the second and last assumption is as 
follows: The Prandtl number is the ratio of momentum to 
thermal diffusivity for a fluid. For most fluids with a low 
Prandtl number, liquid metals for example, it is found that the 
thermal conductivity is very high and eddy transport of heat is 
negligible for moderate fluid velocities. Thus when a fluid has a 
very low Prandtl number and eddy effects are not important, it 
will have a much greater ability to transfer heat than momentum. 
For the external flow of the fluid the thermal boundary-layer 
thickness therefore will be much greater than the momentum- 
layer thickness. Hence the effects of viscosity will be limited to a 
small portion of the temperature field near the surface, and its 
neglect, that is assuming inviscid flow, will not influence the 
thermal resistance greatly. This would not be the case for in- 
ternal flow, such as through a tube, because viscosity effects often 
are noted throughout the whole field. In tube banks, it is often 
found that a tube is situated in the wake of another and therefore 
the inviscid flow is rotational. However, assuming irrotational 
flow greatly simplifies analysis and the results thereby obtained 
agree well with experiment, as this paper will indicate. Hence, 
as a first approximation, this restriction does not appear critical. 

With the foregoing assumptions, the law of conservation of 


( 
Qa 


and the velocity components u and v can be calculated from the 


energy can be written as 
oy? 


equation 


=~ 


Ox? 


where ® is the velocity potential and 


Solutions to Equation [2] can be obtained by a number of 
graphical, numerical, analog, or analytical techniques. However, 
if any one of the first three techniques is used, and this often ap- 
pears most practical, some difficulty is experienced in obtaining 
accurate values for u and pv since a differentiation is required in 
Equation [3]. Further, once values of u and v are known, inte- 
gration of Equation [1] is difficult because they are variable and 
often only given in numerical form. Hence, Equation [1] is 
transformed by letting @ and W be the independent variables in- 
stead of z and y; this results in 


where the coefficients @ and V are constant. Physically, the 
transformation reduces the problem of calculating the tempera- 
ture distribution in a fluid with variable velocity to that for a 
fluid with constant velocity as shown in Fig. 1. The temperature 
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Fig. 1 
DIMENSIONAL 


or heat flux specified over the surface of the cylinder also is trans- 
formed to a specified flux or temperature over a flat plate. 

In reference (1), Equations [2| and [4] have been solved simul- 
taneously to give the temperature distribution in a fluid flowing 
over plates and single cylinders for various heat-flux and tempera- 
ture variations over the surface. The following results were ob- 
tained: 

For a constant-temperature cylindrical surface 


Nwu p= 


For a constant heat flux over the cylindrical surface 


= 1.340 (6) 

For a cosine temperature distribution 
l 
Nuust = 1.015 Nee D 1 + 3 [7] 


where the surface temperature is given as 


6(8) = — 8, cos B 


cath 
= q'/rD 
With a power-series temperature distribution 
N 2" 


Nwu t= 0.889 
420 n=O n 
2 


where the surface-temperature distribution is given as 


[3% n=0 

and 

Go = 0.564 

G, = rn (n +4) 
where 


h, = q'/mwDAo 
In obtaining these solutions it was assumed that there was no 
contact resistance at the liquid-solid interface. Thus it would 
seem from the previous discussion that the solutions would apply 
only for conditions of wetting. 
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In addition to the assumptions made in reference (1) regarding 
Equations [5] to [8], two additional assumptions will be made in 
order to extend these solutions to include the case of tube banks. 
These assumptions are: 

1 The hydrodynamic potential distribution on the surface of 
a cylinder located in a tube bank is 


[9] 


where < is the distance along the diameter of the cylinder meas- 
ured from the forward stagnation point and @¢, is the potential at 


the rear stagnation point. 


2 Interaction of the thermal boundary layers of the cylinders 
in a tube bank will be negligible. 


In other words the first assumption implies that the surface po- 
tential varies in the same manner for a cylinder located in a tube 
bank as for a cylinder located in a free stream, and only the mag- 
nitude of the potential at any point on the surface of the cylinders 
will differ. A further discussion of this assumption will be in- 
cluded later. The second assumption arises from the fact that 
when Equations [5] to [8] were derived it was assumed that the 
single cylinder was the only source of heat in the fluid. Obviously 
this condition does not exist in a tube bank. However, an ap- 
proximate analysis of the thermal boundary-layer thickness has 
indicated that the effects of thermal boundary-layer interaction 
will be negligible for normal conditions of flow through a tube 
bank. 

The method of solution for single cylinders will now apply to 
the present case of tube banks providing the total potential drop, 
2D, across « single cylinder is replaced by the actual potential drop 
¢:. To determine the over-all Nusselt number this reduces to 
multiplying Equations [5] to [8] by (@:/2D)’/*, as shown in the 
example found as an Appendix to this paper. By this method the 
following relations for tube banks have been obtained, where 
¢;/D is denoted by B. For a constant-temperature surface 

Nwu.p = [10] 
With constant heat flux over the surface 
(11) 


Nwu a = 


For a cosine surface-temperature distribution 


A power-series surface temperature distribution gives 


2" 

= 0.635(BN re, 

n=0 n + 2 


{13} 


In order to evaluate these expressions for any specified tube 
bank the value of B must be determined. A means of accomplish- 
ing this would be to determine the potential field either by solving 
Laplace’s equation for the specified tube bank, or by employing 
the method of sources and sinks generally used in hydrodynamics. 
However, for a bank of tubes either of these methods would be 
extremely complex. On the other hand, a very simple method of 
determining B would be through the use of a conducting-sheet 
analogy, and this method was employed to evaluate B for various 
tube-bank geometries and dimensions. A description of the con- 
ducting-sheet method is given in reference (7). 

For the determination of B four basic tube-bank geometries 
were considered, and these are shown in Fig. 2. In representing 
these geometries by the conducting-sheet analogy the tube banks 
were considered to be infinitely wide and seven rows deep (six 


| 


rows for bank 1). For banks 1 and 4 it was found that for all 
practical purposes the value of B was independent of tube location. 
However, for banks 2 and 3 deviations of B occurred for tubes 
in the first and last rows of the bank. Therefore for banks 2 and 
3 the evaluation of B was based upon tubes in the interior of the 
banks, and correction factors were determined for tubes in the 
first and last rows. 

Curves of B as a function of the ratio D/P, where P is the dis- 
tance between tube centers, are presented in Fig. 3 for the four- 
tube-bank geometries, and for banks 2 and 3 the previously men- 
tioned correction factor C is presented in Fig. 4. This correction 
factor is defined as the ratio of B for tubes in the front or rear row 
of the bank to the corresponding value for tubes in the interior of 
the bank. Thus when dealing with tubes in the front or rear 
rows of banks 2 and 3, the term B in Equations [10] to [13] should 
be replaced by CB. 

From the conducting-sheet analogy it was found that for most 
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cases the surface-potential distribution did not deviate greatly 
from the distribution represented by Equation [9]. Thus the 
foregoing assumption that the potential distribution could be 
represented by Equation [9] is substantiated. 

It should be noted that in Equations [10] to [13] the Peclet 
number is based on the average stream velocity over a cross sec- 
tion not containing tubes, and not the velocity between tubes as 
is often the case when dealing with tube banks. _ 


Comparison oF THEeory Wits ExpeRIMENT 


In this section a comparison of the analytical results obtained 
for tube banks will be made with the experimental results ob- 
tained by Hoe (5) for mercury under conditions of wetting. 

As previously mentioned, Hoe obtained local and over-all heat- 
transfer coefficients for mercury flowing through a staggered tube 
bank. This tube bank corresponds to bank 4 in Fig. 2 for which 
D/P = 0.727. Also, the bulk temperature of the mercury was 
100 F, and for this temperature the Prandtl number of mercury is 
0.023. 

Hoe’s surface-temperature measurements correspond very well 
to a cosine temperature distribution, and it is for this prescribed 
surface condition that the comparison will be made. The solution 
of the over-all Nusselt number for the case of a cosine temperature 
distribution was found to be 


1 


where the heat-transfer coefficient h, corresponding to Nwu,; was 


In order to present the experimental and analytical results on a 
comparable basis, Hoe’s over-all heat-transfer coefficients have 
been recalculated according to Equation [14], where the mean 
surface temperature 6,, was taken as the arithmetic mean of the 
nine surface-temperature readings. Further, from these values of 
h, the over-all Nusselt number Nwu, was obtained using a value 
of 5.3 Btu/hr ft deg F for the thermal conductivity of mercury 
at 100 F (4). 

From Hoe’s temperature measurements it was found that the 
temperature ratio ¢ used in Equation [12] could be represented 
by 

o = 0.10(Nre, 


and by the use of this relation Equation [12] has been com- 
pared in Fig. 5 with experimental values of 
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From Fig. 5 it can be seen that Equation [12] compares very 
well with the experimental results, a maximum deviation occur- 
ring at a Peclet number of 500 where the predicted values are 
approximately 16 per cent lower than the experimental values. 
From inspection of Fig. 5 it can be seen that larger deviations 
most likely would occur for values of Peclet number greater than 
500. This result is probably due to the assumption that turbu- 
lent eddy conduction is negligible when dealing with liquid 
metals; which is not a valid assumption for high velocities and 
correspondingly high Peclet numbers. 

Therefore the theory would seem to apply very well for mod- 
erate fluid velocities, whereas for high velocities the effect of eddy 
conduction will become apparent. Also, it can be seen from the 
experimental results that tube location has little effect upon the 
over-all Nusselt number, which substantiates the identical pre- 
diction for this tube geometry obtained by the flux-plot method. 

Equations [6] and [11] have been introduced to show the effects 
of circumferential conduction along a material which clads a 
uniform heat source and separates it from a liquid metal. For in- 
stance, in Hoe’s (5) experiment the clad was a '/;-in-OD copper 
tube with a 0.049-in-thick wall covering an electric heater. If 
conduction in the circumferential direction of the tube is neg- 
lected, then the heat flux to the fluid is constant. Utilizing the 
surface-temperature measurements of Hoe, we find in this case 


h / 
= hp(1 — 


where hp is given by Equation [11] If the surface-temperature 
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where h, is given by Equation [12]. Considering a Peclet num- 
ber of 250, we find that the former result is 10 per cent lower than 
the latter result for the heat flux. Hence, the effects of circum- 
ferential conduction in the cladding material can be important. 


CONCLUSIONS 


The conclusions which follow from this study are: 

1 The assumption of inviscid flow would seem to apply very 
well to the external flow of liquid metals for moderate fluid veloci- 
ties; however, at higher velocities the fact that eddy conduction 
is neglected will cause the theory to give low results. 

2 The solutions for the over-all Nusselt number obtained by 
the inviscid theory for flow about a single cylinder may be ex- 
tended to tube banks through the use of a conducting-sheet 
analogy to determine the flow field; however, further experimental 
verification seems desirable. 
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Appendix 
MetTHop or CALCULATING SHELL-Sip—e Heat-TransFerR Co- 
EFFICIENTS 
The transformed energy equation can be written as 
we 
y at ( 
It is shown in reference (1) that 0%/0@? can be neglected in com- 
parison to 0%/dy?; therefore, Equation [15] becomes 


If the surface temperature t) of the cylinder is constant, then the 
boundary conditions on the foregoing equations are 


«(OS OSS 
t=1; =+0, 


From the solution for the analogous transient heat-conduction 
problem (8) for Equations [16] and [17], we find that for each 


cylinder 
kpev\"/* 
Now 


where 0 and ¢, represent the values of the velocity potential at the 
forward and rear stagnation points. The factor of 2 has been in- 
troduced to consider both sides of the cylinder. Integration of 
Equation [19] gives 


kpeV ,, 
= 4B (22°) [20] 
Further Wes 
4 (pceVk\'”2 
and finally 
= 0.718 Nre.p' (* ) [22] 


Therefore if the potential drop across the cylinder @, is known, 
the solution for the Nusselt number can be obtained. 

For the case of constant surface temperature, the solution for 
the Nusselt number is independent of the potential distribution 
on the surface of the cylinder and depends only upon the total 
potential drop ¢; across the cylinder. For any other case than 
constant temperature, this will not necessarily be true; since 
both the heat flux and temperature distributions will be func- 
tions of the ¢ co-ordinate on the surface of the cylinder. If it is 


assumed that the surface potential varies in the same manner for 
a cylinder located in a tube bank as for a single cylinder and that 
only the magnitudes will differ, then Equations [11], [12], and 
[13] follow 
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Discussion 


és TreretueN.‘ The authors, in assumption 2, assume that 
“the effect of eddy transport of heat is negligible in comparison 
to conduction.” They restrict their use of this assumption to 
moderate fluid velocities, since it is known that the assumption 
is invalid at high turbulence levels. The writer wishes to com- 
ment on the validity of this assumption at moderate velocities. 

The Reynolds’ heat-momentum analogy, as used for many 
years, implies that eddies will convect equivalent amounts of 
heat and momentum; and that there is, in addition, a molecular 
diffusion of these two properties equal to the molecular dif- 
fusivity times the average space gradient of velocity or tempera- 
ture. This would mean that the ‘‘eddy”’ diffusivities, as usually 
defined, This does not 
appear to be the case experimentally, particularly for liquid 
metals. An hypothesis which appears to agree more closely 
with experimental data is that, in a region where both heat and 
momentum are convected by turbulence, the total diffusivities, 
not the “eddy”’ diffusivities, are equal. This alternate, and quite 
tentative, concept is commented on in more detail elsewhere.® 

The hypothesis that total diffusivities might be equal, in 
regions where turbulence is effective in diffusion, is approximately 
equivalent to the concept that if the Peclet number of an eddy 
is less than about 1.0 it convects no heat, whereas, if it is greater 
Similarly, in line with this 
concept, if the Reynolds number of an eddy is less than about 
1.0, it convects no momentum, whereas, if it is greater than about 
1.0, its molecular diffusion of momentum is zero. This is almost 
true for the easily calculated, highly simplified case where an 
eddy is represented as two discrete flows in opposite directions 
perpendicular to two separated parallel screens which are main- 
tained at fixed but different temperatures, or at fixed but dif- 
ferent velocities in their planes. 

The foregoing, if approximately valid, would support the 
authors’ assumption 2. It would suggest that, for a liquid 
metal with Pr = 0.02, the ratio of eddy to molecular diffusivity 
for momentum would have to reach a value of 50 before the 
conduction equation would become invalid for determining the 
temperature field. 


are equal for heat and momentum. 


than about 1.0, it conducts no heat. 


‘Harvard University, Cambridge, Mass. 

§ Discussion by L. Trefethen of paper, ‘‘Heat Transfer in Liquid 
Metals,’’ by P. S. Lykoudis and Y. 8. Touloukian, published in this 
issue, pp. 653-666. 
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An alternative conclusion, not relevant to the authors’ paper, 
is that a fluid layer might appear to be laminar by its velocity 
profile, turbulence when probed for instantaneous 
values. The foregoing hypothesis would suggest that the eddies 
in this ‘laminar’ layer would have Reynolds numbers below 1.0. 

A further conclusion is that, for fluids with Prandtl numbers 
greater than 1.0, the effective laminar layer for heat diffusion 
might be thinner than the laminar layer for momentum dif- 
fusion. A similar conclusion might hold for mass transfer if the 
Schmidt number is greater than 1.0. 

The foregoing is tentative, and demonstrably not exact. It 
is suggested mainly with the idea of questioning the definitions 
usually used for “eddy” diffusivities. With modified definitions, 
it may appear that there is more life yet in the old Reynolds’ 


analogy. 

The authors wish to express appreciation for the discussion 
given by Professor Trefethen. 

The equality of the eddy diffusivity of momentum and heat 
does not appear to be the case experimentally. However, we have 
some comments to make about the hypothesis that the total dif- 
fusivities are equal in a region where both heat and momentum 
are convected by turbulence: 
the hypothesis can be demonstrated to be inexact by referring 
to the transfer of momentum and heat in a free turbulent flow, 
such as in a jet, where the ratio of the total diffusivity of heat to 
Second, it would be interesting to 
see what the logical extension of this hypothesis would be at 
Prandtl numbers greater than those characteristic of liquid 
metals and where the relationship between the Nusselt, Reynolds, 
and Prandtl] number is considered. Finally, in a liquid metal we 
would expect velocity fluctuations very near the wall to be 
damped out more effectively on a molecular scale than tempera- 
ture fluctuations; since the thermal diffusivity is much greater 
than the kinematic viscosity. This consideration would appear 
to suggest the opposite of that expressed in the second to last 
paragraph of the discussion. 

The points Professor Trefethen raises are most interesting and 
his suggestion of questioning the simplified physical picture for 
eddy diffusivities is most weleome. 


yet show 


AvutTHors’ CLOSURE 


First, as Professor Trefethen states, 


momentum appears to be 2.8 


®° “Transport of Vorticity and Heat Through Fluids in Turbulent 
Motion,” by G. I. Taylor, Proceedings of the Royal Society, vol. 135, 
series A, 1932, p. 685. 
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Heat-Transfer Studies of Naval Boilers 


3 By L. COHEN! anv W. A. FRITZ, JR.,2 PHILADELPHIA, PA. 


During World War II the double-furnace superheat-control 
type boiler was the prevailing type used on combatant ships. It 
operated at a pressure of 575 psig and temperature of 850 F. 
These boilers presented two serious operational difficulties: 
Adaptation of relatively simple automatic control systems for 
double-furnace operation; and maintenance of sufficient steam 
flow through the superheater to coincide with firing rates in the 
superheater furnace. Because of these and other difficulties 
associated with size and weight requirements, postwar naval 
boilers were predominantly the single-furnace integral super- 
heater type. 

In single-furnace boilers all steam generated flows through 
and gases of combustion flow over the superheater. There are 
no positive means of superheat control such as dampers and at- 
temperators, but steam temperature at superheater outlet may 
be varied by changing combination of lighted-off burners, amount 
of excess air, or temperature of feed. These or other changes of 
a similar type generally have a small effect upon final steam tem- 
perature and additionally affect cycle and operating efficiencies. 
Therefore it is imperative that these integral superheater boilers 
be designed to provide a required superheat temperature. These 
temperatures should be constant over as wide a range of rate as 
possible. Boilers that range in pressure from 600 to 2000 psig 
and temperature from 800 to 1050 F have been tested. 


Reasons for a Gas-Temperature Profile 


Tue first single-furnace integral superheater boilers tested 
at the Naval Boiler and Turbine Laboratory after World 
War II were from 50 F high to 200 F low in superheat. 
Succeeding boilers tested have usually had either high or low 
temperatures, only a few having initially met requirements. 
Modifications have sometimes required installation of new 
superheaters. This is expensive and time consuming since con- 
struction of new boilers, and even their shipboard installation, 
generally takes place concurrently with Laboratory tests. Modi- 
fications of a less drastic nature have involved one or more of the 
following: 


a Removal of water screen tubes ahead of superheater. 

» Addition, removal, or rearrangement of gas baffling before 
and after superheater to change gas flow and its distribution. 

c Changing steam flow characteristics through superheater 
by installing orifices in certain tubes or bypassing some of the 
flow around certain tube passes. 


Other factors and problems, some directly and others re- 
motely related to the single-furnace design, arose. Superheaters 
were located nearer to the furnace, some with only two rows of 
screen tubes between them and the furnace. Relatively constant 
superheat temperature resulted since radiant and convection heat 


! Technical Specialist, Heat Power Division, Naval Boiler and 
Turbine Laboratory, Naval Base. 

?Head Engineer, Boiler Branch, Heat Power Division, Naval 
Boiler and Turbine Laboratory, Naval Base. 

Contributed by the Heat Transfer Division of THe AMERICAN 
Society oF MecHANICAL ENGINEERS and presented at the ASME- 
AIChE Conference, University Park, Pa., August 11-15, 1957. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, April 
23, 1957. Paper No. 57—HT-S8. 
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transfer to complemented each other. Steam 
pressures and temperatures and furnace heat release rates were 
increased. These changes necessitated the use of new and better 
materials for superheater tubes and their supports, gas baffles, 
drum and header protection plates, and soot blowers. 


superheater 


A continuing program in the Navy is reduction of size and 
weight of boilers per pound of steam produced. One method of 
accomplishing this is to decrease number of downcomer and riser 
This requires a close knowledge of heat absorption in 
furnace water wall areas to assure adequate circulation. Use of 
fuel oil with an increased amount of sulfur and vanadium has 
increased slag and corrosion problems. Resultant fireside de- 
posits are affected by both magnitude and distribution of com- 
bustion gas temperatures. 


tubes 


Description of Naval Boilers 


To evaluate these problems, the Naval Boiler and Turbine 
Laboratory undertook a program for obtaining gas-temperature 
profiles in boiler firesides and data necessary to conduct heat- 
transfer studies in naval boilers. The four boilers chosen for 
this program have been of the single-furnace design. They 
differed in operating pressures and temperatures and in certain 
design details, such as gas baffling and tube layout, but their 
general configuration, shown in Figs. 1 and 2, was as follows: 


a A furnace, oil fired from the front, with rear and side water 
walls and refractory front and floor. 

b Two to four rows of 2-in. water-screen tubes dividing fur- 
nace from superheater. 

ec A eavity in which was located the superheater consisting of 
1 to 1'/-in. horizontal U-tubes connecting to headers in rear of 
boiler. Entrance and exit of superheater cavity was baffled to 
direct gas flow over superheater to obtain desired steam tempera- 
ture and to protect tubes, supports, drums, and headers from ex- 
cessive temperatures. 

d A main evaporative bank consisting of from 20 to 25 rows 
of 1-in. tubes extending from the steam drum atop the boiler to 
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Fig. 1 Single-furnace boiler sectional elevation 
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Fig. 2 _ Single-furnace boiler plan view 


the water drum at the bottom. This bank, consisting of about 
1000 tubes, was broken by one or two cavities about 4 in. in width 
for location of soot blowers. 

e An extended surface economizer located in the uptake. 


Difficulties in Obtaining a Pyrometer 


The major problem to confront the Laboratory in obtaining a 
boiler gas-temperature profile was to obtain a satisfactory probe 
type pyrometer. The primary difficulty is one of space consid- 
eration. Many sections to be traversed in naval boilers permit 
use of a probe having a diameter no larger than 1 in. In ad- 
dition, the probe can be supported at only one end, yet must be 
suitable for horizontally traversing a distance of 9!/. feet without 
sagging. 

Other problems in pyrometer design are high temperatures 
(to 3000 F) and highly corrosive constituents of fuel oil, namely, 
vanadium and sulfur. Additionally, velocities and pressures of 
combustion in naval boilers are relatively low as compared to 
other applications for similar type probes. 

Two other requirements which are basic, but of paramount 
importance in any probe design, are accuracy of temperature 
indieation and reliability of performance. It was considered by 
the Laboratory that a probe should provide, at the very minimum, 
eight continuous hours of service without failure, with a goal of 
fifty hours of intermittent service. 


Description of Probes 


Probes used by the Boiler and Turbine Laboratory are 1 in. in 
diameter, water cooled, and designed to aspirate gases of com- 
bustion over the thermocouple hot junction at a velocity greater 
than that of the free gas stream. These probes, initially designed 
by the National Bureau of Standards, have undergone modifica- 
tion at the Laboratory as use has shown alterations to be neces- 
sary. The probe, as shown in Figs. 3 and 4, consists of the 
following: 

a A thermocouple (chromel-alumel or platinum-platinum 
10 per cent rhodium) insulated with a two-hole porcelain tube 
which is installed in a thin-walled Inconel tube or well welded 
shut at the end. 

b Three coaxial tubes, the inner one of !/:-in-OD stainless 
steel, houses the thermocouple and well and provides passage for 
aspirated gases. The intermediate tube of */,-in-OD stainless 
steel and the outer tube of 1-in-OD cold-rolled steel provide 
passages for flow of the cooling water. 

c A nozzle section or radiation shield at the .xtreme end of 
the probe in which is centered a thermocouple well. The nozzle 
has an outer cylinder and inner bell-shaped or venturi-type sec- 
tion in which is located the thermocouple hot junction. Gases of 
combustion are aspirated through both the bell-shaped 
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Fig. 3 High-velocity thermocouple probe 
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over the thermocouple well and, by way of eight holes, through 
an annular section between the outer cylinder and the venturi 
section. A nozzle of this type was required in lieu of a multiple- 
type radiation shield because of: zg 


1 Small size of openings in tube banks. 
2 Danger of breaking nozzles in these small openings. 
3. Very high gas temperatures involved. 


d_ A probe head which acts as a terminus or collecting point 
for thermocouple, well, and coaxial tubes, and provides connec- 
tions for cooling water and aspirated gases. 


Pyrometer Nozzle Sections 

The greatest difficulties with probe performance were at the 
nozzle. Originally made of Inconel, it was fabricated from two 
pieces, an outer cylinder and an inner venturi section. The 
venturi section melted after 12 minutes at 2800 F to four hours at 
2300 F. Although scaling occurred, satisfactory life was ob- 
tained at 2200 F. It was noted that additional failures occurred 
where the venturi section was welded to the outer cylinder. 
Nozzles made from graphite or molybdenum with a molybdenum- 
disilicide coating were also unsatisfactory. The nozzle presently 
in use was machined in one piece from 25 per cent Cr 20 per cent 
Ni steel which proved, during corrosion tests conducted in naval 
boilers, to possess as high or higher a resistance to combustion 
gases than any other readily available and machinable alloy. 
These nozzles are being used in regions having gas temperatures 
to 3100 F, but enough data have not been obtained to determine 
over-all nozzle life. At 3100 F, however, a service life of 7 hr has 
been obtained. 

Corrosion of the Inconel thermocouple well tips, which led to 
exposure of the measuring junction, was overcome by cutting off 
the well 12 inches from its hot end and replacing it with a ceramic 
tube of the same diameter. 

To obtain temperatures in the furnace and water screen, the 
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same type probe was used, but its nozzle consisted of a ceramic 
shield surrounding and extending beyond the thermocouple hot 
junction, Fig. 4. This pyrometer gave adequate performance 
wherever it did not come in contact with boiler tubes. The 
slightest jarring of the ceramic nozzle against tubes generally 
resulted in its failure. To prevent this, a stainless-steel outer 
sleeve was installed, but this alteration caused erroneous tem- 
perature indications. 
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Fig. 5 Typical pyrometer calibration 


Pyrometer Nozzle Tests 

The various nozzle types and the I-in-OD aspirating water- 
cooled pyrometer were tested while obtaining gas temperatures 
of operating boilers. One test was as follows: A control pyrom- 
eter was inserted in the boiler gas path close to the pyrometers 
under test. Although temperature as indicated by the control 
pyrometer differed from temperature indicated by test probes, 
the control probe indicated constancy of gas temperature during 
test evaluation. A probe having a multiple shield nozzle was 
tested first as it is regarded as the most accurate type. Other 
nozzles were then tested in succession. The nozzle with the inner 
venturi section and the one with the ceramic shield both indicated 
temperatures within 70 F of those indicated by the multiple type 
shield at a gas temperature of 2200 F. The ceramic shield with 
stainless-steel spool piece was far in error, ranging from 100 F to 
300 F degrees lower than temperatures indicated by the multiple 
shield. Using the venturi-section nozzle, tests made to compare 
the ceramic thermocouple well with the Inconel one showed 
that similar indications were obtained with both wells. 

Another pyrometer test conducted, using the venturi-section 
nozzle with the l-in. probe, was described by T. Land of Land 
Pyrometers, Ltd., Sheffield, England, in the July, 1956, issue of 
Instruments and Automation. The theory of this test is as fol- 
lows: “If the suction is suddenly turned off, the thermocouple 
cools off (or heats up) by radiation alone. The radiation shields 
insure that this is a slow process. If the suction is turned on 
again, the couple heats up (or cools off) chiefly by convection. 
If the pyrometer is accurate, the convection heat transfer will 
be much greater than the heat transfer by radiation. Therefore 
the temperature will reach equilibrium much more quickly when 
the suction is turned on, than it did when the suction was turned 
off.”’ 

Using this process, the corrections for the venturi-type nozzle 
were determined. The probe was inserted in the boiler gas path 
under steady temperature conditions, and aspirator turned off 
until indicated temperature became steady. The anphher was 
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then turned on again, and temperature returned to that originally 
recorded. Temperature was recorded on a strip-type chart as 
shown in Fig. 5. The correction to be applied to the indicated 
temperature was determined from following formulas 


& 
e=l1- ) 
D 


e = efficiency of pyrometer nA 

E = time required to complete nine tenths of temperature 
change after again turning on aspirator 

D = time required to complete nine tenths of temperature 
change after securing aspirator 


where 


l-—e 
C = —A 
e 


where 


= correction to be applied — 

e = efficiency of pyrometer 

At = difference between indicated temperature and tempera- 
ture after turning off aspirator 


~ 


Corrections obtained as a result of one of these type tests are 
shown in Fig. 6. Data obtained with a pyrometer in the furnace 
adjacent to the water screen indicated that accuracy of the pyrom- 
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Fig. 6 Pyrometer calibration curves for furnace exit temperatures 


eter was not only dependent upon temperature in the gas path, 
but also upon distance probe was inserted into furnace. In 
curve E, the hot junction was furthest from rear wall and there- 
fore ‘‘saw’’ more cool surface resulting in the largest corrections. 
In curve A, probe was inserted to within 1 foot of the rear wall 
and thermocouple only ‘pinpointed’? the cooler surface; cor- 
rections were consequently smallest of any obtained. This fact 
was not true when probes were tested in various tube bank nests, 
corrections there being approximately the same regardless of 
distance probes were inserted in gas path. 


Installation of Probes and Data Obtained 


A typical installation for obtaining gas-temperature profiles 
was that employed on test boiler for USS Saratoga (CVA60). 
Eighteen thermocouple probes were installed covering the gas 
path at all heights and at selected locations from furnace exit to 
generating bank exit as shown in Fig. 7. Temperatures were 
obtained with all probes simultaneously located at same gas path 
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Fig. 7 Single-furnace boiler sectional elevation showing probe loca- 
tions 


depth. At each probe location, data were obtained at '/¢, ?/¢, 
3/6, */s, and °/, depth. Exact locations of temperature probes 
were as follows: 

a Three at furnace exit adjacent to screen bank of tubes. 

6 Four at entrance to superheater. 

¢ Three in superheater cavity halfway through superheater. 

d Four at exit of superheater. Space for insertion of probes 
before and after superheater was obtained by removal of super- 
heater U-tubes. 
1/, of the way through generating bank in a 
cavity used for soot blowers. 

f Two in space immediately after generating bank. 


e Two about 


Other instrumentation, generally installed for Laboratory 
boiler tests, but also of use in heat transfer study, was used to 
determine the following: 


a Steam and fuel rates. 

b Gas temperatures before and after economizer. 

c Steam temperatures in superheater headers after first and 
second passes and at superheater outlet. 

d Steam pressures at steam drum and superheater outlet. 

e Temperatures and pressures throughout boiler air and gas 
paths. 

f Flue gas analysis for COs, CO, and On». 

Gas temperatures were obtained while operating the boilers at 
various steaming conditions from 20 to 120 per cent full power. 
Test runs were first made using burner settings and fuel oil 
atomizer settings determined to be optimum during testing of 
boiler for shipboard operation. These settings were maintained 
and data were obtained while varying the amount of excess air so 
that stack conditions were varied from clear to heavy trace. 
Other test runs were made to determine effect of various burner 
combinations upon temperature configurations and final steam 
temperature at the superheater outlet. 


Boiler Design Particulars 

Design particulars of boiler used for remaining discussions in 
this paper are as follows: 

Full power steam capacity = 261,450 lb/hr 

Final steam temperature = 950 F, + 50 F, — 0 at all rates 
from 45 to 100 per cent full power 


_ Oil burners = 7 wide range return flow type 
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Pressure at superheater outlet = 1200 psig 


15,440 sq ft 
6, 437 sq ft 
90 sq ft 
150 sq ft 
6,197 sq ft 
7,335 sq ft 
1,668 sq ft 
400 sq ft 
90 sq ft 
150 sq ft 
160 sq ft 
35 sq ft 

52 sq ft 


Total heating surfaces. . . 
Generating surface... . 
Rear wall 


Main bank 
Economizer surface 
Superheater surface 
Radiant heat absorbing surface 
Rear wall.... 


Depth = 9 ft 6 in. 
Volume = 910 cu ft 
Heat release rates at full power 
KB/sq ft RHAS/hr = 927 
KB/sq ft THS/br = 24 
KB/cu ft FV/hr = 408 
Distance between tubes 
Water screen = 1'/2 in. 
Superheater = '/2 to 3/, in. 
Main generating bank = in. 


a 


Furnace Exit Temperature and Heat Transfer ‘gd 


Of all temperatures obtained, those at the furnace exit are 
among the most valuable because of importance of furnace heat 
absorption in design of naval boilers. Heat absorption in the 
furnace is primarily by radiation to furnace waterwall and screen 
tubes with some convection heat transfer to latter. 

To determine furnace heat absorption it is necessary to know 
furnace exit temperatures. These can be caleulated by using 
formulas based on the Stefan-Boltzmann law which states that 
radiant heat absorption is proportional to difference between 
fourth powers of absolute temperatures of radiating and receiving 
bodies. Accurate calculation of gas temperature leaving furnace, 
however, is impossible because of many variables concerned. 
These include: Emissivity of surface, flame temperature, effec- 
tiveness of radiant heat absorbing surfaces, partial pressures of 
products of combustion, radiant beam length, heat content of 
fuel, and general over-all furnace configuration. Designers 
usually arrive at approximate furnace exit temperatures, but only 
by actual measurement may these be accurately determined. 

Fig. 8 shows results of a gas pyrometer traverse of the furnace 
exit during boiler operation at 120 per cent full-power steam rate. 
Temperature varied from 2300 F to 3200 F, demonstrating that a 
calculated temperature could differ considerably from highest 
temperatures. This high variation in temperature carries on 
throughout the gas path and is especially important when it 
comes to selection of materials for boiler construction. 
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Fig. 8 Temperature traverse of furnace exit. Boiler at overload 
(120 per cent of full power) conditions 
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GAS TEMPERATURE AT FURNACE 


2000 
4 
1800 + 


20 “« 60 BO 100 120 140 

BOILER FIRING RATE -PERCENT OF RATED LOAD 

Fig. 9 Effect of excess air and firing rate upon furnace exit gas 
temperature 


Fig. 9 shows effect of excess air upon furnace exit temperature 
at boiler firing rates from 20 to 120 per cent of full power. Tem- 
peratures are from 400 F to 800 F lower (dependent upon firing 
rate) when excess air is raised from 15 to 95 per cent. This 
provides some indication of necessity of maintaining minimum 
By “setting the stack for an efficiency 
haze’’ (which means to adjust air flow to oil flow so that smoke 


amount of excess air. 


at stack outlet is a faint brown haze) most naval boilers operate 
with 20 to 25 per cent excess air. 

Once furnace exit temperatures have been determined, furnace 
absorption can be obtained from the difference between heat 
released in furnace and heat leaving furnace. 
leased in furnace can be determined from the following formula 


The net heat re- 


pa 


Q, = + — W)C 


where 
Q, = net heat released, Btu/hr 
R = fuel rate, lbs/hr ¢ 
H, = lower heating value of fuel, Btu/lb i) 
W, = lbs of air/lb of fuel 7 
(, = temperature of air at burners, deg F 
fo = temperature of air at forced draft blower outlet, deg F 
Cpe = Specific heat of air, Btu/lb/deg F 


All of these factors can be obtained from measured test data. 
Using the furnace exit gas temperatures, heat in the gases 
leaving the furnace can be determined from the following formula 


Q. = R Wg hg 


where 


Q. = heat leaving furnace, Btu/hr 
R = fuel rate, lbs/hr 
Wg = |b of total products of combustion/Ib of fuel 
hg = sensible heat of total products of combustion at furnace 
exit temperature above air temperature at forced 
draft blower discharge, Btu/Ib of gas 


7 


Q=a- 


where Q = heat absorbed in the furnace in Btu/hr 
‘Fig. 10 shows effects of excess air upon furnace heat absorption 
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Fig. 10 Effect of excess air and firing rate upon heat absorption in 
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Fig. 11 Heat absorption in various boiler components 


Fur- 


at boiler firing rates from 20 to 120 per cent of full power. 
nace heat absorption decreased with firing rate, but even at maxi- 
mum boiler load under optimum operating conditions, the fur- 
nace absorbs 20 per cent of all heat available (refer to dashed 
curve, Fig. 10). At lower rates heat absorbed in furnace accounts 
for over 35 per cent of total available. 

Increases in excess air considerably lower furnace heat ab- 
sorption rates. Additional air reduces the adiabatic temperature 
and, in accordance with the Stefan-Boltzmann law, lowers furnace 
temperatures and absorption. 

The importance of heat absorption in furnace can be illustrated 
by Fig. 11 which shows heat absorption in all boiler sections. 
To 78 per cent of full boiler load, heat absorbed in furnace is 
greater than that in any other single boiler section. 


Superheater Gas Temperature and Heat Transfer 
Design of superheaters is both important and difficult—diffi- 


cult because desired temperature must be designed into super- 
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heater without aid of positive controls during operation—im- 
portant because attaining of desired steam temperature is neces- 
sary to meet steam plant requirements. Considerable savings in 
weight and space can be realized by accurate design of super- 
heaters. 

An example of need for more information as to phenomena 
occurring in the gas path of superheaters is a recent Laboratory 
occurrence. Because of severe wear of superheater tube supports, 
85 per cent of the height of one of the support tiers was com- 
pletely encased in refractory so as to lengthen support life. The 
refractory pier was 6 in. wide and covered little more than 2 
per cent of the superheater surface. Calculations indicated re- 
sultant temperature of steam leaving superheater would not 
change more than 2 F because decreased surface area would al- 
most be counterbalanced by increased heat transfer in smaller 
flow area available. Actual boiler operation revealed, however, a 
final steam temperature drop varying from 20 to 40 F, depending 
upon boiler rate. With removal of refractory, steam tempera- 
tures returned to normal. Apparently, the refractory pier had 
changed the gas-temperature profile to an extent where theory 
alone was not sufficient to predict steam temperatures. 

In the latest type boilers, having three rows of screen tubes, it is 
exceedingly important to know furnace exit temperatures in order 
to design the superheater. While superheaters in these types 
of boilers are basically of convection type, their proximity to the 
furnace results in sufficient radiant heat transfer to complement 
convection heat transfer. 

Calculations made from gas temperatures obtained during heat- 
transfer studies of the Saratoga test boiler revealed that heat ab- 
sorption in the superheater decreased as excess air was increased, 
as shown in Fig. 12. Generally in convection-type superheaters 


24 
| 15% EXCESS AIR 


55% EXCESS AIR 


35% EXCESS AIR 


$ 
5 


x 
= 
Qa 
” 
z 
fo} 
” 
a 
< 
= 


| 
° 20 60 80 120 140 
BOILER FIRING > nave — PERCENT OF RATED LOAD 


Fig. 12 Effect of excess air and firing rate upon heat absorption 
in superheater 


increased excess air results in increased heat absorption, since in- 
crease in weight of products of combustion flowing over the 
superheater more than compensates for lower gas temperatures. 
In the type boiler discussed, where superheater is affected by 
radiant heat transfer from furnace, lower gas temperatures re- 
sulting from more excess air have a greater effect than does in- 
creased heat by convection, resulting in reduced heat absorption 
and lower steam temperatures. 

Gas temperatures at superheater inlet, in cavity, and at outlet 
were measured as previously discussed. Fig. 13 indicates a gas- 
temperature profile obtained across the superheater midway 
through the gas path during a 120 per cent full power test. These 
were the highest temperatures obtained during any test and show 
that gas temperatures as high as 2900 F were measured at super- 
heater inlet. This temperature is considerably in excess of that 
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Fig. 13 Gas-temperature profile in superheater midway through gas 
path. Boiler at overload (120 per cent of full power) conditions. 


anticipated and illustrates need for intensifying search for higher 
temperature materials for superheater tubes and supports. 

Gas temperatures before the superheater were highest at the 
top in the vicinity of first steam pass, while those at exit were 
higher at the bottom in second and third passes. Apparently a 
gap or lane between the second and third passes caused by junc- 
tion of intermediate and outlet superheater headers on exit side 
of the superheater was acting as an orifice and drawing an in- 
creased flow of gas. (The lane between first and second passes on 
entrance side of superheater had previously been bricked up be- 
cause of excessive tube temperatures in that region.) Heat 
absorption in the first pass was 20 per cent higher than in the other 
two, as is indicated by Fig. 14, although its surface area was only 
14 per cent more. 
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Fig. 14 Heat absorption in superheater passes 


Steam temperatures were measured in superheater headers to 
obtain temperatures at entrance and exit of each pass. Heat 
absorption in each pass of superheater could then be measured by 
either of two methods as follows 


Q = —h 


= heat absorbed, Btu/hr 
steam flow, lbs/hr 
enthalpy of steam at pass inlet, Btu/lb 
enthalpy of steam at pass outlet, Btu/lb 


Q = Whig — Nog) 
gas flow, lbs/hr 


enthalpy of gas at pass inlet, Btu/Ib yr tam, om 
enthalpy of gas at pass outlet, Btu/lb ‘ 
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From this information, the over-all heat-transfer coefficients 
were calculated for each pass of the superheater using the follow- 
ing formula 


SAT ma 


where 
U = over-all heat transfer coefficient, Btu/hr sq ft deg F 
S = heating surface, sq ft 
AT ma = mean temperature difference causing heat transfer, 


deg F 


Because the first and third passes of the superheater had parallel 
flow of gas and steam their mean temperature differences were 
calculated as follows 

(Ts — Ts) — (72 — 
(T, — Ts) 
(T: — Ts) 


AT mtd = 


lo 


where 
T, = gas temperature before pass, deg F 
T: = gas temperature after pass, deg F 
T; = steam temperature at entrance of pass, deg F 
T, = steam temperature at exit of pass, deg F 


The second pass had counterflow of gas and steam and formula 
for mean temperature difference was as follows (with all symbols 
as defined above for parallel flow) 


(Ty Ts) = (Ts 7s) 
Ts) 
GT, — T,) 


AT 


Fig. 15 is a plot of over-all heat-transfer coefficients for each 
superheater pass. As expected, coefficients for third pass were 
highest because this is where highest temperature steam is flowing. 
This further illustrates why parallel flow of products of combus- 
tion and steam in the last pass is preferred because counterflow 
would result in even higher heat-transfer rates, possibly resulting 
in excessive tube temperatures. 

The greater percentage of heat absorbed in the first pass be- 
cause of the higher entering gas temperatures resulted in heat- 
transfer coefficients exceeding those of second pass. 

d 


OVERALL COEFFICIENT OF HEAT TRANSFER-8TU/HR. SQ. 


° 20 40 60 
BOILER FIRING RATE — PERCENT OF RATED LOAD 


Fig. 15 Effect of firing rate upon over-all heat-transfer coefficients 
for various superheater passes 


689 


Main Evaporative Bank Gas Temperatures and Heat Transfer 


Generating tube banks are relatively simple to design. A\l- 
most all heat transfer in the main bank is by convection with 7 
some radiation due to intertube reaction and small soot blower 
cavity. Accurate gas-temperature information is important to 
determine number of tube rows required. As number of tube 
rows increases, stack temperature and losses decrease, but an 
excessive number of tubes would result in too large a steam drum. 
Additionally, a knowledge of gas temperatures in main tube 
bank cavity will help in selection of materials for soot blowers 
located there. 

As shown in Figs. 16 and 17, heat absorption and coefficients 
of heat transfer increase as excess air is raised. Greater gas mass 
flow more than counterbalances lower temperature of products : 
of combustion, particularly since most heat transfer in this tube 
bank is by convection. 

Over-all heat-transfer coefficients for main bank of tubes was 
calculated utilizing a mean temperature difference determined 
by the following formula 


HEAT ABSORBED IN GENERATING BANK-% TOTAL HEAT ABSORBED 
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Fig. 16 Effect of firing rate and excess air upon heat absorption in 
main bank generating tubes 
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Fig. 17 Effect of firing rate and excess air upon over-all heat-transfer 
coefficients for main bank generating tubes ; 
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| AT mt = mean temperature difference, deg F 
; T, = temperature of gas entering main bank, deg F 
T; = temperature of gas leaving main bank, deg F 
T, = temperature of boiler water, deg F 


where 


It should be noted that a considerable drop in gas temperature 
is experienced between exit of main generating tube bank and 
economizer inlet. Fig. 18 shows that this drop is upward of 
150 F for 120 per cent of full power condition. This loss is due to 
radiation to surrounding casing and refractory. 


Fig. 18 Gas-temperature profile midway through gas path (main 
bank exit and economizer inlet). Boiler at overload (120 per cent of 
full power) conditions 


Effect of Changing Burners ; 


A number of tests were made at approximately 45 per cent full 
power varying burner combinations. As illustrated in Fig. 19, 
using burners further away from tube tank banks will in- 
crease furnace heat absorption and decrease absorption in the 
superheater, thereby reducing temperature of steam leaving super- 
heater. This emphasizes importance of burner combination for 
nonsuperheat control boilers. 


Summary of Gas Temperatures 


A summary of the gas temperature obtained at all rates with 
the boiler at optimum operating temperatures is presented in 
Fig. 20. Average temperature at the furnace exit, and at en- 
trance and exit of the screen, superheater, main bank, and 
economizer are shown. 


Conclusions 

The studies described in this paper are continuing. Results are 
of special interest to the manufacturer and designers of naval 
boilers and data from the tests are available to them. Although 
these gas temperatures and heat-transfer studies are relatively 
new for naval installations they are already showing their value in: 

a_ Improved types of superheater tube supports and materials. 

b Closer approach to desired superheater steam temperatures. 

c More constant steam temperature at the superheater outlet 
over a wider range of rates. 

d Improved types of gas baffling at superheater and drums. 

Another result of tests conducted to date has been the de- 
velopment and refinement of a gas pyrometer and radiation shield 
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TEMPERATURE OF STEAM LEAVING SUPERHEATER - °F = 
890 945 940 
Fig. 19 Effect of burner combination upon heat absorption in 
furnace (boiler at 45 per cent of full power rate) 


Gas 


GENERATING TUBES- 
MAIN BANK 


EXHAUST | | 


20 4 60 60 100 120 140 
BOILER FIRING RATE- PERCENT OF RATED LOAD = 


Fig. 20 Effect of firing rate on average temperatures in gas path 


which provides satisfactory service for the highly specialized 
requirements of marine boiler application. 


Discussion 

E. A. Catlin. The authors undertook a difficult task when 
they set out to determine true gas-temperature values and their 
distribution throughout a naval boiler. 

In order for the actual gas temperatures encountered in an 
operating boiler to be of value to the design engineer, they must 
be reduced to averages and related to the cooling surface installed 
in the various parts of the boiler. This can be difficult to ac- 
complish since high liberation rates in small furnaces apparently 
result in combustion taking place up to the superheater or perhaps 
into it. This is indicated by the areas encompassed by the 3000 
to 3200 F isotherms in Fig. 8. 

At the furnace exit and behind the screen it is surely a most 


. difficult task to differentiate between flame and gas temperatures. 


Adiabatic temperatures for 20 per cent excess air would be 
approximately 3500 F based on a homogeneous mixture of air and 
fuel. Obviously some areas seem to be approaching this adia- 
batic temperature. Gas-analysis traverses, utilizing the HVT 
probes as sampling connections, would establish whether or not 
combustion was complete. For the data to be of most value in 
establishing useful heat-transfer coefficients, weighted average 
gas temperatures should Stauschiebe pitot- 
tube traverses indicating gas velocities and directions seem neces- 
sary and should be employed wherever space permits. Use of 


be developed. 


3 Assistant Head, Marine Design Section, The Babcock & Wilcox 
Company, New York, N. Y. 
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this information would eliminate the difficult task the authors 
have undertaken in preparing and interpreting plots of isotherms 
and gas-temperature profiles. 

The many factors bearing on superheater design are generally 
well known and it is not necessary to take time to restate them. 
However, tube-metal-temperature calculations do 
deserve mention. In establishing these temperatures, the design 
engineer makes reasonable assumptions based 
ence of gas and steam-flow unbalance factors, as well as upset 
gas temperatures, 

It is gratifying to know that maximum gas temperatures 
noted in the superheater zone are in very close agreement with 
those used in establishing superheater-metal temperatures. 

At the present time, in so far as is possible, superheaters should 
be designed to limit the tube-metal temperature at any partic- 
ular location to a maximum of 1150 F. The reason for this is 
that with superheaters designed for metal temperatures above 
1150 F we cannot assure long life when firing the residual fuel 
oils being supplied today. Superheater tubes operating at 
1150 F may suffer severe corrosion from 
vanadium pentoxide and alkali sulfates. 

The Navy has been extremely fortunate that, in spite of the 
higher duty imposed on its superheaters, excessive corrosion 
has not been encountered. No doubt this is due in part to the 
fact that the Navy is able to obtain a higher quality of fuel oil 
than is generally available for the merchant marine. 

The conclusion associated with Fig. 18 that a drop in gas 
temperature of 150 deg can exist between the bank exit and the 
due to radiation to surrounding casing and 
refractory cannot be substantiated. Were this statement true, 
it would appear that the heat of nearly four per cent of the fuel 
supplied is being lost through the casing in this region. 

Obviously this is impossible. There can be little doubt that 
at the economizer inlet were 
affected seriously by the cold surface of the economizer elements. 
Had these temperatures been measured by HVT probes similar 
to those used at the bank, altogether different results should have 
been noted. 

Incidentally, rough calculations indicate that, considering the 
weight of gas flowing at the boiler overload rate and the tempera- 
tures indicated by the HVT probes leaving the bank, not more 
than a 10 deg decrease in gas temperature could be anticipated 
due to cavity radiation to cold surfaces and casings. The cor- 
rection from bare thermocouple to HVT readings for these tem- 
perature ranges amounts to approximately 75 deg. This leaves 
a drop in gas temperature of 65 F unaccounted for, but possibly 
this is the natural result of insufficient probe positions in this 
area and a complete lack of mass velocity-flow data. 

It is hoped that tests of this type will continue and that through 
their results correlations with calculation procedures can be 
obtained which will assist in the design of better and even more 


accurate 


on past experi- 


temperatures above 


economizer inlet 


the bare thermocouples located 


reliable equipment 


M. A. Santalo.‘ The authors are to be congratulated for a 
clear presentation on the instrumentation and results of tests 
seldom found in the literature. The data are welcomed to further 
attempts to understand the complicated phenomena of heat 
transfer in a steam generator, particularly in the furnace. 
In this respect the writer wonders if the authors have attempted 
to correlate their results with the available furnace-design meth- 
ods. 

Reading the comments on the over-all heat-transfer coefficients 
for the superheater it would appear that both gas and steam- 
flow passages were identical for each of the passes. If this is the 


* Assistant Professor of Mechanical Engineering, Massachusetts 
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ease the higher gas temperatures would account for the higher 
heat-transfer coefficients in the first pass, but radiation also 
might help if the tubes were seen by the furnace gases. 

When comprehensive equipment tests, such as those presented 
in this paper are reported, one is craving for more results. In 
this respect it is wondered if thermocouples were installed on the 
wall to localize hot spots, particularly in connection 
with the tests indicated in Fig. 19 of the paper? 


furnace 


Authors’ Closure 


The comments by Mr. Catlin and Professor Santalo are greatly 
appreciated. 

It should be noted that, although the heat-transfer data ob- 
tained during these studies were the most comprehensive to date 
on marine boilers, future studies planned will be even more ex- 
haustive. It is the intention to utilize Stauschiebe pitot tubes in 
future tests which should yield 
idiosyncrasies of the gas path of a naval boiler. 

Studies are presently being conducted analyzing and corre- 
lating gas and steam maldistribution patterns and resulting gas, 
metal, and steam temperatures in the superheater. Keeping be- 
low the maximum allowable metal temperature of 1150 F has been 
a problem in superheaters with a resultant steam temperature of 
850 F as well as those with 950 F final steam temperatures because 
of severe gas and steam-flow unbalance. Metal temperatures in 
the third (or outlet) pass of the superheater in the boiler discussed 
in this paper ranged between 1100 and 1200 F at full power and 
overload firing rate. Fig. 13 indicates that a gas temperature of 
2625 F was measured at the entrance to the generating bank side 
of the third pass. In this area where a steam temperature of 
920 F was measured, a metal temperature of 1130 F was recorded. 
Metal temperatures of tubes higher up in the third pass were as 
high as 1200 F. 

Gas temperatures at the economizer inlet of several boilers to be 
tested will be measured by HVT probes as well as bare thermo- 
couples in order to substantiate or disprove the information 
shown in Fig. 18 that there is a considerable drop in gas tempera- 
ture between main bank exit and economizer inlet. It is be- 
lieved possible that more than a 10-deg drop in temperature, as 
suggested by Mr. Catlin, can result because of some peculiarities 
in the radiant heat transfer in this area. 

Some work has been done in correlating results presented in this 
paper with anticipated values arrived at by utilization of con- 
ventional boiler design methods. In general it appears that gas 
temperatures measured during these studies were higher than had 
been expected by the boiler designers. Maximum values ob- 
tained at various points were considerably higher than antici- 
pated resulting in average temperatures (through any plane) ex- 
_— results obtained from using boiler design theory. 
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Thermocouples were installed on the furnace wall of the boiler 
discussed in the paper at various points about the burners to 
localize hot spots. Fig. 21 indicates temperatures measured at 
several of these locations during firing of various burner com- 
binations. As indicated (and expected) burner combination 
utilized does affect location of hot spots on burner front wall. 

We appreciate Professor Santalo’s “craving for more results.”’ 


Considerably more data were obtained than are presented in this 
paper. Time has not allowed the analysis of all the information 
available. It is hoped that this can be done in the near future 


and the results made available to those who desire them. 

It would appear that much is yet to be learned about the gas 
flow pattern of marine boilers and that design methods can be 
improved particularly for high pressure-high temperature units. 
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“xperimental Velocity and Temperature 


Profiles for Air in Turbulent Pipe Flow 


By C. A. SLEICHER, JR.,2 EMERYVILLE, CALIF. 


It is often necessary to calculate the rate of heat transfer to 
fluids in situations for which no heat-transfer data exist. In 
many such cases, the rate of heat transfer can be calculated from 
known velocity distribution provided that the ratio of eddy dif- 
fusivity for heat to that for momentum is known. This paper 
describes an experiment in which the ratio was calculated from 
measured velocity and temperature profiles of air in fully 
developed fiow in a pipe at uniform wall temperature. The ratio 
was found to vary with Reynolds number and position, and in all 
cases was above the value of unity used by many authors. The 
ratio approached a constant of about 1.4 very near the pipe wall. 


Nomenclature bea vl 


constant in Equation [6] 7 
specific heat at constant pressure, Btu/Ib deg F > ? 
pipe diameter, ft 
Moody friction factor 
conversion factor, 32.2 lbw ft/lbr sec? 
= local heat-transfer coefficient, gD/k(t, 
sq ft deg F 
thermal conductivity, Btu/hr ft deg F 
constant in Equation [11] 
= local Nusselt number, hD/k 
= Peclet number, RePr 
Prandtl number, C,u/k 
heat flux, Btu/hr sq ft 
radial distance, ft 
pipe radius, ft 
Reynolds number, Duavgp/u 
= eigenfunction appearing in solution of Equation [5] 
total temperature, deg F 
mixed mean temperature, deg F 


in English units 
tim), Btu/hr 


inlet temperature, deg F 
wall temperature, deg F 
mean velocity at a point, ft/sec 

average bulk velocity in pipe, ft/sec 

maximum (center) velocity in pipe, ft/sec 

= dimensionless velocity, u/(g.70/p)'’* 

friction velocity, (g.To/p)'/* 

axial distance, ft 

2r/PeD 

ro — r, distance from wall, ft 

dimensionless distance from wall, y(g,70/p)' 4) 

€,/€, ratio of eddy diffusivities 

€n eddy diffusivity for heat, sq ft/sec 

e = eddy diffusivity for momentum, sq ft/sec 

1 Investigation conducted at the University of Michigan, Depart- 
ment of Chemical and Metallurgical Engineering. 

2 Shell Development Company. 

Contributed by the Heat Transfer Division of THe AmMerRicAN Soct- 
ETY OF MECHANICAL ENGINEERS and presented at the ASME-AIChE 
Heat Transfer Conference, University Park, Pa., August 11-15, 1957. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, _ 23, 
1957. Paper No. 57—HT-9. 


= dimensionless temperature, (¢ — t,,)/(to — t,,) 
eigenvalue appearing in solution to Equation [5| 
kinematic viscosity, sq ft/sec 
viscosity, lb/ft sec 
density, lbu/cu ft 
shear stress, lbr/sq ft 

= shear stress at the pipe wall 


Introduction 


The viscosity of a fluid may be defined as the ratio of the shear 
stress at any point to the velocity gradient at that point when the 
fluid is in laminar motion. That is 


Turbulent flow is characterized by random fluctuations in 
velocity superimposed on the mean flow. These fluctuations re- 
sult in an increase in the shear stress over that for laminar flow 
with the same gradient of mean velocity. For any particular 
flow geometry, the shear stress in turbulence can often be repre- 
sented by an equation similar to [1] 


oy 

This equation may be regarded as the defining equation of e. 
Similar equations may be applied to the transfer of heat. In 
turbulent flow, the following equation is sometimes used to define 
€x, the eddy diffusivity for heat 


k ot k e\ of 


The ratio of the two eddy diffusivities, a = €,/€, is not only of 
theoretical interest but is also needed for many calculations. For 
example, the supposition that @ is unity has been used by Berry 
(1),? Deissler (2, 3, 4), Latzko (5), Levy (6), Lyon (7), Martinelli 
(8), and Seban and Shimazaki (9), among others. On this basis, 
these authors calculated temperature distribution in a flowing 
fluid from the known velocity distribution. 

Osborne Reynolds (10) was the first to suggest that a = 1, a 
statement of the idea that heat and momentum are transferred by 
exactly the same mechanism. Others, notably Prandtl (11), have 
advanced mechanistic ideas of turbulence, which though ad- 
mittedly unrealistic, have at least stimulated thought and ex- 
periment on the subject. Prandtl’s theory is analogous to the 
kinetic theory of gases. He postulated the existence of turbulent 
eddies which maintained their identity as they traveled from one 
layer of fluid to another of different velocity or temperature. The 
eddies retained the mean velocity and temperature of the original 
layer during their flight and dissipated them into the second layer 
when they arrived there. The limitations of the theory have often 
been discussed in the literature, a recent and lucid example being 
the note by Stewart (12). 

Jenkins (13) proposed a modification of Prandtl’s mixing-length 
theory in which it is supposed that an eddy can lose some of its 
momentum or heat during the time of its travel over the mixing 
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length. This analysis leads to a dependency of @ upon physical 
properties and intensity of turbulence, which is not the case with 
Prandtl’s original theory. Jenkins’ theory predicts that @ will 
approach unity as turbulence increases, a trend that is clearly in- 
dicated by the experimental work of Isakoff and Drew (14), 
Corcoran, et al. (15), Brown, et al. (16), Seban and Shimazaki 
(17), and the present study. It is contradicted, however, by the 
data of Ludwieg (18). The theory also predicts that a will de- 
crease with decreasing Prandtl! number, and this trend is indicated 
by a comparison of the results of Isakoff and Drew or Brown, et al., 
for mercury with the present results for air, both in pipe flow. 

Many experimental investigations of velocity distribution in 
pipes have been made. Three of the most thorough are those of 
Nikuradse (19), Laufer (20), and Deissler (2). In addition, 
Reichardt (21), Laufer (22), and Corcoran, et al. (15), among 
others, have made measurements between parallel flat plates, 
and their results are applicable to pipe flow in the important re- 
gion close to the wall. The results of these investigations do not 
differ greatly, but the differences are significant for the purpose 
of caleulating the eddy diffusivity for momentum. This matter 
is discussed in more detail after presentation of the results. 

Temperature distribution has not been measured as thoroughly 
as velocity distribution. Corcoran, et al., measured with con- 
siderable precision both temperature and velocity distribution for 
the flow of air between parallel flat plates at different tempera- 
tures. Isakoff and Drew (14) and Brown, Amstead, and Short 
(16) measured velocity and temperature distribution in mercury 
flowing in pipes. Both of these investigations, however, had 
limitations. Since the pioneer work of Isakoff and Drew, many 
other investigations of the heat flux to liquid metals in pipes have 
been made. Nearly all of them gave significantly lower, fully 
developed Nusselt numbers. <A possible explanation is that 
Isakoff and Drew had a nonretractable probe upstream of their 
primary measuring probe. These facts, plus the observation that 
in most of their runs the fluid temperature did not extrapolate well 
to the wall temperature (23), mean that their measurements of 
temperature distribution and a@ must be regarded with caution. 
Their results, furthermore, do not agree with those of Brown, 
Amstead, and Short (16). The measurements of the latter, how- 
ever, are not precise enough to permit differentiation with ac- 
curacy. Their results for a, therefore, are approximate. It is 
significant, nevertheless, that @ was found to be less than unity 
and to decrease rapidly as the wall is approached, as predicted by 
Jenkins. 

Pannell (24) in 1916 measured velocity and temperature dis- 
tribution for air flowing in a heated pipe. His results, however, 
are not sufficiently precise to permit calculation of @ near the 
wall. Sheppard (25) measured temperature distributions in 
several fluids flowing in a pipe, but experimental difficulties pre- 
vented obtaining accurate results. Seban and Shimazaki (17) 
measured temperature distribution in air in a heated pipe. Their 


temperature differences between the wall and center line were 
about 70 F and so changes in physical properties with radius 
They found that @ 
was about 1.2 fer 90 < y* < 300 and about 1.0 for y* > 300. 
Recently Ludwieg (18) introduced a new technique for the de- 
termination of a that necessitates only measurement of the stag- 


may have had some effect on their results 


nation temperature distribution in adiabatic flow. Based on 
several tenable assumptions, a derivation was given in which the 
major contribution to @ is a term which is proportional to the 
radial slope of the stagnation temperature distribution. Thus 
differentiation of one rather than two curves is required, and 
greater accuracy is claimed. His results are significantly different 
from other investigations including the present, and they will be 
discussed at greater length later on. 

Sherwood and Woertz (26) measured water vapor concentra- 
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tion distribution across a rectangular channel and report that for 
the central 80 to 90 per cent of the channel €y/e€ = 1.6, where €,, 
is the eddy diffusivity for mass. Their results are not as precise 
as those of Corcoran, et al. (15). 

A third method for estimating @ yields only an over-all effective 
a for the entire tube radius. This method is to assume a velocity 
distribution and then calculate heat fluxes based on one or more 
values of a, which is then assumed to be correct if the calculated 
heat flux agrees with experiment. The estimates of Deissler (3), 
Davies (27), and Ribaud (28) are of this type. These authors all 
used a@ = | in their calculations, but Deissler stated that slightly 
better results were obtained when a value of 1.04 was used. This 
method cannot be relied upon to give accurate values of a for two 
reasons. First, Equations [2] and [3] show that for high values 
of the Prandtl number, large changes in € near the wall will 
greatly affect temperature distribution but will have an unde- 
tectable effect on velocity. Thus the estimate of the effective a 
will depend upon what assumptions are made regarding € in re- 
gions in which € does not affect velocity distribution. Second, the 
assumed € may be too high in one region and too low in another. 
This is true of the three investigations mentioned. For example, 
Deissler (3), whose values of €/v are closest to the data, employed 
a distribution of €/v which has a discontinuity from about 4 to 8.5 
aty* = 26. 

It is evident that in the important case of pipe flow there is 
need for more information concerning the eddy diffusivity ratio. 
Since this investigation was completed, the paper of Ludwieg 
(18) appeared, but the disagreement of his results with most 
other investigations has only heightened the need for further 
work. .This investigation was undertaken to help fill the gap in 
knowledge of the eddy diffusivity ratio for the flow of gases in 
pipes. The ratio was determined from measurements of velocity 
and temperature of air in a heated pipe. 


Analysis 


As shown by von Karman (29), for example, it follows from 
Equation [2] that in a pipe 


( Ou r 
€ Oy J To 
> 
This equation can be used to calculate € from velocity distribution 
measurements in a pipe. 
For experimental determination of eddy diffusivity for heat, it 
was convenient to use an apparatus in which air with fully de- 
veloped velocity distribution entered a pipe with constant wall 


temperature. For this case, the energy equation is 


with boundary conditions 
t(z,r) = 
t(x, To) 
r) 
The system satisfying this equation is subject to the following 
restrictions: 


1 Fluid properties are constant. 
2 Mean velocity in axial direction is independent of angular 
position. 
3 Mean radial velocity is zero. 
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4 Mean temperature at any radius does not vary with time or 
angular position. 

5 Frictional dissipation of energy is negligible. 

6 Axial diffusion is negligible with respect to bulk transport of 
energy in the z-direction. 

The last restriction has been shown by Schneider (30) to be 
easily satisfied for the turbulent flow of gases. 

The solution to Equation [5] is 


= 2,2 
= C.R, exp | — 
0 = C,R, exp (6) 
n=0 


in which R, (re) = R,(r/ro) satisfies 


2 
drs v 2 Uave 4 


with the boundary conditions 
R,(0) 


~ 


The equations are presented in this form in order to agree with 
the laminar flow case in Jakob (31). 

Sufficiently far downstream only the first term of Equation [6] 
is significant, or 


6 = CoRo exp ( ) wie [8] 
and 
06 
= (oRo’ exp {9} 
Ors 


Equation {7] can be integrated to give 


+ — re'Redre’ .. 
Vv 2reRo 0 
Substitution of [8] and [9] into [10] gives 
Pr Ao? u 
1+ = — t drs’ {11] 
v Rin 0 Uave 


The value of A,? is evaluated from the condition at the wall where 
= 0 
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re(t t, drs [12] 
0 Uave 


Equations [11] and [12] permit the calculation of €, from ex- 
perimental temperature distribution in a fluid flowing in a pipe of 
uniform wall temperature. 

To use Equation [11], it is necessary to know certain physical 
properties of the fluid. In this investigation only dry air was 
used, and for purposes of this report there are no significant dis- 
crepancies in the literature about the values of density, viscosity, 
or heat capacity of air. There are considerable differences in the 
reported thermal conductivities, however, and so a search was 
made for articles containing original experimental data. The 
articles used in the determination of k are those of Eucken (32), 
Stops (33), Taylor and Johnson (34), Keys and Sandell (35), and 
Rothman (36). The value of k chosen on the basis of these is 
0.0152 Btu/hr ft deg F at 90 F and 0.0154 at 100 F. These values 
are almost precisely those of Rothman and Eucken. 


Experimental Apparatus 


A flow diagram of the experimental apparatus is shown in Fig. 1. 
Air from a centrifugal blower was passed through a heat exchanger 
(cooler) and into the entrance section. This section consisted of 
a small electric heater, baffles, straightening vanes, two screens, a 
15 deg reduction from 4 to 1'/2 in., 46 diameters of 1'/:-in. copper 
pipe, and 4 diameters of lucite pipe. This section was covered 
with 4 in. of insulation. After passing through the test section, 
the air was recirculated through a silica gel drier before returning 
to the blower. 

The test section consisted of five pieces of 1'/:-in. copper pipe 
with 0.20-in. wall thickness. The lengths of the pieces were 0.60, 
8, 1.00, 36, and 1.00 inches, respectively. They were separated 
from each other by polyethylene gaskets 0.01 in. thick Three 
small pins of chromel were placed in carefully drilled holes in the 
edge of each piece so that the pieces would stay in position when 
pushed together and held by bolts through the flanges on the 
larger pieces. Details of this construction can be seen in Fig. 2. 
The three small segments of pipe served as calorimeters for meas- 
uring local heat flux. Each was surrounded by a guard heater as 
shown. The test section was surrounded by a wooden box filled 
with vermiculite insulation. 

In order to remove the small (less than 0.002-in.) steps at the 
junctions of sections, the entire test section and part of the en- 
trance section were bolted together and honed from 1.496 in. to 
1.504 in. in diameter. After honing, the wall roughness was 
about 30 microinches. 

The test sections were wound with chromel ribbon either '/s in., 
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3/,, in., or */¢ in. wide for electrical heating. At no place was the 
spacing between windings greater than '/, in. except at the 
flanges, which separated them by about '/, in. The flanges were 
of Menel metal '/s in. thick and were heated slightly at the 
edges. Taps were provided at every second winding so that some 
or all of the current could be bypassed in order to control wall- 
temperature distribution. For this geometry and heat transfer 
to air at the velocities used, calculations show that temperature 
ripples on the inside of the copper pipe were negligible, i.e., less 
than 0.2 per cent of the difference between the wall and the 
mixed-mean air temperatures. 

Controlled and measured direct current was used to heat the 
three calorimeters. The two larger test segments were heated 
with alternating current controlled by Variacs. 

Forty-three thermocouples were located at various points in 
the equipment including one or two at either edge of each seg- 
ment and one every two inches along the pipe. They were of 36- 
gage chromel-constantan wire and were placed in holes 0.020 in. 
in diameter drilled to within 0.040 in. of the inside surface. 
Since temperature drop across the copper wall was relatively 
small (about 0.18 F for the highest heat fluxes), thermocouple 
location was not critical. A Leeds and Northrup K-2 potentiome- 
ter, dec amplifier, and electronic galvanometer were used for rapid 
measurement of emf’s with a precision of about 0.03 F. All 
thermocouples were calibrated in place. 

Static pressure measurements were made from four tap holes 
0.030 in. in diameter with a micromanometer having divisions of 
0.001 in. of Meriam Red Oil (density 0.8 gm/cc). 

Velocity profiles were made with tungsten and platinum hot- 
wire anemometers, and the platinum wires also served as re- 
sistance thermometers for measuring temperature profiles. The 
traversing mechanism was located in the lucite section just beyond 
the last calorimeter, which was 31 diameters downstream from 
the beginning of the test section. The wire was supported on 
needles which projected upstream so that temperature profiles 
could be made within the calorimeter. The probe and probe tips 
are shown in Figs. 3 and 4. The length of the anemometers 
averaged about 0.038 in., so the difference in distance to wall be- 
tween the ends and the center of the wire was negligible. The 
diameter of the platinum wire was about 0.00016 in. and that of 
the supporting silver wires was about 0.003 in. These silver wires 
protruded in a small are upstream from the needles in order to 
minimize flow disturbance. The distance from the anemometer 
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to the wall was determined by electrical contact, the distance from 
wire center to the point of contact having been measured by 
microscopic observation. The distance traveled was read on a 
micrometer with divisions of 0.001 in. The reproducibility of con- 
tact was +0.0002 in. and the over-all accuracy of location from 
the wall was about +0.0005 in. 

The techniques of hot wire anemometry have been reported 
elsewhere (37, 38, 39) and will not be repeated here. It is suf- 
ficient to say that for velocity measurements the constant-current 
technique was used and the anemometer was frequently cali- 
brated in the center of the pipe against a carefully made pitot 
tube. The response of such wires is proportional! to the square 
root of the instantaneous velocity, and so a correction was ap- 
plied wherever the ratio of instantaneous to mean velocity was 
large. Values of this ratio were taken from Laufer (20). The 
maximum correction was 5 per cent, and the details of the 
method of calculating the correction can be found in reference 
(40). The accuracy of velocity measurements was about 0.5 per 
cent at moderate velocities to 5 per cent at 7 ft/sec. 

Temperature measurements were made by passing 1.5 milli- 
amps through the wire. Corrections were applied for electric and 
aerodynamic heating and for conduction from the wire ends. 
The maximum correction was about 0.5 F. The accuracy of 
measurements is estimated to be about +0.2 F, but temperature 
differences were made with a precision of about +0.05 F. The 
probe was calibrated before and after each run against a thermo- 
couple in the center of the tube under adiabatic conditions. 


Procedure 


The procedure for a heat-transfer run was as follows: The 
blower and heat exchangers were given about an hour to ap- 
proach thermal equilibrium before current in the test section was 
turned on. The current for each of the five pipe segments and 
resistance across the winding taps were adjusted until the entire 
test section was uniform within +0.1 F and 15 to 20 F above the 
entering air temperature. With such small differences, physical 
properties were essentially constant. As soon as this condition 
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was reached, a temperature profile was taken and the control 
voltages read. The measurements consumed about twenty 
minutes, after which all thermocouples were read again. The inlet 
air temperature was kept constant by slight manual adjustment 
of the wire heater in the entrance section and was always within 
3 F of room temperature. 

In this manner, essentially simultaneous readings of wall tem- 
perature, temperature throughout the flowing air, and heat flux 
at the wall could be obtained at the end of the test section. 


Experimental Velocity Distribution 


In an excellent review of Nikuradse’s data (19), Ross (41) shows 
that the data begin to deviate from the logarithmic law at y/ro 
= 0.15. In other words, for the region 0 < r/ro < 0.85, u* is not 
a single-valued function of y* but depends also upon Reynolds 
number. For the inner 85 per cent of the pipe radius, he suggests 
the data be correlated by plotting (umax — u)/u* versus y/ro. 
This suggestion has been followed here. Fig. 5 shows the velocity 
data for y/re < 0.15 plotted as u* versus log y*. One set of points 
for the entire radius has been plotted to illustrate the deviation 
mentioned earlier. It is probable that this deviation has caused 
variance in the constants of the reported equations for velocity 
distribution in the turbulent core. For example, Ross states that 
if Nikuradse’s points are plotted for y* > 30, y/re < 0.15, the best 
empirical fit is given by 


+ = 56+ 1/K Iny* 


with K = 0.41. Deissler (2), however, fitted one line for the en- 
tire region y* > 30 and for a relatively limited range of Reynolds 
numbers. Thus the high points near the center resulted in a 
slightly steeper line represented by K = 0.36. 

Fig. 6 shows how the present profile data compare with results 
of several other investigations. The lines marked ‘‘Author’’ and 
“Deissler’’ are mean lines through their data points. The 
“Reichardt-Nikuradse’’ line is a mean line through the points of 
Nikuradse, Reichardt-Motzfeld, and Reichardt-Schuh as reported 
by Reichardt (21). The “Laufer” line is taken directly from 
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Fig. 6 Comparison of measurements near pipe wall 


fig. 24 of his report (20). In reality this line fits only the data for 
Laufer’s Re = 50,000, one of the two Reynolds numbers investi- 
gated by him. His fewer points for Re = 500,000 are grouped 
with those of the other investigations. These facts coupled with 
Laufer’s observance of anomolies in mean velocity near the wall 
at the low Reynolds number (page 14 of his report) lead to the 
conclusion that Laufer’s fig. 24 and his mean velocity data in the 
form u* versus y* for Re = 50,000 and y* < 30 are not repre- 
sentative of pipe flow. This does not, of course, lessen the value 
of his work, for it is the most thorough investigation of the hydro- 
dynamics of pipe flow ever reported. 

Many empirical equations have been proposed to represent 
velocity distribution. For the purpose of calculating heat trans- 
fer at high Prandtl numbers, it is important that these functions 
behave properly very close to the wall. By applying the con- 
tinuity equation to the fluctuating components of velocity, 
Reichardt (42) showed that very near the wall €/y must be pro- 
portional to y** where n is 3 or higher. A recent similar analysis 
by Elrod (43) showed that n should be not less than 4. This 
criterion is met by the equation of Van Driest (44) 


; E (: + 4K*%y*?{[1 exp(-u*/A)) ] -1 


and the empirical equation of Deissler (4) 


€ 
- = 0.0154 u ty* [1 e ~0-0154u ] 
v 


- Schlinger, et al. (45) and Reichardt (42) among others have 
also proposed empirical equations to represent velocity near the 
wall. Another empirical equation of particularly simple form is 


cre 


u* 


It implies a parabolic form of €/v 


= tan~! 0.091y~* 
0.091 


€ 1 

1 = 0.0083y 
Thus it does not meet Elrod’s criterion, which, however, is un-_ 
important as far as velocity distribution is concerned. Equation 
[13] fits the data extremely well for 0 < y* < 45. Aty* = 45, 
both u* and du*+/dy* given by Equation [13] match the values 
given by 


Fig. 7 shows the author’s data for the region y/ro > 0.15 plotted 
a8 (Umax — u)/u* versus y/ro. A-mean line is drawn through the 
points. This plot is quite sensitive to error since it involves the 
small difference umax — u. 

Fig. 8 is a comparison of the velocity distribution at the en- 
trance of the test section (after 50 diameters of straight pipe) with 
that at the end of the test section (after 81 diameters of pipe). 
The figure shows that, at the test section entrance, the velocity 
distribution was still developing slightly near the center of the 
pipe, an observation which is in agreement with Deissler (2). 
For a considerable distance from the wall, however, the velocity 
distribution had become established. The small velocity dif- 
ference near the pipe center is not significant for purposes of this 
paper. 

Some velocity measurements were made with heat transfer. 
These data showed no effect of temperature, which was to be ex- 
pected since the temperature differences were relatively small, 
i.e., less than 20 F. 

The ratio of mean to maximum velocity agreed very closely 
with the data of Nikuradse, being only slightly below his data at 
Reynolds numbers less than 20,000. 

Friction factors were calculated from pressure drop measure- 
ments and mean velocities as determined by profile integration. 
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They agreed very closely with the values of Moody (46). There Table 1 Experimental values of velocity and eddy diffusivities 


was some scatter at Reynolds numbers below about 15,000 and near a pipe wall 
this was one consideration in deciding to take no heat transfer y+ ut ates we ~~ 
data below this Reynolds number. 2 2 
In this investigation, velocity distribution was not measured 3 3 ~0 3 oe 4 
with as much precision as temperature distribution. It was de- 4 3.9 ~0 : 
cided, therefore, that for calculating ~, a velocity distribution 
would be synthesized from this as well as the other investigations 8 6.9 ae * uit a 
of pipe flow shown in Fig. 6. In this synthesis only Laufer’s 10 8.1 0 ‘2 
points for Re = 500,000 were used. A tabulation of the mean 12 : 4 l l 4 
data together with the experimentally determined €,,/v are given 10 6 
in Table 1 for the region close to the wall. 18 112 9! 
20 11.7 3 
Gross Results of Heat-Transfer Runs 25 12.7 5 1.5 = 
é 30 13.4 7 
Table 2 gives the important variables and gross results for the 35 13.9 9 ¢ 14 
heat transfer runs. 40 14.3 13 re 


Table Summary of gross values for heat transfer runs 


Run Reynolds temp, temp, at at at balance, 
no. number deg F deg F A B C per cent Cee 


388.400 8101 99 56 183 92 95 60 
7 23,900 80.15 04.30 141 66 72 5.4 
8 24/000 80.35 100.55 147 67 66 4.0 
9 14,800 78.06 97.88 102 45 46 4.0 
10 14/200 78 28 98 97 102 45 46 27 
12 80,500 80.10 92.27 298 164 165 44 
13 80, 100 80.03 92.19 203 163 163 91 ol senate 


@ Believed to be in error. 


The heat balances were calculated by integration of the velocity- resistors used to bring the 8-in. and 36-in. sections to a constant 
temperature profiles at the end of the test section and from elec- temperature. In every case the calculated electrical-heat input 
trical-energy input. The latter is believed to be the more in- was lower than the input from flow and temperature data. It is 
accurate for two reasons. First, a 5 to 15 per cent correction had _ pertinent that several different temperature probes were used and 
to be made for heat losses. Second, measurement of electrical that each was calibrated before and after each run throughout 
energy input was difficult because of the complicated network of — the range of measurement. 
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The Nusselt numbers at Calorimeter C were calculated from 
the electrical input to the calorimeter and the mean air tempera- 
ture as determined from velocity-temperature profiles. The pre- 
cision of measurement of the Nusselt numbers at C is 2 to 3 per 
cent and they agree within this figure with the Dittus-Boelter 
equation (47). 

The Nusselt number at Calorimeter B, located 8.60 to 9.60 in. 
downstream, is the same as at Calorimeter C within the precision 
of measurement. The values are actually slightly lower than at C, 
whereas they should be about 2 per cent higher (40, 48). The ex- 
planation is that the mean air temperature at B was calculated 
from the electrical input up to B. As mentioned, however, this 
calculation was subject to error. If the calculated electrical 
input had been higher, as the heat balances indicated it should be, 
the Nusselt number would be higher. 


Fig. 9 shows data of Run 5, a typical run. 
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seven equidistant points by the method of least squares. The 
actual experimental points were used except where interpolation 
was necessary because of a change in point spacing along the pipe 
radius. 

Fig. 10 shows the calculated values of €,/v versus y* on semi- 
log co-ordinates for the region close to the wall. The solid line is a 
mean line through the points. The other line is a plot of €/v as 
given in Table 1. 

Fig. 11 shows the calculated values of €,,/v for the center region 
of the pipe. There is some evidence of a slight decrease in €,/v 
at the center, but the drop is not so large as that reported by 
Schlinger, et al. (45) or Corcoran, et al. (15) for uniform flow 
between flat plates. 

The ratio a = €,,/e is plotted in Fig. 12 together with the re- 
sults of Corcoran, et al. (15) for channel flow and Ludwieg (18) for 


The results of Ludwieg are so different from the others 


pipe flow 


SLOPE FROM CALORIMETER 


03 
3 


04 


05 
4 5 


INCHES FROM WALL 
Fig. 9 Temperature distribution for Run 5, Re = 38,600 


Eddy Diffusivity Distribution 

Eddy diffusivities were calculated from the temperature dis- 
tribution by Equations [11] and [12]. To use these equations, it 
is necessary to show that the temperature profile is fully de- 
veloped at Calorimeter C, 31 diameters downstream. The con- 
stancy of the Nusselt number is some indication of this since 
it involves the mean temperature. On this basis, the data at 
Calorimeter B, the data of Boelter, et al. (49), and the analysis of 
Berry (1) indicate that the profile is established much sooner than 
31 diameters. Deissler (50) calculated the growth of the thermal 
boundary layer for air in a pipe, and he reports that the distance 
necessary for fully developed temperature distribution increases 
with Reynolds number and is 18 diameters for the highest Reyn- 
olds number used here. Finally, temperatures at the center of 
the pipe at Calorimeter C had increased by at least 15 per cent of 
the difference between the inlet and wall temperatures. 

The differentiation of the temperature profiles was done 
numerically by the Douglass-Avakian method (51). This 
method employs a fourth-degree polynomial which is fitted to 


that some comments are appropriate. Because Ludwieg calcu- 
lated a from the slope of the stagnation temperature distribution, 
it was necessary for him to employ much higher velocities than 
used here. The range of Reynolds numbers and Mach numbers 
investigated by him were 323,000-374,000 and 0.630-0.870. 
Thus his flows were highly compressible, and it is possible that 
compressibility has the indicated effect on a. Further, Ludwieg’s 
stagnation temperature probe was sufficiently large (0.05-mm 
wall thickness and 0.06-mm opening at the upstream extremity) 
that it could not be relied upon for measurements near the wall 
where the velocity gradient was very steep. Thus he reports a no 
closer to the wall than re = 0.92, which corresponds to y+ = 550 
for his lowest Reynolds number. For comparison, this value of 
y* corresponds to r+ = 0.72 for Run 12 (Re = 80,500) of the 
present work. 

Prof. R. A. Seban of the University of California suggested that 
the calculation of recovery factors from the present data would be 
a rather sensitive test of the data. The calculation proceeds as 
follows: Equating the heat conduction to the viscous dissipation 
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Fig. 11 Eddy diffusivity profiles in pipe 


of energy in fully developed, incompressible, pipe flow yields 


d dt {du \? 
g 
This equation can be rearranged and integrated to ‘ie 

dt RePruavgf 
drs 16C,9.(1 + a@Pre/v) 


Numerical integration of this equation for Reynolds numbers of: 
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38,500 and 80,300 were made and used to calculate recovery fac- 
tors from the definition 


a 
Yr 


Ratio of eddy diffusivities in pipe 


= 


Both Reynolds numbers gave recovery factors of 0.80, which is 
reasonably close to experimental value of 0.85 reported by 
McAdams, Nicolai, and Keenan (52) for the adiabatic flow of air 
in pipes. Ludwieg’s data, incidentally, cannot be subjected to 
this test because the major contribution to thet, — ¢,,,, occurs in 
the region 0.9 < re < 1. 

In the present data there is a definite trend toward values of a 
approaching unity at increasing €/vy. This is evident not only in 
comparing @ at the same radius for different Reynolds numbers, 
but also in the fact that @ increases near the wall for a given 
Reynolds number. This trend was also observed by Corcoran, 
et al. (15) and Brown, Amstead, and Short (16), and is in qualita- 
tive agreement with Jenkins analysis (13). Near the wall @ is 
best interpreted from Fig. 10 or Table 1. It approaches a con- 
stant of about 1.4 for y* < 40. 

In conclusion, it has been shown that, for air in fully developed 
pipe flow, the eddy diffusivity for heat is greater than that for 
momentum. Near the wall, the ratio was found to be about 1.4. 
It is to be expected that this ratio would be about the same for the 
flow of constant property gases near the boundaries (€/y < 40) in 
other turbulent boundary layers. 
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Discussion 


F. Landis.‘ The author is to be complimented on his out- 
standing experimental work and on his lucid explanations of the 
concept of eddy diffusivity. 

If the results of eddy-diffusivity ratio @ versus distance from 
pipe wall, Fig. 12, are reliable, they lead to some interesting 
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speculations on the behavior of turbulent boundary layers. The 
author has not mentioned whether his hot-wire temperature was 
sufficiently low during the velocity determinations to preclude 
any errors at small values of y* due to heat conduction to the 
wall. In the absence of more detailed information on Reich- 
hardt’s data, the question arises whether a synthesized velocity 
distribution based on the results of different authors is suffi- 
ciently accurate. This argument also applies nearer the center 
of the pipe where the inherent accuracy in the determination of 
€ and €, is considerably less. 

Assuming that the general variation of @ with distance and 
Reynolds number is correct, the question arises whether the same 
behavior may be expected in turbulent flat-plate boundary 
layers. In jet mixing, the value of @ near the jet boundary is 
about 1.4; in wake studies it was shown to approach 2.0. Both 
instances reflect an unconstrained turbulent development, prob- 
ably similar to that existing near the outer edge of a flat-plate 
boundary layer. Can the low value of @ (1.2 to 1.3) near the pipe 
center line be ascribed to the constraints based on the turbulence 
due to the center-line symmetry conditions? 

The inherent difficulties of a phenomenological theory of 
turbulence, such as a mixing-length theory, are illustrated by 
the author's data if an explanation for the increase of @ near the 
wall is attempted. The most likely explanation is that given 
by Jenkins (reference 13 of the paper) who mentions that in the 
buffer layer the flow can be alternately turbulent and laminar, 
and that “turbulent friction’’ occurs due to momentary disloca- 
tions of the stream lines and due to vortex formation. If this 
argument is accepted, € and €, simply become operational values 
which match the postulated differential relations; certainly a 
mixing-length theory could not be applied to eddy diffusivities 
which are a function of both the spatial turbulence distribution 
and of the nature of the flow instabilities between the laminar and 
the turbulent region. Since the author measured values of €, 
at y* as low as 3.0, the concept of a truly laminar sublayer 
appears to become largely a convenient fiction; the effects of 
turbulent dislocations are simply felt rarely enough as not to 
affect time-averaged instrument readings. 

The author concludes that the trend of @ toward unity at 
increasing €/v is in qualitative accord with Jenkins’ analysis. 
It should, however, be added that all values of @ quoted by the 
author are greater than unity, while Jenkins predicts values of 
a@ less than unity for a gas where the Prandtl number is less than 
one, the smallest value of @ occurring as €/v approaches zero. 


P. S. Lykoudis.’ In this paper we have one more attempt to 
determine, from experimental velocity and temperature profiles 
for air in turbulent pipe flow, the ratio of eddy diffusivities for 
heat and momentum transfer. In all these methods an inherent 
difficulty is that of calculating first derivatives from experi- 
mentally obtained profiles. It is well known that, although two 
temperature or velocity profiles reported by two different workers 
at identically the same flow conditions might be in rather good 
quantitative agreement, separate calculations of first derivatives 
from these data (based on any analytical method) can show 
large discrepancies, especially in the region where the two 
profiles have points of intersection. In the particular case for 
which knowledge of the first derivatives happens to be necessary 
for the calculation of quantities which have some physical mean- 
ing, it is not the magnitude of the ordinates of the profile that 
plays the important role, but the general trend of change of the 
profile. If one decides to form first a certain average profile, 
made up from different profiles reported by different workers and 
then calculate the first derivatives, it is apparent that in the 
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process the important feature of the direction of change (which is 
the main parameter of interest) is suppressed. 

The writer would like to call attention to the fact that in the 
paper under consideration, for the calculation of the quantity 
€/v (which needs the calculation of du*/dy*) the velocity profile 
used was a “‘synthesis’’ from the author’s data (which are claimed 
not to have been measured with as good accuracy as temperature 
profiles) and the data of three reliable workers in the field. In 
order to illustrate the writer’s point, calculation was undertaken 
of the quantity €/y at a value of y*+ = 10 by using the data of 
Laufer (for Nre = 500,000), Reichardt, and the author. The 
0.69, and 0.92, respectively. The same for 
the “synthesized” profile was found to be equal to 0.95 as re- 
ported by the author. This last value is about 27 per cent higher 
from the lowest one found in the foregoing. For y+ = 20 the 
curves of Reichardt, the author, and Laufer (Vre = 500,000) 
give the following respective values for €/y : 3.10, 3.35, and 3.95. 
The value found for the “synthesized’’ profile is 3.10 which is 
about 26 per cent lower than the maximum of the values cited. 
It is to be noted that if there is an uncertainty of, say, about 25 
per cent in the calculation of €/y and €,,/v in opposite directions, 
then the ratio a = €,/e will be accurate to within (1.25/0.75 — 1) 
x 100 = + 67 per cent and (0.75/1.25 — 1) X 100 = —40 per 
cent. In the light of this evidence, one should consider with 
due caution any reported values of @ based on differentiation of 
experimentally determined velocity and temperature profiles. 


results are 0.74, 


Author’s Closure 


Because both Messrs. Landis and Lykoudis have mentioned 
accuracy, let us consider some aspects of it that are not in the 
paper. There are two reasons for believing that errors in ve- 
locity due to heat conduction to the wall are negligible for all 
results reported here. First, no rise or leveling off in velocity was 
detected as the 0.00016-in-diam probes were moved as close as 
possible to the wall. Second, this problem has been analyzed 
theoretically and experimentally by Richardson,* and his results 
show that such errors are negligible for conditions reported here. 
(For the data point most susceptible to this error, the lowest 
point of Run P3, in Richardson’s nomenclature b/a = 44 and 
Uan = 0.17. His fig. 1 shows that this region is far removed 
from detectable wall-conduction error. ) 

The author agrees with the statement of Mr. Lykoudis that 
difficulty arises in calculating derivatives from experimental data. 
It was to avoid disagreement on the temperature derivatives 
that the actual data points and an analytical (as opposed to 
graphical) method were This approach is completely 
honest in that anyone will get the same derivatives from these 
data if the same method is used. The precision of the tempera- 
ture measurements is discussed in the text and can be inferred 
from Fig. 9, on which data points are shown. The uncertainty 
of €,,/v can be inferred from Fig. 6. Below »* of about 10, there 
is considerable scatter, but above y* = 10 and below y/ro = 0.2, 
the uncertainty is less than 10 per cent rather than the 25 per 
cent stated by Mr. Lykoudis. If the data had been smoothed 
before derivatives were taken, even less scatter would have 
occurred, 

In determining the values of u* and €/v in Table 1, there were 
several considerations. First of all, Deissler, Laufer, Reichardt, 
and the author all took great care in their measurements of u*. 
Since there is no good reason for valuing one set of results over 
another, all four were used in constructing Table 1. Second, 
the curve of log €/v versus y* should be rather well behaved. In 
particul: ar, one would not expect it to exhibit waves, i.e. (d? log 


used. 


¢“The Correction of Hot Wire Readings in a Boundary Layer for 
Proximity to the Solid Boundary,” by E. G. Richardson, Journal of 
the Aeronautical Sciences, vol. 24, 1956, pp. 970-971. 
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e/v)/dy** should always be negative. This consideration elimi- 
nates local extremes of €/y (due to velocity points or curves 
through them that are slightly in error), such as calculated by 
Mr. Lykoudis. For y*+ > 10, the uncertainty of €/v in Table 1 
is probably less than 10 per cent. This conviction is substan- 
tiated by the following table, which shows the smoothed experi- 
mental u*+ values of the four authors and the results calculated 
with €/y 10 per cent greater and 10 per cent smaller than in 
Table 1. For y*+> 10, the latter two sets of u* bracket the re- 
sults of all four investigations. 
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Mr. Landis has raised several interesting and important points 
concerning the implications of the present findings for the studies 
of boundary layers, jets, and wakes, and for the various phe- 
nomenological theories of turbulence. Because a thorough dis- 
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cussion of these matters would take more space than is reasona- 
ble here, only a few comments will be made. The writer be- 
lieves that no new insight into turbulence can be gained by appli- 
cation of mixing-length theories to these data. Of the many ob- 
jections’ (12) to the various mixing-length theories, one of the 
most significant is that they are not subject to experimental veri- 
fication, i.e., mixing length and eddy velocity are not actual 
physical quantities that can be measured and, hence they have 
no physical meaning; they are simply parameters in a theory and 
can only be calculated from experimental measurements of other 
quantities. These facts suggest that mixing length theories are 
useful for interpolation, but that uncertainty arises when they are 
used for extrapolation to other flow rates, fluid properties, or 
system geometries. For similar reasons, € and €, for a given 
system should be regarded as defined by Equations [2] and [3). 
Thus as stated by Mr. Landis, they are nothing more than 
operational values which match the postulated differential equa- 
tions. 

There are two principal reasons for measuring velocity and 
temperature profiles in pipes. First, such measurements can be 
and were used (48) to calculate heat transfer in pipes as a func- 
tion of wall-temperature distribution, i.e., for example, in the 
thermal entrance region. Second, for a theory of turbulence to 
be satisfying, it would have to explain, at least qualitatively, the 
observation that @ is appreciably greater than unity near a pipe 
wall. There are now no theories adequate to this extent, but 


perhaps there will be in the future. 


7**Modern Developments in Fluid Mechanies,”’ edited by S. 
Goldstein, Oxford University Press, London, England, 1938, pp. 205- 
214. 


y* € 0.9¢ 
= 5 4.8 ‘ 
10 8.2 
15 10.5 
20 12.1 
25 13.2 
| 30 13.95 
R 
+ 


Factors affecting the thermal conductivity of ceramics in 
the temperature range from 2200-4000 F are considered 
from the point of view of high-temperature insulation. 
The effective conductivity cf solids and pores over a wide 
range of temperatures is analyzed. Particular attention is 
devoted to the effects of structure and phase distribution. 
This analysis is related to the development of optimum 
properties in thermal insulation for the temperature range 


considered. 

HE development of thermal insulation for very high- 
temperature service has proceeded largely on an empirical 
basis for two reasons. In the first place, it has been difficult 
to define adequately commercial and other high-temperature in- 
sulating materials since they are complex in composition and 
structure. Reproduction of materials for comparison between 
different investigators and complete description of the materials 
for which data are available have not been possible. In the 
second place, experimental measurements of thermal conduc- 
tivity for insulating materials at elevated temperatures are dif- 
ficult. Precise temperature and heat-flow measurements, and 
control of heat flow all become increasingly difficult at tempera- 
tures up to about 3000 F and sufficiently more difficult at higher 
temperatures that nearly no experimental data are available in 
the temperature region of most interest for further extrapolation. 
For some years a research program has been in progress in the 
Ceramics Division at the Massachusetts Institute of Technology 
to investigate thermal conductivity of ceramics at elevated tem- 
peratures. These studies (1)* have been largely concerned with 
solid or nearly solid ceramics, and it is only now that an experi- 
mental study of high-temperature insulation is being com- 
menced. However, the factors of importance can be analyzed on 
the basis of present knowledge and we shall attempt here to indi- 
cate in what directions development work on high-temperature 
insulation might proceed with hope for good results. At the same 
time, we shall not attempt any detailed quantitative treatment. 
Mechanism of Heat Transfer. Heat transfer may occur by 
means of convection, conduction, or radiation (2). The convec- 
tion process is of little interest in high-temperature insulation. 
Thermal conduction is of importance and consists of heat transfer 
by interaction of individual molecules, atoms, ions, or electrons 
having different energies. The thermal conductivity k is propor- 
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tional to the specific heat per unit or 8, the particle o or wave 
velocity v, and the mean free path J, according to the relation 


These terms can be derived from kinetic theory for gases, but the 
thermal conductivity of solids is one of the most difficult prob- 
lems in solid-state physics, and Equation [1] is mainly useful for 
discussing relative conductivities (3). 

The radiant energy emitted from a surface is proportional to 
the fourth power of absolute temperature, and the exchange of 
energy between two parallel planes at temperatures 7’; and 7, is 
given by 

= Eo(T;* T:*) (2] 


per unit area, where £ is the effective emissivity 5 -(e= 


surface emissivity) and ¢o is the Boltzmann radiation constant. 
If the temperature difference is small, 7,4 — T:4 ~4T7,,3°(T; — 72) 
where 7',, = (7; + T:)/2. Consequently heat transfer by radia- 
tion between surfaces in the same temperature range can be 
treated as proportional to the temperature difference between 
surfaces and related to an “effective conductivity’’ which in- 
creases as the third power of temperature and is proportional to 
the separation between surfaces. 

In the more general case, radiation can also be important in 
transparent or translucent solids and liquids, where the trans- 
mission of radiant energy must be considered along with emission 
and absorption. This becomes particularly important at ele- 
vated temperatures where the radiation density becomes suf- 
ficiently large that even small values of transmission coefficients 
can lead to appreciable energy transfer. For a sample, large 
compared with the radiation mean free path, and having an ab- 
sorption coefficient a independent of temperature and wave 
length, the effective “radiation conductivity’’ is given by the re- 
lation 

l6on*T,,? 


Kradiat ion = eee {3 ] 


where n is the refractive index (4). 


THERMAL ConpDUCTIVITY OF SINGLE PHASE 


In dielectric ceramic materials atoms and electrons are not 
free to move through the structure and heat is transferred by lat- 
tice vibrations in accordance with Equation [1]. While the 
thermoelastic wave velocity and the volume heat capacity do not 
vary much with temperature in the range of interest, the mean 
free path for thermal-wave scattering varies substantially both 
with composition and temperature. 

In Fig. 1 the thermal conductivity of several solid ceramic ma- 
terials is plotted over a wide range of temperatures (1). For 
glasses such as fused silica, the structural disorder limits the mean 
free path of the thermoelastic waves, leading to a low thermal con- 
ductivity which increases only slightly with temperatures in the 
range up to about 1000 F. For crystalline solids, the thermal 
cating is much higher at low een but decreases 


3. 
8 
4 
| 
a 


K(BTU sec” ft’? °F* in) 


Fused SiO, 


l 
600 1200 1800 2400 
Temperature (°F) 


3000 3600 


Ficg.1 Conpvuctivity or SEVERAL CERAMIC 
MATERIALS 


4 
Carbides oat 
1100° F 


° 

a 

> 
~ 
=x 


Oxides at 


Tico Op; 
1475°F oe 


100 300 


Atomic Weight of Cation 


Fie. Conpvuctivity or Some Oxipes AND CARBIDES 


proportionately to 1/7. The thermoelastic waves are mainly 
scattered by each other (owing to vibrational anharmonicity) in 
crystalline materials, except that for many materials the mean 
free path becomes of the same order of magnitude as the inter- 
atomic separation at temperatures of 2000-3000 F. Since this 
is physically a lower limit for the mean free path, there is no 
further decrease in thermal conductivity at higher temperatures. 

The effect of this can be seen in Fig. 1 by noting the range of 
values observed in thermal conductivity at room temperature and 
at 2000 F. The conductivity range observed at room temperature 
is a factor of over 100, while at 2000 F the conductivity range is 
decreased to a factor of less than 10. The systematic variation 
in thermal conductivity in a series of simple oxides and carbides 
such as shown in Fig. 2 still occurs (because of less scattering with 
the most nearly similar atoms) at high temperatures, and one 
still observes lower thermal conductivity with more complex 
atomic arrangements [k glass < k mullite (3 Al,O;-2 SiO.) < k 
spinel (MgO: Al,0;) < k Al,O; < k MgO], but the range of ther- 
mal conductivities is substantially reduced, and consequently 
changes in chemical and crystalline composition become progres- 
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sively less important as the temperature is increased and other 
factors become more important. 

The most important additional variable at high temperatures 
is the effect of thermal radiation through solids, which may be- 
come the predominant mechanism of heat transfer at sufficiently 
high-temperature levels. Glasses and clear single crystals have a 
low absorption coefficient for the visible and near infrared radia- 
tion which become the predominant wave lengths at moderately 
high temperatures, even though they may be substantially opaque 
to the far infrared, which is predominant at lower temperatures. 
Polycrystalline ceramics, such as porcelains, are sufficiently 
translucent that energy transfer becomes important at tempera- 
tures above 3000 F. 

Effects of radiation are shown in Fig. 1 as the increasing ap- 
parent conductivity at the higher temperatures for Al,O;, MgO, 
BeO, and fused silica. For example, fused silica is a good thermal 
insulator at room temperature and alumina ceramics are rela- 
tively good thermal conductors, but owing to the effects of ther- 
mal radiation, they have the same “effective conductivity”’ at 
2000 F. Since the “radiation conductivity’’ depends on the third 
power of temperature, as shown in Equation [3], it becomes in- 
creasingly important at higher temperatures and is expected to 
have a pronounced effect on the behavior of insulators as the 
temperature level is raised. 

Measurements of the absorption coefficient of sapphire crystals 
over a wide temperature range (0-2000 F) show only minor 
changes (5). Since the high-temperature radiation of interest is 
mainly in the visible and near infrared, we can take observations 
of room-temperature transparency or translucency as a guide to 
effects at higher temperatures. ‘Transparent’’ glasses and 
crystals show the influence of radiation conduction at tempera- 
tures of 700-2000 F (6). Translucent oxides roughly equivalent 
to bone china or milk glass show effects of radiation conduction at 
temperatures of 2000-2600 F (7). The importance of these 
effects at higher temperatures is difficult to evaluate precisely. 
The best experimental data available indicate the conductivity 
due to radiation in polycrystalline AlO;, MgO, and BeO is in- 
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creasing proportionately to the eighth power of temperature (7). 
However, these data are not very precise and the temperature in- 
terval available to fix the slope is small. Analysis indicates a 
third or fourth-power relationship is more probable, and this has 
been observed for fused quartz and some single crystals (5, 6), as 
shown in Fig. 3. In either case, the effective conductivity of 
translucent or transparent solids at high temperatures may be 
several times larger than the ‘‘true’’ thermal conductivity. 

In general then, for well-understood reasons, the chemical and 
erystallographic composition of solids becomes less important to 
thermal conductivity at high temperatures, and the absorption 
coefficient for visible and near infrared radiation may become 
very important. 


Tuermat Conpuctivity oF Two-PHase Bopies 

Most ceramic insulators are made up of a solid phase plus a 

pore or gas phase; therefore, the remainder of this paper will be 
devoted to a discussion of conductivity in two-phase bodies. Be- 
fore taking up the effect of the arrangement of the pores, we shall 
consider the phenomena of heat transfer across a pore. 
Transfer of heat across pores 
may take place by convection, gas conduction, or thermal radia- 
tion. 
(8, 9) and will be eliminated from further consideration. 

Transfer of heat across pores by gas conduction is the major 
The thermal conductivity of air 
increases from about 5 X 10~* Btu sec~! ft~? deg F~' in. at room 
temperature to about 3 X 10~‘* at 4000 F. These values are still 
lower than the solid conductivity of good insulators as shown in 
Fig. 4 where data for ZrO, have been included for comparison. 
At low pressures and for small pore sizes, the thermal conduc- 
tivity of gases is decreased because the mean free path in the gas 
phase becomes greater than the pore size. This phenomenon is 
made use of in very fine-grained insulators such as silica gels. 
The effect is more pronounced at elevated temperatures since the 
mean free path of the gas molecules increases. Experimental data 
for effects of gas pressure (11) in a powder mixture can be trans- 
ferred directly to the effect of temperature at 1 atm pressure for 
various pore sizes as shown in Fig. 4, to indicate the magnitude of 
the effect. For pores larger than 0.04 in., the conductivity is es- 
sentially that of free air. There is a substantial reduction in 
thermal conductivity for 0.004-in. pores, and an order of magni- 
tude or more decrease for pores smaller than about 0.002 in 
Consequently, for high-temperature insulation it becomes in- 
creasingly important to specify the pore size as a variable affect- 
ing thermal conductivity. 

Transfer of heat across pores may also occur by thermal radia- 
tion from one pore surface to the other. The radiant heat flow 
across a pore of width d, can be represented in terms of an effec- 
tive thermal conductivity, thus 


Heat Conduction Across Pores. 


Convection is insignificant for pore sizes less than '/, in. 


process at low temperatures. 
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Combining Equations [3] and [4], we can get an effective con- 
ductivity for a ‘“‘flat’”’ pore 


kett = 4EoT*d, 


More generally, the effect of pore shape must also be included 
(12, 13). The radiation heat transfer across pores depends on the 
surface emissivity, the third power of temperature, and the pore 
size. The temperature relationship makes this process important 
at high temperatures. Assuming E = 0.5, which is not unreasona- 
ble for many ceramic refractories (14), effective conductivities 
due to radiation for a range of pore sizes have been included in 
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The data in Fig. 4 indicate the importance of both temperature 
and pore size on the effective conductivity of pores resulting from 
radiant heat transfer. For 0.2-in. pores, the radiation heat trans- 
fer is equal to that of poor solid conductors at about 2400 F. At 
higher temperatures, inclusions of pores of this size will increase 
the effective conductivity above that of the solid. In contrast, 
pores below about 0.04 in. in size always reduce the effective 
conductivity at temperatures below 4000 F, but their effective- 
ness depends greatly on the pore size. At temperatures above 
4000 F the limiting pore size is smaller. 

In general then, at elevated temperatures radiation heat trans- 
fer across pores is the predominant process and it is necessary to 
know total normal emissivity and pore size to determine the 
suitability of pore spaces as thermal insulators. ; 

Thermal Conductivity of Composite Multiphase Compositions ; 
We must now consider how critical the arrangement of solid and 
pore spaces is on the resultant efficiency of thermal insulators. 
The problem may best be approached by considering the com- 
posite shown in Fig. 5. This composite is formed from slabs of 
good and poor conductors. If these are arranged parallel to the 
heat flow (Q,, Fig. 5), they are equivalent to a parallel electrical 
circuit and the total conductivity is given by the relation 

kp = uk, + voke 
where v; and v, are the volume fraction of each component. In 
this case the heat conduction is dominated by the better conduc- 
tor, and if k; >> ke, kp ~ In contrast, if the slabs are ar- 
ranged normal to heat flow (Q,, Fig. 5), they are equivalent to a 
series electrical circuit, and the total conductivity is given by the 
relation 
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In this case, the heat conduction is dominated by the poorer con- 


ductor, and if ki >ke, kp ~ = 
v2 


While structures such as shown in Fig. 5 are extreme cases, they 
correspond approximately to structures for which the better con- 
ductor is the continuous matrix (parallel flow) and for which the 
poorer conductor is the continuous matrix (series flow). The 
effect of varying the volume fraction of each phase for each of 
these relationships is shown in Fig. 6, and it is clear that the 
structural relationship of good and poor conductors is of the ut- 
most importance. Agreement of this simple structural treatment 
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Fic. 7 Conpvctivity 1n System MAGNEsIA-FORSTERITE 


to experimental data is shown in Fig. 6 by electrical conductivity 
for emulsions consisting of spherical inclusions in a continuous 
matrix. While several more sophisticated analytical descriptions 
are available (8, 9, 11, 12, 15, 16), this one gives results sufficiently 
in accord with actual systems so that its simplicity and easy 
visualization make its retention desirable. 

Real mixtures tend to approach either the upper or lower curve 
in Fig. 6, but depend substantially on the details of the structure. 
The data for magnesia-forsterite shown in Fig. 7 is typical of a 
random-mixed structure (17), and similar behavior is observed 
for other systems. We might expect grain boundaries in a ceramic 
to have a low conductivity because of their random atomic struc- 
ture, and to act as a continuous phase decreasing the conductivity 
of polycrystalline ceramics below the value for corresponding 
single crystals, as occurs in compacted oxidized metal powders(18). 
However, analysis indicates that the volume fraction of grain 
boundaries is insufficient to have a measurable effect, and this 
is found to be the case experimentally (6). 

If the material can be considered structurally as a solid matrix 
with isolated pores, the thermal conductivity is given to a first 
approximation as 


kp = vk, + 0,(ky + (9| 


where the subscripts refer to solid, pore, and gas. The gas con- 
ductivity is always more than an order of magnitude less than the 
solid, and if the pore size is sufficiently small (less than 0.01 in. for 
3500 F) so that “radiation conductivity’’ is also low, the total 
conductivity is given approximately by the relation 


If the pore size is large (so that radiation becomes important), 
conductivity may be greater than for the solid as illustrated for 
ZrO; in Fig. 8. 

The pores can be made more effective in lowering thermal con- 
ductivity by arranging them so that they are in series with the 
heat flow. This is most simply done by making the pore space 
continuous, as in powder insulation. In this case, the thermal 
conductivity is given from Equation [8] to the first approxima- 
tion by the relation 
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This equation neglects conduction due to interparticle contact 
which is normally small—in the range of 1 X 10~* Btu sec! ft~? 
deg F~' in. As long as the pore conductivity is substantially less 
than solid conductivity (i.e., the pore size is small) the over-all 
conductivity is largely determined by the pore characteristics. 
However, if the powder or fibrous composite is translucent, a 
term must be added for the combined radiant-heat flow through 
the solid and across the pores and the over-all conductivity is best 
estimated by calculating the entire radiation contribution from 
the absorption coefficient of the composite by means of Equation 
[3]. 

Another configuration which might be considered for thermal 
insulation is to build up a laminate such as Fig. 5 from solid slabs 
and pore spaces. In this case, the conductivity would be given by 
Equation [11]. Essentially this has been observed for some 
samples of polycrystalline TiO, which have narrow cracks formed 
between grains due to stresses set up on cooling; very small 
amounts of porosity give a substantial reduction in the thermal 
conductivity (6). 


DEVELOPMENT OF H1GH-TEMPERATURE INSULATION 


It is necessary to be somewhat qualitative and to rely on the 
analysis presented previously in considering what approaches to 
high-temperature insulation may be promising because few ex- 
perimental data are available for temperatures above 2000 F. 
High-temperature insulating brick (for use up to 2800 F) has a 
conductivity increasing from about 0.0005 at 500 F to 0.0008 at 
1400 F. The increase corresponds to slightly more than that due 
to the increase in air conductivity. The conductivity is inter- 
mediate between that calculated for a continuous solid and con- 
tinuous pore phase, as would be expected by examination of the 
structure. The pore size is approximately 0.05—0.08 in., so that ac- 
cording to Fig. 4 we would expect the conductivity to increase 
markedly at elevated temperatures. Lower-temperature insulat- 
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ing brick has smaller pore size, higher porosity, less continuous a 
solid structure, and a lower conductivity, but it is not stable to 
high temperatures. The thermal conductivity of powder and fiber 
insulation varies substantially, depending on powder character- 
istics. In both cases, results are sensitive to porosity and tem- 
perature. 

Because of substantial mechanical differences, it is preferable 
to consider separately powder insulation and brick. In the case of 
powders (similar considerations apply to fibrous insulation) (19), 
the major considerations are (a) small pore size, and (b) opacity. 
As long as the pore size is below about 0.004 in., the effective con- 
ductivity due to gas conduction and radiation will be less than 
0.0004 at 4000 F. This would require a powder approximately 
minus 150 mesh, which is substantially finer than material nor- 
mally used at lower temperatures. Tighter packing of the powder 
has two effects; the effective volume of pore space is decreased, 
tending to increase conductivity, while at the same time the effec- 
tive pore size is decreased, tending to lower conductivity ac- 
cording to Equation [11]. The net result depends on the pore size 
and temperature; that is, the relative importance of gas conduc- 
tion and radiation. If gas conduction is the predominant process 
of heat transfer, increased packing will be deleterious. If radia- 
tion is the predominant process of heat transfer across pores, 
packing will improve insulation since the average pore width will 
decrease more rapidly than the volume fraction porosity. This 
may be counteracted to some extent by contact-point conduc- 
tion, however. Due to the increasing importance of radiatrt-heat 
transfer, it is desirable to have opaque powder for use as high- 
temperature insulation. 

One of the difficulties in utilizing powder insulation at high 
temperatures is that the need for fine particle sizes introduces 
the possibility that sintering of the fine particles will occur 
at the contact points, leading to better heat transfer. It is 
preferable to use materials which do not sinter—but these are 
restricted to graphite, silicon carbide, and boron nitride—all of 
which must be used in reducing atmospheres. At higher tempera- 
tures the translucency of boron nitride would make it the least 
effective insulator. Any of the oxide materials will sinter at the 
contact points at 4000 F, reducing the efficiency of the insulation; 
there is no satisfactory way to avoid this difficulty and there are 
no powders or fibers which can be used in air for any length of time 
at temperatures near 4000 F without changing in structure. 
However, the increased mean free path of gas molecules at the 
higher temperatures means that extremely fine particle sizes are 
not necessary to reduce substantially the contribution of gas con- 
duction at atmospheric pressure. For high-temperature use the 
extremely fine powders are probably best avoided—particularly 
in the case of sinterable materials. The use of a nearly monodis- 
perse size fraction, say —200 + 250 mesh, would be expected 
to give optimum results, since sinterability is in large part deter- 
mined by the smallest size particles present. Occasionally it has 
been observed that solids are better than porous bodies as insula- 
tors at high temperatures. That this is not always true can be 
seen from Fig. 4, where it is apparent that for pore sizes below 
about 0.1 in., the effective conductivity due to conduction and 
radiation is lower than the conductivity of the best solid insula- 
tors at temperatures below 4000 F. For larger pore sizes, this 
is not the case, as shown in Fig. 8. 

The main problem in developing insulating brick for use at 
elevated temperatures is the need for high porosity and small pore 
sizes, and no really suitable brick has been developed for this 
temperature range. In order to have fine pore sizes remain stable, 
it is necessary to utilize some material having little tendency to 
sinter at temperatures up to 4000 F. This probably means that 
very high purity and essentially monodisperse sizing of the raw 
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material are required. (If the solid phase is essentially a con- 
tinuous matrix with isolated small pores, we may expect a thermal 
conductivity no lower than about 0.0024 Btu sec ft-? deg F-! 
in. at 4000 F, assuming 50 per cent porosity.) It is also un- 
doubtedly the case that the sinterability of the solid phase should 
take precedence over its thermal conductivity. It has been found 
in various investigations of sintering (20, 21), that the rate of sin- 
tering is inversely proportional to the pore size, so that extremely 
fine particle-size materials should be avoided. Consequently, one 
approach to developing insulating brick for elevated-temperature 
use would be to utilize dense particles in the size range —150 + 
200 or —200 + 250 mesh of a difficultly sinterable material such 
as high-purity magnesia formed with some combustible to give a 
closer approach to a continuous pore-phase structure. 

Another promising method of achieving high-temperature in- 
sulation would be to develop an oriented pore structure such as 
illustrated in Fig. 5. This structure would have the advantage of 
good strength in the direction parallel to pore elongation and 
low thermal conductivity normal to pore elongation. Here, what 
is effectively a continuous pore phase can be obtained in the 
direction of heat flow while maintaining a solid structure. In 
order to be effective (giving a thermal conductivity less than 
0.0008 Btu sec ft-* deg F- in. at 4000 F), the pore thickness 
must be less than about 0.02 in., and should preferably be about 
0.004 in. The major problem arises in devising methods to 
manufacture such an ideal structure. 
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Boiling heat transfer in the nucleate region is reviewed. 
The transition film-boiling region is analyzed by consider- 
ing the stability of a plane vortex sheet separating two 
inviscid fluids. Using the classical results of Helmholtz, 
Kelvin, and Rayleigh, expressions have been derived that 
predict the maximum and minimum heat-transfer rates 
in the nucleate and the film-boiling regimes, respectively. 
The model exhibits the essential features of the phe- 
nomenon and shows good agreement with experimental 
data. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


thermal diffusivity 


c, = ¢ = specific heat at constant pressure 

g= acceleration due to gravity 

k = thermal conductivity ; 

L = latent heat of vaporization 

m = wave number 
n = wave angular frequency 


= pressure 

= P, — P., = vapor-pressure difference corresponding to 
superheat temperature 

= bubble radius 

20 

AP 

temperature of superheated liquid 

T.. = saturation temperature corresponding to pressure on sys- 

tem 

T — To 

mass density 

wave length 

surface tension 

wave period 

= viscosity 


Ap 


| 


= radius of critical bubbles 


= superheat temperature difference 
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Developments in nuclear reactors and rocket engines, where 
exceedingly high heat quantities are transferred in comparatively 
small areas, have focused attention on boiling as a mode of trans- 
ferring heat at high flux densities. 

There exist three types of boiling, namely, nucleate, transi- 
tion, and film boiling. The transition from one type to another 
is accompanied by marked changes in the hydrodynamic and 
thermal states of the system. Nucleate boiling starts when the 
temperature of the surface exceeds the saturation temperature 
by a few degrees. Next to the solid surface a thin layer of super- 


Subscripts 


L = liquid 
v = vapor 
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heated liquid is then formed in which bubbles nucleate and grow 

from some preferred spots. In nucleate boiling a temperature 
increase is accompanied by a sharp increase of the heat flux and 7 
of the bubble population. The spots where bubbles originate 
become more numerous until a critical temperature is reached at , 
which a maximum heat flux is attained. At that point the bub- 
bles are so numerous that they interfere with each other. If the 
temperature is increased beyond the critical value by a few de- 
grees the transition boiling begins. Westwater and Santangelo 
(1)* have found that in this region no liquid-solid contact exists. 
The surface is blanketed by an unstable, irregular film of vapor 
which is in violent motion. A further increase of the tempera- 
ture of the surface is followed by a decrease of the heat flux until & 
& minimum value is reached at which a stable film is formed. - 
The stable film boiling is characterized by an orderly discharge of 
large bubbles with a regular frequency and at regular intervals. 
In the film-boiling region, the heat flux increases with an increase 
of temperature, but at a much slower rate than in nucleate boiling. 
Consequently, at high heat-transfer rates the temperature of 
the heating surface can exceed the melting temperature and 
“burnout” occurs. It is therefore of great practical interest to 
operate in the nucleate region, whence it is of theoretical and 
practical interest to investigate nucleate boiling and the condi- 
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tions leading to the changes in the boiling process. . “4 & 
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The present experimental evidence indicates that the large 
heat-transfer rates associated with nucleate boiling are a conse- 
quence of the microconvention in the superheated-liquid sub- 
layer. This motion is caused by the dynamics of bubbles that 
nucleate and grow in this superheated film. As these bubbles are 
strong agitators and the heat flux appears to be independent of 
the geometry of the system, it should be possible to scale boiling 
heat transfer in the nucleate region by considerations arising from 
a study of the action of a single bubble. Consequently, by taking 
into account the results of the analysis concerning the dynamics 
of a vapor bubble in a superheated liquid (2, 3, 4) we formulated 7 
a “Reynolds number’’ and expressed the Nusselt number in its in 
standard form, that is as a function of the Reynolds and Prandtl 
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From Equations [2] and [3] it is seen that the two easential fea- 
tures of nucleate boiling, bubble motion and nucleation, are taken 


into account. As pointed out (6), the dynamic similarity for dif- 
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ferent liquids and at different pressures is then preserved; con- 
sequently, it is possible to correlate with one equation (Equation 
{1]) the experimental data for boiling liquids in the nucleate re- 
gion and at saturation temperature. In a recent paper (7) the 
analysis was extended to boiling liquids whose bulk temperature 
is below the saturation temperature. 

It can be seen that Equation [1] solves the following problem: 
Given the liquid superheat, what is the corresponding heat flux? 
(or vice versa.) The equation, in particular, will predict the 
peak nucleate heat flux for different liquids and at different pres- 
sures if the critical temperature difference (superheat AT’) is 
given. However, it cannot provide any information concerning 
the change from nucleate to transition film boiling. This asser- 
tion is expected to follow since the phenomenon was scaled from 
the action of a single bubble. It is obvious that if a quantitative 
understanding of this change is desired, and if the peak flux is 
approached along the nucleate portion of the curve, the bubble 
population has to be taken into account. This information is not 
yet available either from theory or experiments. Moreover, it 
wus shown experimentally by Corty and Foust (8) that the bubble 
population is strongly dependent upon the condition of the heat- 
transfer surface, thus apparently introducing an unknown quan- 
tity in the problem. 

A logical and a natural question now arises: Is it possible to 
gain a quantitative understanding of the phenomenon concern- 
ing the changes from nucleate to transition, and from transition to 
film boiling, by considering the transition boiling? This question 


appears to offer a useful approach inasmuch as there exist in the 
literature three correlations of experimental data at maximum 
heat flux in pool boiling which are characterized by their simple 
form. 

Starting from the nonlinear Euler equation of motion for the 
two phases and the heat-transfer equation, Kutateladze (9) by 
dimensional analysis derived the following criterion 


where the constant K was determined from experiments and its 
value was found to be 0.16. The same equation, using dimen- 
sional analysis but a different model, was rederived by Sterman 
(10). 

Rohsenow and Griffith (11) plotted g/ALp, versus a buoyancy 
term (p;, — p,)/p, and obtained the following relation 


VA 
Py 


Lp, 
where the constant c = 143 fph and the exponent m = 0.6 were 
determined from experiments. 

In a recent paper Borishanskii (12) extended Kutateladze’s 
analysis to include the viscosity. In discussing the maximum 
heat flux, he observed: “This problem seems analogous from a 
theoretical point of view to the disturbance of steady flow of a 
liquid stream in a gas which is moving coaxially with it. The 
solution of the problem leads to a relationship between the in- 
crement of the oscillation and the wave length. Further analysis 
of the equation for the limiting case of stable flow leads to the 
conclusion that the critical boiling point corresponds to the es- 
tablishment of a definite geometrical structure of the two-phase 
boundary layer.’’ Using dimensional analysis he then obtained 
two similarity criteria: K, given by Equation [4], and N, given 
by 
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= K = const 
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By plotting K versus N he found the following relation 
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K = 0.13 + 4N~°*,... 


The viscosity thus appears only in the additive correction factor 
N. It can be noted from figures in Borishanskii’s paper that its 
effect is quite small. 

The heat-transfer rates predicted by the foregoing equations 
(Equations [4], [5], [6]) are in good agreement with experimen- 
tal data. 

The intriguing feature of Equation [4] is not only its simple 
form but the fact that the analysis on which it is based postulates 
the existence of a characteristic, critical velocity of the vapor 
phase at which the stability of the two-phase flow is destroyed. 
It can be seen that Equation [5] implies also a characteristic 
velocity. 

In view of the foregoing considerations an investigation of the 
basic features of the transition boiling appears desirable, with the 
intent of formulating a model which could be — to eithe or 
a free-convection or a forced-flow system. 


TRANSITION BoILIne 


There is ample experimental evidence pointing to the existence 
of capillary waves on the interface of a thin film in two-phase 
flow. The occurrence of ripples in film boiling has been reported 
and described in the papers by Bromley (13) and by Westwater 
and Santangelo (1). Hence it seems natural to investigate 
transition boiling by considering wave stability; it can be ex- 
pected that stable film boiling will occur when the propagation of 
a stable capillary wave is established. The importance of the 
surface tension as a stabilizing factor is made evident by recalling 
that if a wave with an appropriate wave length is established at 
the interface of two superimposed fluids it is possible to maintain 
a stable configuration even in the case when the upper fluid has a 
higher density. Indeed, Milne-Thompson (14) and Lamb (15) 
point out to the experiments “in which water is retained by at- 
mospheric pressure in an inverted tumbler whose mouth is closed 
by gauze of sufficiently fine meshes.’”” The mesh size should not 
exceed \/2, where the wave length J is given by 


= 2x | 
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The fact that several experimenters have noticed waves in film 
boiling was also pointed out in a recent paper by Chang (16). 
He also observed that the bubble spacings computed from 
Equation [7] are in agreement with experimental results re- 
ported by Westwater and Santangelo (1). This observation 
is of fundamental importance as we shall later show.* 

In the present problem we shall neglect the effect of the vis- 
cosity on the wave; however, as it will be seen later, this simple 
model still exhibits the essential features of the phenomenon. 
Also, .if the thickness of the film is small compared with the 
diameter of the tube we can use the plane approximation. The 
problem is thus reduced to the question of stability of a plane 
vortex sheet separating two inviscid fluids in relative motion, a 
question which has been analyzed in the classical work of Helm- 
holtz, Rayleigh, and Kelvin (15). 

Consider a vortex sheet at y = 0 separating the vapor in y <0 


3 The author would like to observe that to his knowledge of the 
unclassified literature on boiling (American, Russian, and others), 
Professor Chang was the first to point out the relation between 
Equation [7] and the experimental results of film boiling. There- 
fore he should be given credit for priority of making the observation. 
Professor Chang’s paper came to the attention of the author in the 
spring of 1956 while his study of the stability was in progress. The 
fact that the burnout problem is a stability problem in two-phase 
flow was pointed out by Kutateladze (9) in 1951. He, however, did 
not apply a stability analysis but only derived dimensionless groups 
leading to Equation [4]. 
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and liquid in y > 0. Let U,; and U; be the constant velocity in 
the positive X-direction of the vapor and liquid phase, respec- 
tively. For a vortex sheet which oscillates under the influence 
of the surface tension, the propagation equation of a small dis- 
turbance is (14, 15) 


om 
Put+p, (pr 


where the wave number m is given by m = 27/A. 

The condition of stability is the condition that waves of the 
prescribed type can propagate; i.e., that c shall be real. 

According to our hypothesis the minimum heat flux (i.e., with 
stable film boiling) occurs when the limits of propagation of a 
stable capillary wave are reached. For a horizontal tube this 
regime is characterized by an orderly discharge from the top sur- 
face of large bubbles with a regular frequency and at regular 
intervals. The motion of these bubbles is governed mainly by 
the balance of the buoyant and adhesion forces. As already 
pointed out (5, 6) the diameter of such bubbles is proportional 
to the Laplace constant 


“taal 
where @ is a constant. One recognizes immediately from [7) 
that this diameter is also proportional to the wave length of a 
capillary wave. The physical situation appears as follows: In 
stable film boiling the velocities are small and the existence of a 
standing capillary wave is a necessary condition for the stability 
of the film; at the minimum heat flux, i.e., at the onset of in- 
stability the wave length is given by the Kelvin relation, i.e., 
by Equation [7]. It is seen that the effect of gravity is a govern- 
ing factor in determining the wave length. Owing to the con- 
tinuous vapor inflow it can be expected that the angular frequency 
will be governed by the surface tension. The angular frequency 
of such a wave is then given by 


(Ui 


om* 


To support this standing wave, or better, in order to maintain a 
release of bubbles with such a frequency and volume, a steady 
supply of vapor is needed. This vapor can be generated only by 
evaporation along the sides of the tube and not from the top. 
In moving upward, along the perimeter of the tube, the vapor 
generates a thin film with a capillary wave motion at the inter- 
face. However, the length of this wave is much shorter than 
that corresponding to the standing wave. The existence of both 
wave motions is the necessary condition for the stability; it is 
obvious that the two wave motions are interdependent. The 
stability is then governed by the motion with the higher energy 
requirement. The foregoing description is clearly exhibited in the 
beautiful photographs taken by Westwater and Santangelo,‘ 
and in those taken by Sauer and Tucker.’ The stability of the 
waves that propagate along the perimeter will be presented in a 
later publication; in the following we shall determine the energy 
associated with the standing wave. 

As the motion of the horizontal interface consists of two sets of 
superimposed stationary vibrations, there will be two elevations; 
i.e., two bubbles per wave length squared, per period. For a de- 
tailed description of the phenomenon the reader is referred to 
Rayleigh’s discussion of Faraday’s crispations (18). If the slugs 
of vapor are approximated by spheres and as the interface breaks 
at the nodes, the energy balance for liquids at saturation tem- 


n? = 


4 Reference (1), figs. 7 and 8. 
5 Reference (17), figs. 14—2 and 4. 
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Substituting the critical wave length and the corresponding fre- 
quency, it follows from Equations [7] and [9] that 
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It can be noted that Equation [12] corresponds to the first term 
on the right side of Equation [8]. Thus the minimum heat flux 
corresponds to the case when the destabilizing effect of the veloc- 
ity in the vapor phase is small compared to the stabilizing tend- 
ency of the surface tension. 

The minimum heat-transfer rate in film boiling, if the stability 
is governed by the standing wave only, is then given by 


— 
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It is of interest now to compare the foregoing relations with 
experimental data. Westwater and Santangelo (1) in experi- 
ments with boiling methanol at atmospheric pressure reported 
that at the instant of release the bubble diameters were in the 
range from 0.20 to 0.36 in.; Equation [7] predicts a diameter 
(X\/2) of 0.20 in. The measured period was 0.06 sec; from Equa- 
tions [7] and [9] the period (r = 22/n) is 0.079 sec. The re- 
ported heat flux was 5470 Btu/hr sq ft. Equation [13] predicts 
6540 Btu/hr sq ft. However, as pointed out by Westwater and 
Santangelo, inasmuch as there was an uncertainty in determining 
the exact heat flux, their reported heat-transfer rates may be 
considered as the minimum possible values. The agreement be- 
tween Equation [13] and their data can be expected then to be 
closer if more precise measurements are made. 

For other liquids it appears that the stability is governed by the 
capillary waves propagating along the perimeter. The standing 
wave at the minimum flux will then have a shorter wave length, 
ie. 


/ 


\ < ] 

— Pe) 
hence it will be a stable wave oscillating with a higher frequency 
than the critical one. 

We shall now proceed to investigate the peak flux. It is well 
known that the most unstable wave length is the longest one; in 
this case it will be given by Equation [7]. It can be expected 
that at the maximum as contrasted to the minimum heat flux 
the velocity in the vapor phase has a great destabilizing effect. 
Now as in pool boiling the gross liquid velocity (U;) is zero, the 
critical velocity in the vapor phase is obtained from Equations 
[7] and [8], thus 


Pr + Py 


U* = [og(p, — p,)]' 


It can be expected reasonably that the interface breaks at the 
nodes. Approximating again the vapor slugs with spheres, the 
peak heat flux is obtained from Equation [11] replacing \/r by 
U from Equation [14]; thus 
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In Fig. 1 the heat-transfer rates predicted by Equation [15] 
are compared with experimental data in the pressure range from 
atmospheric to 0.8 of the critical (thermodynamic) pressure. It 
can be concluded that this simple model exhibits the essential 
features of the phenomenon. 

As the square root in Equation [15] is close to unity except in 
the neighborhood of the thermodynamic critical state it can be 
noted that Equation [4] has the same form as Equation [15]. The 
agreement between Borishanskii’s empirical constant, 0.13 in 
Equation [6], and the value of 7/24 is rather striking. There- 
fore the effect of the viscosity can be evaluated easily. 

Recently, with the development of rockets, the problem arose 
as to the effect of an increase of the gravitational acceleration on 
the peak nucleate heat flux. We note that the presented analysis 
predicts an increase of the heat-transfer rates with an increase of 
g. It would be quite interesting to devise an experiment and 
compare the results. 

We finally observe that Equation [15] gives the peak heat 
flux as a function of pressure only. Now as Equation [1] relates 
the heat flux at a given pressure to the temperature difference, 
ie., superheat A7’, then by solving the two equations the super- 
heat corresponding to the maximum heat-transfer rate in nu- 
cleate boiling can be determined as a function of pressure. The 
range of nucleate boiling is thus determined completely. 

The possibility of extending the foregoing considerations to a 
forced-flow system is rather obvious. 
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Disc ussion 


Y. P. Cuana.* This paper presents three relations for boiling 
heat transfer; namely, Equations [1], [11], and [15]. Equation 
[1] is the relation previously published by Professor Forster and 
the author (5).7_ Relation [11] follows directly from the writer’s 
concept of wave motion and stability in heat transfer (16), and 
Equation [15] is Kutateladze’s Equation [4] with a factor which 
is unity to all practical purposes. 

Concerning film boiling, the writer showed that the unstable 
configuration of a light vapor underneath a heavy liquid yields a 
critical wave length for bubble spacing 


o 
— Pr) 


Equation [29] of reference (16) which is identical with the au- 


6 Visiting Professor, University of California, Los Angeles, Calif., on 
leave from Cheng Kung University, Taiwan, China. 7 
7 Numbers in parentheses refer to the author's bibliography. 
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thor’s Equation [7]. The author’s Equation [13] is obtained by 
multiplying the bubble volume and the frequency and the heat 

- content per bubble. The author asserts, without giving proof or 
reason, that the resulting expression represents the minimum 
heat-transfer rate in film boiling, and stresses the fair agreement 
for methanol. But later he contradicts himself and states that for 
other liquids at minimum heat flux a shorter wave length pre- 
vails. This means that “for other liquids’ Equation [13] does 
not represent minimum heat flux and thus has no general validity. 

It is to be noted that the writer was careful to state that this 

length gives, in general, merely the spacing of the bubbles. 
Would the author care to explain why Equation [7] applies to 

- minimum heat transfer in methanol while he proposes something 
different for other liquids? 

As to the author’s Equation [15], it is certainly as correct as 
Kutateladze’s equation since it is Kutateladze’s equation with a 
factor [(p, — p,)/p,}/* which is practically equal to unity. 
While Kutateladze derived this equation by dimensional analysis, 
the author proposes to derive it analytically. However, it seems 
to us: 


1 That the model of vapor flow along a perimeter is difficult to 
maintain. 

2 That the derivation simply uses the expression for film boil- 
ing (although the model is now quite different) replacing dimen- 
sionally one velocity by another several orders of magnitude 
larger. 


1 Both Kutateladze and Borishanski treat the case of heat 
transfer from a horizontal plate. The author’s model postulates 
a well-defined flow of vapor between heating surface and liquid as 
sketched in Fig. 2. But at the maximum as contrasted to mini- 
mum heat flux, one is in the regime of nucleate boiling, with par- 
tial film boiling just beginning to set in, as shown by many well- 
known photographs. For instance, Ellion* concludes from his ex- 
tensive experiments, ‘‘At the peak heat flux point, about 50 per 
cent of the total wall area is occupied by vapor in the form of 
blankets and individual bubbles.” Fig. 218 shows that the heat- 
ing surface is not completely covered by vapor until film boiling 
is fully established. Moreover, since the author’s model of vapor 
flow by symmetry cannot exist on a flat plate, is it to be concluded 
that the peak heat flux on a flat plate is due to entirely different 
physical phenomena than the peak heat flux on a tube? Why 
then is the peak heat flux for both systems about the same? 
2 Two entirely different cases of instability have to be dis- 
tinguished: 

(a) The instability of a vapor of density p, underneath a 
heavier fluid of density p,. No flow of either phase is considered, 
and the propagating velocity of a stable wave of length \ (Equa- 

tion [7] of the paper) is given by Equation [12] 
r (pr + p,)? 


(b) The instability of the plane surface of a liquid over which a 
vapor moves with velocity U; i.e., that velocity at which the vapor 


* “A Study of the Mechanism of Boiling Heat Transfer,” by M. E. 
Ellion, Memorandum No. 20-28, JPL, CIT, March, 1954. 
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will begin forming wavelets of continually increasing amplitude, 
thus causing instability of the liquid surface. This critical veloc-_ 


ity U, obtained by the author from setting Equation [8] equal to — 


zero is in the ratio 
‘ 
PL + Po 


larger than C, and is given by Equation [14]. It is seen 
that the critical velocity U can never be equal to the velocity of the — 


capillary wave 
is about 30 times larger.) 
occurred when the vapor velocity U equals the velocity C, of the 
capillary wave and he obtains Equation [15] from Equations [11] 
and [12] by replacing C, by U. Such interchange of two veloci- 
ties which can never be equal and which are physically as different © 
as the velocity of a wave and the velocity of matter, seems to us a _ 


characteristic for dimensional analysis, which formed the basis of 7 : 


Kutateladze’s original derivation of this equation. Would the 
author care to expound his reasons for equating C, and U? It 
also would help to know why the remainder of Equation [11] 


(In fact, for most liquids and their vapors it | 
The author proceeds as if instability _ 


> 


which is derived for film boiling was here retained for the system 1 
at peak heat flux which is of quite different nature? 
(c) Lamb® has considered the case of waves on a horizontal — 


surface forming the common boundary of two parallel currents, 
U,, Us, and obtained the following equation for the wave velocity 
(using the author’s notation) 


Py 
m + Pr 


om 
+ Pr 


Pr Pe 
(Pr + p,)* 


Comparison of this equation with the author’s Equation [8] shows 
that the author has omitted the gravitational wave in considering 
the flow along the perimeter of the tube. The author obtained 
Equation [15] through Equation [10] where the gravitational 
wave has been taken into account. Why should it be considered 
in one place and then neglected in another? 


P. Grirrira."® The writer believes that this paper represents a 
great advance in our knowledge of the burnout process and con- 
gratulates the author on his discerning what the essentials are in 
this phenomenon. There are, however, several comments We 
wishes to make: 


The bubble Reynolds number as defined is inadequate in three 


respects for describing the heat transfer in the vicinity of the sur-_ 
face for use in the prediction of the g/A versus AT relation. 


(a) When the bubble-growth velocity is small and the bubbles 
are small, the bubble Reynolds number becomes very small in- 
deed. Yet, not much change is detected experimentally in the ~ 


film coefficient because a large amount of heat continues to be 
transferred from the surface through the liquid to the liquid-vapor _ 
In fact, if the bubbles stopped growing on the surface — 


interface. 
in subcooled boiling, the Reynolds number would go to zero while 
the liquid between the bubbles would act as a series of “‘fins’’ with 
a constant wall temperature. It is believed that a condition ap- 
proaching this exists at elevated pressure. The increasing im- 
portance of this conduction at elevated pressure should be recog- 
nized in any general correlation scheme. 


(b) The dimension the liquid sees is the distance between the — 


bubbles not the bubble diameter. This dimension changes with 
q/A even though the bubble diameter does not. Part of the 
reason the author’s correlation works on the maximum points as 


* “Hydrodynamies,” by H. Lamb, Dover Publications, New York, 
N. Y., 1955, p. 461. 

10 Assistant Professor of Mechanical Engineering, Maseachusets 
Institute of Technology, Mass. Mem. ASME. 
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well as it does is that the packing is fairly constant at this point 
and it is of little consequence whether the bubble diameter or 
spacing is used for correlation purposes. It should not, however, 
predict the boiling curve well away from the maximum points. 
(c) The nature of the surface can have a powerful effect on 
the slope and position of the g/A versus A T relation. Yet there 
is no place in the correlation for such an effect to manifest itself. 


Some question arose in the writer’s mind in the int rpretation 
of the U; appearing in Equation [8]. In Lamb" this velocity 
is stated to be the velocity parallel to the interface in the vapor 
phase. Yet in Equation [10] this velocity is equated to what is 
essentially the average velocity of vapor receding from the sur- 
face. Though velocity of the vapor receding from the surface is 
probably a good characteristic velocity, it would appear that there 
is a certain element of chance in the happy result that these two 
velocities can be equated for the prediction of the burnout heat 
flux. 


D. L. Karz.'* The premise that the transition from nucleate to 
film boiling is solely a hydrodynamic problem is questioned. 
Vapor formation at a solid surface is an interfacial phenomenon in 
which not only the vapor-liquid interfacial tension, ¢:y, but also 
the solid-liquid interfacial tension, ost is a variable. For ex- 
ample, in boiling mercury,'* by changing ost through the addition 
of 0.1 per cent sodium, one can change the system from film-boil- 
ing to nucleate boiling. The surface tension (avi) change of the 
mercury due to sodium addition was not measured but is believed 
to be less than 5 per cent. It follows that the state of boiling, 
nucleate or film, depends on the solid-liquid interfacial tension as 
well as the variables used by the author. The absence of the 
variable ost in any boiling heat-transfer correlation involving 
phase change at the solid-liquid interface implies that the correla- 
tion can only apply for those systems for which the os. terms are 
similar. 

This statement applies to all correlations involving nucleate or 
transition boiling, but in no way detracts from the treatment 
which applies to the release of bubbles from the vapor film. At 
some stage in the transition from nucleate to stable film boiling, 
the liquid-solid contact becomes of minor importance. Only at 
this point can one neglect the effects of the solid-liquid interfacial 
tension. 


W. M. Rousenow," P. Grirriru,® P. J. Berenson.'* 
The following nomenclature is used in this discussion: 


= coefficient of Equation [8] which depends upon nature 
of heating surface-fluid combination 
diameter of bubble, ft 
= mass velocity of bubbles, lb/hr sq ft 
coefficient of Equation [12] which depends upon nature 
of heating surface-fluid combination 
= bubble Nusselt number, defined by Equations [7] and 
{10} 
Prandtl number, C,,4:/h: 


1! Footnote 9, p. 462. 

12 Professor of Chemical Engineering, Department of Chemical and 
Metallurgical Engineering, University of Michigan, Ann Arbor, Mich. 
Mem. ASME. 

13 “Boiling Heat Transfer with Liquid Metals,’’ by R. E. Lyons, 
A. 8. Foust, and D. L. Katz, Chemical Engineering Progress, Sym- 
posium Series, vol. 51, 1955, p. 41. 

14 Professor of Mechanical Engineering, Mechanical Engineering 
Department, Massachusetts Institute of Technology, Cambridge, 
Mass. Mem. ASME. 

1 Assistant Professor of Mechanical Engineering, Massachusetts 
Institute of Technology. Mem. ASME. 

‘6 Research Assistant, Massachusetts Institute of Technology. 
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Nre.» = bubble Reynolds number, defined by Equations [7] and 
[10] 
vapor pressure difference corresponding to AT 
heating surface temperature minus fluid saturation temp 
— Tear), deg F 
specific heat of saturated liquid, Btu/lby deg F 
acceleration of gravity 
= conversion factor, 4.17 108, lbw ft/hr’lb deg F 
= latent heat of evaporation, Btu/lbu 
= thermal conductivity of saturated liquid, Btu/hr ft deg 
F 
= heat-transfer rate per unit heating surface area, Btu/ 
hr? 
= thermal diffusivity of liquid (k/pC,), sq ft/hr 
= bubble contact angle 
= surface tension of liquid vapor interface, lb/ft 
= density of saturated liquid, /ft* 
= density of saturated vapor 
= viscosity of saturated liquid, lby/ft hr 


AP 
AT 


Recently attempts have been made to correlate pool boiling 
heat-transfer data using a bubble Nusselt number Nyu., bubble 
Reynolds number Nre,», and Prandtl number of the liquid Npr.,, 
in the following manner 


= C(Nrew)™ 


In 1951 such a correlation was developed by Rohsenow (1)" 
by defining a bubble Reynolds number in terms of the maximum 
bubble size D, while in contact with the surface, and the average 
mass velocity of vapor formed at the surface, determined by the 
bubble size at departure or maximum bubble size if the bubble 
remains attached to the surface. Then an cs 

G,D, 


Mi 


Nrew = 


usb = 
— 


The evaluation of the constants and exponents in Equation 
{16} was based on experimental observations and led to the 
following dimensionless correlation equation 


CLT, — Tr) J q/A goo i (0-38 (& 
[18] 


where Cy; is a function of the particular surface-fluid combination 
and includes the contact angle 8 which appears in the relationship 
for D,. Table 1 lists magnitudes of Cy: for some surface-fluid 
pairs in pool boiling. In Equation [18] 


T sat) /htg = Nrew Np, 


The exponents and coefficient Css were obtained by correlation of 
data from near inception of nucleate boiling to the maximum 
heat-flux values, over wide pressure ranges for various fluids. 


17 Numbers in parentheses refer to the Bibliography at the end of 
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TABLE 1 VALUES OF Cyt AND Ket 
Fluid-heating surface Cut Kut 
Water-platinum............. 0.013 
Benzene-chromium.......... 0.010 1 
Ethanol-chromium........... 0.0027 300 
ventane-chromium......... 0.015 0.30 


In 1955, another correlation employing Equation [16] was pre- 
sented by Forster and Zuber (2). This employed the results of 
an analysis for bubble growth within an initially uniformly super- 
heated liquid and led to the following expressions for 0R/Ot and R 


- OR _ (Ty — Tus) Cr pr (wa)! 
at 
hig Py 


In this correlation the following definitions were used 


R(OR/dt) p 
Nrew = ————— 


Ky | 
(T,, — Tsat) ky 


The analysis led to the dimensionless terms of Equation [21)}. 
The exponents and coefficients were obtained empirically from 
only the mazimum heat-flux data points with the following result 


(T, — Trax) ky hte Py Ap Ap 


= 0.0015 9 


hts Py hy 
(21) 
The expression 


(3) 
replaces the time (¢)'/* in Equation [19]. 
related, the coefficient 0.0015 is a constant. a 

To show how each quantity influences g/A, Equations [18] 
and [21] may be written in the following form 


For the data cor- 


Equation [18] ard 
_ Cu (AT)*k — 
i 
Equation [20] 
_ 0.0012 (AP)®-% C,9- 


A 9-5 9-29 0-24 


In Equation [18] the relation between g/A and AT is qg/A « 
(AT)*. In Equation [21] it is approximately g/A « (AT)?*, since 
AP «AT. Actually Equations [18] and [21] should not be com- 
pared directly since Equation [18] was derived from data over the 
entire range of heat flux, from inception to peak value, while 
Equation [21] is derived from only peak-value data. It has 
been fairly well established that over the entire range of heat flux 
for most surfaces, g/A is proportional to AT raised to the third 
power. It is, therefore, apparent that while Equation [21] cor- 
relates peak heat-flux data, it does not in its present form corre- 
late the entire nucleate boiling regime. 

The purpose of this paper is to re-evaluate the exponents and 
coefficients of the Forster-Zuber Equation [21] to make the equa- 


@ 


Fig. 3 


tion valid over the entire heat-flux range. This is done by plot- 
ting and cross-plotting the data used in developing Equation [18] 
—Addams (4), Cichelli-Bonilla (5), and Cryder-Finalborger (6). 
The best value of m derived is 1.05. Fig. 3 shows the results of 
this reprocessing of the data which have the following form of cor- 
relation equation 
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where Kg is also a function of the surface liquid combination and 
is listed in Table 1. 

To show how each quantity influences g/A, Equation [22] may 
be written in the following form 


K AP®-% 3-35 


qg/A = 


Since AP ~ AT then (q/A) ~ (AT')?-* in the foregoing result. 

It must be pointed out that this equation fails to correlate the 7 
data for water. The reason for this has not been determined. 
However, since ethanol also exhibits a great deal of scatter, and 
both ethanol and water are polar fluids, it is possible that while 
the equation will be quite good for nonpolar fluids, it will not work ; 
for polar fluids. 
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AvuTHOR’s CLOSURE 


The author appreciates the discussion of Equation [1] made 
by Messrs. Rohsenow, Griffith, and Berenson. Equation [1] was 
derived in reference (5); it was discussed again in this paper 
only in order to point out that although the coefficient and ex- 
ponents were determined from experimental data at maximum 
heat flux, Equation [1] cannot provide any information concern- 
ing the change from nucleate to transition boiling. This re- 
striction on the utility is a characteristic not only of Equation 
{1] but of all correlations which are derived by considering the 
effect of a single bubble in nucleate boiling. It was because of 
this difficulty, which arises when an analysis of nucleate boiling 
is undertaken, that the author proposed in this paper an analysis 
of transition boiling. Such an analysis yields an analytical ex- 
pression for the critical heat flux, i.e., Equation [15]. The rea- 
son analytical attacks upon the “burnout’’ problem, based upon 
considerations of bubble agitation and other nucleate boiling 
characteristics, have not been and, apparently, cannot be suc- 
cessful is discussed in greater detail in reference (21).% 

Concerning the applicability of Equation [1] to the entire 
nucleate region it may be observed that fair agreement with ex- 
perimental data for boiling methanol (22) and liquid metals (23) 
was recently reported. An agreement in general cannot be ex- 
pected unless the nucleating properties of the solid-liquid system 
are similar. This becomes evident if one considers that both 
Equation [1], ie., (21), and Equation [18] are of the form 


q/A = const (AT)" 


Experiments by Corty and Foust (8) and by Kurihara (24) have 
shown that both the value of the constant and of the exponent 
depend on the characteristic of the surface. At a constant pres- 
sure and for the same solid-liquid combination the value of the 
exponent n can be altered from 3 to 24 by changing the surface 
roughness. It is known also that the value of the exponent de- 
creases with prolonged boiling. A complete solution of the prob- 
lem of nucleate boiling should take into account the nucleating 
characteristics of the surface. 

The author agrees with Professor Griffith that the effect of 
the bubble growth velocity decreases at high pressures. It was 
noted (5, 6) that the high heat-transfer rates must therefore be 
due to an increase of the bubble population. The effect of con- 
duction becomes important at high pressures and in subcooled 
boiling; a discussion along these lines was made in a recent 
paper (25). The author agrees also with Professor Griffith as 
to the profound effect which the condition of the surface has 
on the position and the slope of the q/A versus AT relation. It 
was noted that an equation of the form of Equation [23] is not 
adequate for a general correlation of experimental data in nu- 
cleate boiling. At the peak heat flux, however, the g versus A7’ 
relation becomes unimportant because it appears that the peak 
heat flux is independent of AT. This is not only indicated by 
the correlations of Kutateladze Equation [4], Borishanskii 
Equation [6], and of Rohsenow and Griffith Equation [5], but 

18 Numbers from 21 to 33 in parentheses refer to the Bibliography 


at the end of the Closure. 


‘to Equation [15]. 
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also by the experiments of Leppert, Costello, and Hoglund (26). 
In these latter experiments a change of 65 per cent in AT’ (caused 
by altering the condition of the surface) did not have any effect 
on the critical heat flux. The explanation lies in the fact that 
the peak heat flux is determined by the hydrodynamic stability. 
For a further discussion of this important aspect of the problem 
the reader is referred to reference (21). : 

Concerning the interpretation of the velocity U’, in Equation 
[8] it should be noted that the geometrical configuration in 
transitional boiling from a horizontal surface consists of an 
unstable horizontal liquid-vapor interface from which vapor is 
released at regular intervals. At high evaporation rates this 
The velocity U is 
the velocity of the vapor in such a jet and is therefore parallel 
to the sides of the jet, i.e., perpendicular to the solid surface. 

In connection with Equations [8] and [14] it should be observed 
that although in pool boiling the gross liquid velocity is zero, 
there is a liquid flow toward the surface. Therefore the velocity 
U, is not zero, but it is determined from the condition that p,U, 
+ p,l, = 0. Thus the exponent of the term (p, + p,)/p, in 
Equation [15] should read minus '/, instead of plus '/». 

The author agrees with Professor Katz that the effect of the 
surface is very important in nucleate boiling. 


vapor release has a form of small vapor jets. 


In transitional 
boiling, however, there is, apparently, no solid-liquid contact. 
Westwater and Santangelo who experimentally investigated this 
region make the following statements (1): .. . “In fact no liquid- 
solid contact exists either . . .”’ “the present writers do not believe 
there is a real contact ..."’ The explanation for this lies in the 
fact that, according to Drew and Mueller (27), transition boiling 
corresponds to the spheriodal state, i.e., to the Leidenfrost phe- 
nomenon. The change from transition to nucleate boiling cor- 
responds, therefore, to the collapse of the spheriodal state. 

The author thanks Professor Chang for his comments. It 
appears from these comments that the author was too brief in 
his presentation and he therefore takes the opportunity to briefly 
describe the phenomenon again and to amplify the steps leading 
These questions are considered in complete 
detail in reference (21). 

Taylor (28) has shown that the interface separating two liquids 
of different densities is unstable if the acceleration is directed 
from the lighter to the heavier medium. Bellman and Penning- 
ton (29) have shown that the disturbances of the interface can be 
stable or unstable according to whether the wave length is shorter 
or longer than the critical value given by Equation [7]. 
show also that the “most dangerous’ wave length, i.e., the wave 
length for which the amplitude of the disturbance grows most 
rapidly is given by 
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The analytical prediction of Taylor and of Bellman and Pen- 
nington were verified by the experiments reported by Lewis (30) 
and Allred and Blount (31). The initial exponential growth of 
the disturbance and the stabilizing effect of the surface tension 
were confirmed. The initial sinusoidal form of the interface 
becomes asymmetrical in the finalstages. This asymmetrical form 
consists of spikes of heavy liquid extending into light fluid, and 
of rounded regions which may be thought of as bubbles of lighter 
fluid rising into the heavier fluid. 
the effective “wave length’? was found to be in agreement with 
Equation [24]. The mushrooming of the interface was attrib- 
uted by Allred and Blount to the Helmholtz instability. The 
geometry of the interface in these experiments is identical with 
the geometry of the interface in transitional boiling. This state- 
ment can be verified by comparing photographs published in 
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The spacing of spikes, i.e., 
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reference (31) with those published in reference (1) [some of these 
have been reproduced in reference (21) ]. 

Because of Taylor instability in transition boiling a definite 
geometrical configuration can be expected. For a two-dimen- 
sional system this geometry is characterized by disturbances 
with wave length in the spectrum 
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The diameter of vapor slugs was approximated by D = X/2. 
For methanol Equation [25] then yields 0.2 in. < D < 0.345 in., 
whereas Westwater and Santangelo measured 0.2 in. < D < 0.36 
in. The interface takes form of spikes and “bubbles.”” In their 
downward fall the spikes approach the heated surface and rapid 
As noted, because of the spheroidal state, 
no solid-liquid contact exists. As liquid evaporates from a spike 
vapor flows in the region between two spikes; therefore a release 
As a row of bubbles is re- 
Because of the 


evaporation occurs. 


of bubbles occurs at regular intervals. 
leased an unstable interface is again formed. 
downward flow of the liquid a spike will be formed now under- 
neath the released bubble and the process is repeated. The proc- 
ess is, therefore, thermally stable because it can continue indefi- 
However, it is hydrodynamically unstable, indeed it is 
Inasmuch 


nitely. 
this instability which is the cause of the phenomenon. 
as the factors which influence the geometry remain invariant, it 
can be expected that in transition boiling changes in heat transfer 
rates are associated with changes in frequency only. The maxi- 
mum and the minimum heat flux correspond, therefore, to the 
maximum and minimum allowable frequency of the system. 
High evaporation rates and, therefore, a high velocity in the 
vapor phase correspond to the peak heat flux which is, therefore, 
characterized by the combined effect of Taylor and Helmholtz 
instability; whereas the minimum heat flux is characterized by 
the effect of Taylor instability only. 

Professor Chang questions the validity of Equation [13]. 
The author has stated that the analysis presented in this paper 
considers only the stability of the horizontal liquid vapor inter- 
face. Equation [13] and Equation [15], therefore, apply to the 
minimum and maximum heat transfer rates in transitional boil- 
ing from a horizontal surface. Equation [7] is certainly applica- 
ble to a horizontal interface no matter what liquid. It was 
stated, however, that for a horizontal tube in addition to the 
horizontal interface one has to consider the stability of the liquid 
vapor interface along the perimeter of the tube. As stated, this 
aspect of the problem was not analyzed in this paper. Equation 
[13] corresponds to the initial growth of Taylor instability. It 
is shown (21) that at the minimum heat flux the problem can 
be formulated by considering the asymptotic growth of Taylor 
instability, ie., the rate of rise of a two-dimensional bubble (32, 
31). This approach for the minimum heat flux from a horizon- 
tal surface gives 
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The inequality is a result of the spectrum given by Equation 
[25]. At low pressures both Equation [13] and Equation [26] 
show the same dependence on physical properties. 

Professor Chang’s discussion in connection with Fig. 2 applies 
only to his figure but not to the analysis the author has presented 
in this paper. As stated already, the model represented by Fig. 
2 and the flow along the perimeter were not analyzed by the 


author. Fora horizontal interface the vapor flows from a “spike”’ 
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into a region between two spikes, i.e., perpendicular to the 
surface. 

Professor Chang states that “at the maximum as contrasted 
to the minimum heat flux, one is in the regime of nucleate boiling’’ 
... It should be noted that the peak heat flux corresponds not only 
to nucleate boiling but also to transitional boiling. To this flux 
there corresponds in the q-7' plane a plateau instead of one point 
on the boiling curve. The coexistence of the two boiling regimes 
is clearly shown on Fig. 4, reference (1). An analysis of the 
critical heat flux based on the characteristics of transition boiling 
is not only permissible but quite advantageous. 

The author would like now “to expound his reasons”’ for equat- 
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The phenomenon, because of Taylor instability, exhibits a simi- 
larity to a release of bubbles with variable frequency from a set 
of regularly spaced (i.e., A) orifices of fixed geometry (i.e., of 
diameters D = \/2). At high evaporation rates the vapor re- 
lease appears like small vapor jets. The relation between 
\/r (i.e., the release of vapor) and the vapor velocity U’ in such a 
jet follows from continuity. In a flow between two spikes the 
mean vapor velocity U and the sides of the vapor column are 
perpendicular to the horizontal surface. Therefore in Equation 
[8] the gravitational term does not appear. The wave number 
m depends, however, on the gravity because it is related to the 
diameter of the jet. It is shown (21) that because of the spec- 
trum given by Equation [25], \/r given by Equation [27] is a 
mean value. 

The author would be happy to explain why Equation [11] was 
applied to the peak heat flux, which according to Professor Chang 
is “of a quite different nature.’’ The reason is quite simple: 
Equation [11] applies not only to the minimum heat flux but to 
the whole transitional region and therefore also to the peak heat 
flux. It was noted that in transitional boiling the geometry does 
not change; consequently, at a given pressure the heat flux de- 
pends on the frequency. It follows from Equation [11] that at 
a given pressure the following relation holds 


where the subscripts refer to two different operating conditions. 
Westwater and Santangelo (1) have reported that for an over-all 
temperature difference 7, — T,, = 133 F, and a heat transfer 
coefficient U = 164 Btu/hr ft* F each inch of the photographed 
side of the tube exhibited 84 bursts per second; whereas at a 
heat flux of g/A = 5470 Btu/hr ft? the frequency was 22 bursts 
per second per inch length. Substituting these values in Equa- 
tion [28] it follows that 


n 21800 


= —— = 3.98 
5470 
T2 S4 
= — = 382 
Ti 21 


As a further check the ratio of the periods computed from the 
analysis will be compared with the ratio of the maximum and 
minimum heat flux determined from experiments (1) 


E ti 12}) 0.08 
0.0027 


7 (Equation [27 1) 


max 172000 
= 31.4 
Qmin 5470 
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Professor Chang’s proprietary remark in connection with 
Equation [7] requires a comment. The author’s discussion on 
reference (16) is published with that reference and the reader 
can verify by himself the statements made therein. A comment 
on reference (16) occurs also as footnote 3 of this paper. The 
first person to give a correct discussion of the influence of wave 
motion on “burnout” was Kutateladze, who in 1951 pointed out 
that the peak heat flux is determined by +he hydrodynamic 
instability of two-phase flow. Both Kuitsieladze (9) and 
Borishanskii (12, 33) analyzed the maximum heat flux by con- 
sidering the nucleate region. Because the geometry of the flow 
in nucleate boiling is undetermined these investigators had to use 
dimensional analysis which reduced the problem to the determina- 
tion of at least one empirical constant. The author proposed 
an analysis of transitional boiling. This region, because of Taylor 
instability, has a well defined geometrical configuration which 
permits an analytical solution of the problem. One could have 
expected that Equations [4], [6], and [15] should be of the same 
form; after all, they describe the same phenomenon. The close 
agreement between the value of the constant determined by 
Borishanskii from experiments (K = 0.13), and the value deter- 
mined analytically in this paper (K = 2/24 = 0.131) can only 
attest to the correctness of the idealized system and to the ad- 
vantage of an analysis of transitional boiling. It can be noted 
that 117 data points were used by Borishanskii in establishing his 
correlation. 

The idealized system was tested further by extending the 
analysis to subcooled liquids (21, 25). The analysis results in an 
equation which predicts the peak heat flux in pool, subcooled 
boiling from a horizontal surface 
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(ar) 
where 7 and J are obtained from Equation [27] and [7]. In the 
following table the predicted heat transfer rates are compared to 
experimental data reported by Leppert, Costello, and Hoglund 
26) 
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Experiments, 
Btu/hr ft? Btu/hr ft? 


9.10-11.74 105 9.89 105 
4.55—5.12 X 105 5.28 X 105 


Analysis, 


Further agreement with experiments is shown in references (21 
and 25). 
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The conditions determining the growth rate of a bubble 
on a surface in boiling are considered and a mathematical 
model framed in the light of these conditions. The 
growth rate is then calculated for bubbles growing under 
a range of conditions of pressure, wall superheat, and bulk 
fluid temperature. The average growth rate of a bubble 
is found to decrease with increasing maximum size and 
to decrease with increasing pressure. At high pressure, the 
maximum size of the bubble is found to be independent of 
pressure and primarily a function of the thickness of the 
superheated layer near the surface. 


NOMENCLATURE 
The following nomenclature is used in the paper: : 
Q = heat 
R = bubble radius 
T = temperature i 
V = velocity 
Y = R/b dimensionless bubble radius 


b = thickness of hot layer of liquid near surface (Fig. 2). 
— T,) 
c, = liquid specific heat 
h;, = latent heat of vaporization 
k, = liquid thermal conductivity 
q = heat flux 
r = radius co-ordinate 
t = time 
v = dimensionless velocity, defined by Equation (12) 
w = mass 
y = dimensionless radius =r/b 
@ = dimensionless temperature, — 
T, 
¢ = angular co-ordinate co-ordinates 
Subscripts 
b = bulk 
l = liquid 
s = saturation 
v = vapor 
w = wall 
INTRODUCTION 


Studies of the mechanism of nucleate boiling indicate the 
principal mode of heat transfer is from the surface to the liquid 
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Rates in Boiling 


with the bubbles acting as turbulence promoters (6, 3).2 Corre- 
lations for predicting both the heat flux-temperature difference 
relation and the maximum heat flux attainable in nucleate boiling 
depend in part on the characteristic growth velocity for the 
bubbles. Ellion (3) used a measured growth velocity for correla- 
tion. Forster and Zuber (1, 2) calculated a growth velocity as- 
suming the bubbles were growing in an initially uniformly super- 
heated liquid. Under these conditions the bubbles continue to 
grow without limit, while with subcooled liquid the bubbles grow 
only to a maximum size. Rohsenow (8) and Rohsenow and 
Griffith (7) assumed that the growth velocity was not an im- 
portant variable in the correlation. Further advances in the 
correlation of boiling heat-transfer data and a better understand- 
ing of the boiling heat-transfer process depend on obtaining the 
growth curves for bubbles growing under nucleate boiling condi- 
tions. In particular, it is desirable to know the effect of the sys- 
tem pressure and subcooling in the bulk of the liquid on the 
maximum bubble size attained and the time it takes to attain this 
size. 


Tue Buss_e GrowTH PROBLEM 


Though the earliest stages of the life of a bubble are important 
for a complete understanding of bubble formation and growth 
(4, 2), the principal stirring in the liquid is accomplished during the 
later, or asymptotic stages, of bubble growth. This stage in- 
cludes virtually the entire visible life of bubbles at moderate and 
high pressures and most of the life of a bubble at low pressures. 

The asymptotic stage of growth is characterized by negligible 
surface tension and dynamic effects so that the growth rate of the 
bubble is dependent essentially on the heat transfer in the liquid 
to the bubble wall. It is therefore appropriate to begin by ex- 
amining the conditions existing in the liquid when the bubble 
starts to grow; then, on the basis of these conditions, postulate 
a mathematical model and finally solve for the bubble radius-time 
curve. 

Bubble growth occurs as a result of evaporation at the bubble 
wall. The heat for this evaporation is transferred by conduction 
from the surrounding liquid. If a laminar-flow field and constant 
properties are assumed in the liquid surrounding the bubble, the 
equation governing the heat-transfer process is 


Pili oT 
ky Lae 
If the bubble is assumed to consist of a spherical segment, the heat 
transfer at the bubble wall is 


or 


The rate of evaporation can be related to the rate of growth of 
the bubble through the first law of thermodynamics. Consider 
the system illustrated in Fig. 1. At time 1 it consists of a small 
mass of superheated liquid, and at time 2 it consists of the same 
mass evaporated into vapor. The shape has been taken as hemi- 
spherical, as a bubble in its early stages closely approximates this 
shape. In addition, the fluid-flow pattern around a hemispherical 


2 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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Fic. 1 HeMIsPHERE OF Liquip AND RESULTING BUBBLE 
bubble on a surface is simple and easy to handle analytically. If 
it is assumed the latent heat of vaporization is large compared to 
any superheat enthalpy in the original liquid and that the growth 
occurs essentially at constant pressure, the first law of thermody- 
namics yields 


When the mass within the bubble is expressed in terms of the 
density and volume and Equation [3] is differentiated with re- 
spect to time 


Eliminate g between Equations [2] and [4] and express the area 
in spherical co-ordinates then 


Vea - 
(27) 
=— sin gdy 
phy 


Continuity considerations relate the velocity at any point to the 


velocity of the bubble wall which is expressed in Equation [5] 


0 or Jr=R 


Together with the appropriate initial and boundary conditions, 
Equations [1] and [6] specify the bubble growth problem. 


INITIAL AND BouNDARY CONDITIONS 


As essentially, all of the visible life of a bubble occurs during the 
asymptotic stage of growth in which the surface tension and dy- 
namic effects are negligible, the pressure within the bubble is es- 
sentially the same as that existing well outside the bubble. There- 
fore, the bubble wall temperature is very close to saturation tem- 
perature for that pressure 


T=T.at¢y 


Actually, as the bubbles grow and depart, the surface varies in 
temperature, but whether these fluctuations are significant com- 
pared to those experienced by the liquid determines whether the 
surface can be considered at constant temperature. A rough idea 
of the relative magnitude of these fluctuations can be obtained by 
imagining a very simple ideal case. Consider a semi-infinite slab 


TRANSACTIONS OF THE 
the bubble and surface have been taken at saturation temperature — 
because if their temperatures were significantly above it, there 
would be a very large evaporation rate at that point which would — 
soon cool it down almost to saturation temperature. 
The initial conditions are fixed by considering the environment 
of the bubble at the instant it starts to grow. In general, there is 
a thin layer of superheated liquid in the vicinity of the wall 
whether there is pool boiling or boiling in the presence of forced 
convection. The thickness of this layer would be determined by | 
the forced or natural convection in the fluid and the unsteady heat 
transfer to the liquid rushing in when a bubble departs or col- — 
lapses. Fig. 2 illustrates the likely temperature distribution _ 
along with the one assumed in these calculations. Though this is" 
not the best possible assumption, it is simple and is characterized 
by one parameter 5, the distance from the wall to the point where 
the temperature is constant at 7',. An initial radius also is as- 
sumed in order to start the solution. These initial conditions are © 


cose) + for r cose <b..19] 
R= 


in which 7% is a radius less than the thickness of the superheated — 
layer near the surface and small enough so that the radius as- 


sumed will not affect the result materiemy, 
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AssuMED TEMPERATURE DisTRIBUTION a Distance b From Heater 
SURFACE 


Tue So.ution 
In order to facilitate the solution of this problem it is convenient 
to transform it into dimensionless form. For this the length b is — 
used as the only significant length in the problem along with the — 
fluid properties as they are all invariant. These dimensionless — 
quantities are defined in the nomenclature. When Equation [6] — 
is expressed in dimensionless form one gets 


y? 0 \dy/y=¥ 


Equation [1] expanded in dimensionless form becomes 
1 l 
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of heater material at a high temperature brought in contact with 
another semi-infinite slab of liquid at saturation temperature. 
What will be the temperature assumed by the interface? For the 
_ combination, water and copper, the temperature of the water at 
the interface increases 23 times as much as that of the copper 
decreases. For water and stainless steel the water temperature in- 
creases 5 times as much. These two surfaces represent the ex- 
tremes in surface properties so the assumption of constant surface 
temperature is probably quite good. The points common to both 
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The initial conditions become 
for ycosg <1 


for ycosg > 1 
fory = Y 
a small number 


and the boundary an 
0 = 86, fory = Y 


for y cos g = 
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AS The heater surface temperature has been taken as constant . 
.. [13] 
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There are two parameters of significance; a temperature parame- 
ter measuring the degree of subcooling, T,, — 7',/T,, — T;,, and a 
properties parameter which is the ratio of the superheat enthalpy 
per unit volume to the latent heat enthalpy per unit volume of the 
vapor 
— T,) 
c= 
PAs, 


Equations [12] and [13] have been put into finite difference 
form and placed on Whirlwind computer for a variety of the 
parameters. 


RESULTS 


. The computed results are presented in Figs. 4 through 8. The 
range of parameters is sufficient to cover most liquids from 0.1 to 
0.9 of the critical pressure at temperature differences correspond- 
ing to the maximum heat flux. 

A check on the mathematical solution was obtained by running 
a program for an initially uniformly isothermal field, then allowing 
the bubble to grow and comparing the enthalpy defect in the 
liquid with the enthalpy gain in the bubble. Most of the devia- 
tion is due to a first-derivative truncation error which decreased 
as the temperature gradients in the liquid became less. Therefore, 
the errors would tend to be smaller for the nonisothermal initial 
conditions as the temperature gradients tend to be less. The ap- 
proximate deviations are presented in Table 1. 

A check on the mathematical model is provided by the data of 
Dergarabedian (5) which is presented in Fig. 3. The dots are 
points measured from high-speed motion pictures and the curve 
is obtained by interpolation of computer results presented in Fig. 
8. The interpolation is simple as these curves are parabolas. 


TABLE 1 APPROXIMATE DEVIATIONS 
— nite — Fa Per cent 
prhfo error in ¥ 
FLUID - WATER 
pe | ATMOSPHERE 
q 
T+ 1031 °c 
RADIUS INCM 
| 
q [o} 
6 
| 
7 ° 5 10 
TIME IN MILLISEC 


AND CALCULATED RATES OF 
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Fie. 3 Comparison oF MEASURED 
Curve Is From INTERPOLATION 


The range covered by the computer results was limited by the 
validity of the mathematical model. For very large values of the 
parameter c the assumption that the dynamic effects are unim- 
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portant is not valid, while for small values of this parameter the 
time the bubble takes to grow and the thickness of the cooled 
layer surrounding the bubble are so large, the assumed laminar- 
flow field is probably seriously in error. It was for this last 
reason also that the course of the bubble was not traced into the 
collapse region. 

The results are in the form of plots of dimensionless radius 
versus dimensionless time with dimensionless velocity as a 
parameter. There are three sets of these curves for different val- 
ues of c, the reciprocal of which is roughly proportional to the 
thickness of the cooled layer surrounding the bubble. For each 
value of c, there are three radius-time curves for different values 
of the bulk temperature and the ends of all these curves are con- 
nected by the zero-velocity line. The radius of the bubble inter- 
secting the zero-velocity line is the maximum radius attained by 
that bubble. When there is no subcooling in the liquid the bubble 
radius continues to grow without limit so there is no intersection 
with the zero-velocity line. 

Without any further information about bubble-departure sizes 
or populations it is impossible to correlate heat-transfer data using 
these bubble-growth results. However, several interesting con- 
clusions can be drawn from these calculations alone. 

The temperature distributions obtained from the computer 
made it apparent that for small values of c the thickness of the 
cooled layer of liquid surrounding the bubble is large compared 
to the radius of the bubble. This means that for small c the plane 


approximation, used to solve the heat-transfer problem by = 
other investigators (2, 4), is inadequate here. Forc = 5 the plane This work has been supported by the Office of Naval Research 
approximation error is 10 per cent. For c less than this, the error and the National Science Foundation. y 


would increase. It also was apparent from these temperature 
distributions that for ¢ = 0.35 a significant quantity of heat was 


transferred from the surface to the liquid and then to the bubble 
wall while the bubble was growing. At higher values of c corre- 
sponding to low pressure this does not happen. Under these con- 
ditions, the bubble grows primarily as a result of heat transfer 
from liquid superheated before the bubble ever started to grow. 

The calculated growth curves showed that for small ¢ the 
maximum size attained by the bubble is proportional to the thick- 
ness of the layer of superheated liquid near the surface and is in- 
dependent of c. In part, this would account for the relatively con- 
stant maximum bubble size which has been observed over a wide 
range of pressure at elevated pressure. Finally, it is apparent 
from the shape of the line where v = 0 in Figs. 4, 5, and 6 that 
even at a constant value of c the average velocity of growth for a 
bubble decreases with decreasing maximum size. This checks 
with the experimental observations of Ellion (3). 


CONCLUSIONS 


1 For increasing pressure and decreasing c the growth velocity 
decreases. 

2 The maximum size attained by bubbles for small c is inde- 
pendent of c and depends only on the thickness of the layer of 
superheated liquid near the surface. (Compare Figs. 5 and 6.) 

3 The average growth velocity of bubbles with a small 
maximum size is greater than those with a larger maximum size 
for the same value of c. 
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P. Savic.* The author obtained a solution which appears to ac- 
count very well for a number of observed facts of surface boiling. 
In trying to understand the mechanism of surface cooling by 
means of impinging drops, a theory of bubble growth was de- 
veloped here using a mathematical model very like the author’s, 
except that the original temperature distribution was considered 
wholly radial; i.e., the temperature was independent of the polar 
angle g. The analytical solution obtained in this way was ap- 
plicable only in the case of large values of the properties parame- 
ter c. This meant neglecting the term (2/y) (00/dy) relative 
to the other terms in Equation [13] of the paper. Furthermore, 
a co-ordinate transformation was effected in which r was re- 
placed by the radial co-ordinate z starting from the surface of the 
bubble; i.e. =R+2z 


In addition, Equation [13] was expressed in terms of the two 
variables s=2/R and R = Rit) 


Hence the convection equation was written in the form 


k 1 OT oT al 1 |- 
where R denotes dR/dt. It will be seen that the variables may 
readily be separated and the equation solved if it is assumed that 


R-R = const. This leads to Forster and Zuber’s case of a bubble 
growing in a uniformly superheated liquid. The present solution 


for the are rate is 
3k, \'/2 
Tle 


compared with Forster and Zuber’s 
R=- 
2 


ee 
The ratio of the two values is 7/2 \/3 = 0.91; i.e., 


Zuber’s value is about 9 per cent smaller than ours. 

Starting with this solution, a perturbation treatment was at- 
tempted by assuming the temperature developed in a power 
series; viz. 


Forster and 


3 Mechanical Engineering Division, National Research Council of 
Canada, Ottawa, Canada. 


is n is a positive integer. 


T = f(s) + B-R-g(s) + D-R*h(s) + ... 
Similarly R-R was developed in the following manner 
R-R=A+B-R + + 


Equating equal powers of R, there results 


k 1 
Pil; 


(1 + 8s)? 


| 1 


k, 
— 9" + Ag’ 


k 
— + Ah’ 


The initial and boundary conditions may be expressed as follows 
T = a + + az’... 
ado a,Rs + for s— @ 


for s=zQ@ 


hfyp. 

ky 
where dy, 4, d2, ete., are constants. For small values of s the 
left-hand side of Equation [15] may be written in the form 


j” + 3Aisj’ — nA = 0 


RR 


where 


cr A-p 


A, = 
1 k, 


The solutions are confluent hyper- 
geometric functions but, on account of the boundary conditions, 
only the ratio of their initial and asymptotic values is required. 
This ratio is known‘ and may be expressed in terms of gamma 
functions. since A, is assumed large, care must be 
taken to insure that the solution smoothly with the 
asymptotic solution, = [(s + 1)* — 1]"/%, obtained by neglect- 
ing the first term relative to the other two. In this way values 
may be obtained for the constants, A, B, D, ete. For the first 
three the following relations were obtained 


Moreover, 
‘Soins on” 


6k, 
TP 
(7 6)(9A,/2)'7* 
(3 /2) 
8a,k, (4/3) 
5 (3/2) 


5B?/49A + 


This treatment may be continued, although it becomes progres- 
sively more tedious to solve the nonhomogeneous equation of thé 
type of Equation [15]. For the present purpose only the first 
three equations were solved. 


4“Special Functions of Mathematical Physics,” by Magnus and 


Oberhettinger, Chelsea, 1949, ch. 6, p. 87. 
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SAVIC 


GRIFFITH 


To compare this result with the author’s, it will be noted that 
the temperature curve, Equation [16], has a minimum at 2 = 


—a;/2a,. The temperature there has the value 


T, = a — a;"/4a2 


Note also that in the author’s nomenclature a9 = T,,. In ac- 
cordance with Fig. 2 we assume point b to lie at the inter- 
section of the tangent 7 = ao + az with T = 7,. From this 
the constants a; and a: may be expressed in terms of b, thus 


a; = —(T, — = (Ty — Ty) 


Introducing two new variables y; and 7; and expressing them in 
terms of the author’s notation 


the series [14a] together with [17] can be expressed in the form 


[ 151°2(7/6) 


121 (4/3) 
1 }...... 19 


5(1 — 8,) 


This differential equation may be solved readily in terms of 
logarithmic functions; the maximum bubble radius can be found 
by putting yi = 0 and solving the quadratic form in y:. While 
the author finds that the maximum bubble radius for small 
values of c is constant, the first of Equations [18] suggests that 
for large values it is proportional to (c)’*. Apart from the 
physical reasons stated by the author, the form of Equation [19] 
shows that there are analytical reasons in this type of approach 
why the series does not permit the solution to be pursued into 
the descending branch of y:. Neither is it possible to derive the 
time when the maximum bubble radius will be reached. 
Nevertheless, Equation [19] was solved and compared with the 


author’s curve for c = 5.3. The result is shown in the Fig. 9. 


Fic. 9 


One additional assumption was made; namely, in the present 
treatment the value of b was taken as the mean of the author's 
value averaged over the hemisphere. This gives 2 times the 
author’s value. It is interesting to note that when 8, = 0 the 
discriminant of the right-hand side of Equation [19] is very 
nearly zero. This is as it should be as, for bulk temperatures in 
excess of saturation, no real maximum bubble radius can exist. 
Fig. 9 shows that, while the initial stages of the motion agree 
reasonably well, the maximum bubble radius given by the pres- 
ent theory lies somewhat below the author’s curves. This is 
probably due to the fact that for later stages of the motion the 
first three terms of the series [19] are not sufficiently close to the 
sum of the series, requiring additional terms to be calculated. 


AUTHOR’S CLOSURE 


The author finds the procedure and the results of the calcula- 
tions of Mr. Savic very interesting. The difference between the 
author’s growth curves and Mr. Savic’s are not large considering 
the very different mathematical procedures used in solving the 
problem. The author would like to comment, though, on one of 
the points raised by Mr. Savic. 

The maximum size attained by the bubble and the time needed 
to attain this size are both well-defined physical quantities. In 
spite of this fact, when the growth velocity drops to zero at the 
maximum, mathematically the time needed to attain this size is 
indeterminate from a simple integration of the velocity-diameter 
relation. It appears some limiting procedure would have to be 
used in order to obtain an answer at this limit. Perhaps the in- 
formation that would have to be put in the problem explicitly is, 
in the vicinity of the maximum, the second, or perhaps some 
higher derivative of the diameter-time relation, is approximately 
constant. It may be that the temperature assumption made by 
Mr. Savic does not contain enough to yield an answer at this limit. 
In this work the difference equation that was solved yielded a 
definite maximum size and associated to time so there was no 
necessity for using a limiting process. 
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By I. R. WHITEMA 


An extension of the classical Graetz problem is presented 
to cover various velocity profiles; and the variation of 
Nusselt modulus with respect to these profiles is shown. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


coefficient occurring in Equation [10] 
coefficient occurring in Equation [10] 
coefficient occurring in Equation [3] 
unit heat capacity at constant pressure, Btu/lb deg F 
coefficient occurring in Equation [16] 
coefficient occurring in Equation '16} 
v¥-1l1 
Bessel function of first kind, zero order 
= Bessel function of first kind, + 1/3 order 
thermal conductivity of fluid, Btu/sec-sq ft (deg F/ft) 
= value of definite integral, Equation [17] 
parameter, dimensionless 4 
Prandtl modulus, dimensionless, (uC,/k)(3600 g,) 
= heat flux, Btu/hr 
radius, ft 7 4 
tube radius, ft 
(r/ro) 
R(r*) se 
Reynolds modulus, dimensionless, (2U,,rop/ugo) 5 
temperature, deg F _ 
velocity of fluid, fps 
velocity of fluid at center line of pipe, fps 
average fluid velocity, fps 
distance along tube, ft 
(x/ro)2m 
(Re Pr)(m + 2) 
flow rate, cfm 
distance from tube wall, ft 
= (z/ro) 
eigenvalue 
= viscosity of fluid, lb-sec/sq ft 
fluid density, pef 
gamma function 


+x 


N 


INTRODUCTION 
Though the velocity distribution of a fluid passing through a 
circular tube in streamline motion may be determined rather 


easily, it is much more difficult to evaluate the heat flow to such 


1 Project Director, General Analysis Corporation; formerly with 
Engineering Department, University of California, Los Angeles, Calif. 

2? Advanced Study Engineer, Missile Systems Division, Lockheed 
Aircraft Corporation, Van Nuys, Calif. 
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Nore: Statements and opinions advanced in papers are to be 
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the Society. Manuscript rece ived at ASME Headquarte rs, October 


W. B. DRAKE? 
fluid from the wall, when the wall is kept at uniform temperature 
and the fluid enters the tube at a different temperature. The 
problem has only been solved neglecting the variations of the 
thermal properties of the fluid with temperature. 
In honor of L. Graetz (1885), who first found a mathematical 
solution, this problem is generally referred to in his name. 
Since many such problems which occur in physical reality have 
velocity distributions other than that of a parabolic shape, it is 
desirable to expand upon the Graetz solution to include other 
possible velocity-distribution profiles. 


PROBLEM STATEMENT 

The problem considered here is an extension of a paper by J. R. 
Sellars, Myron Tribus, and J. 8. Klein,? and is posed by a system 
in which a fluid of constant properties flows through a round tube. 
The velocity distribution is given by 

U = U¢e(1 — r*™) 

where m is an arbitrary number. Distributions as a function of m 
are shown in Fig. 1. Up to this point (x = 0) the fluid is iso- 
thermal; following this point a prescribed temperature is given 
at the wall of the conduit. The results will show how the Nusselt 
- modulus varies for pipe flow with arbitrary velocity profiles. 


O 


10 


r 


Fic. 1 Ve.ociry DistripuTION REPRESENTED BY THE PARAMETER m 


The problem can be stated in mathematical terms as follows: 
Given 


. 


*‘‘Heat Transfer to Laminar Flow in a Round Tube or Flat Con- 
duit—The Graetz Problem Extended,”’ by J. R. Sellars, Myron 
Tribus, and J. S. Klein, Trans. ASME, vol. 78, 1956, p. 441. 


728 


| Heat Transfer to Flow ina Round Tube 
| With Arbitrary Velocity Distribution 
C- 


C= i = 
"\ dA r*=1 


APRIL, 1958 
r 
-ue[1-(4) ] [1] 
(Continued ) 
and for 
with either Uz, ro) = t,(z) 
z>0 
or kt,(z, ro) = q(x) 
find é(z, r) and the relation between g(z) and ¢,(7). 
The nondimensional form of the equations is 
oat ¢* or* 


The boundary conditions are t <0 


and either txt, 1) = 
z*>0 


or (2*, 1) = rog(x*)/k 


In view of the linearity of Equation [2] it is necessary to have 
only the fundamental solution, known as the Graetz solution, to 
construct all other needed solutions. Therefore the initial step 
is the completion of the Graetz solution. 

The Graetz Solution. The problem considered by Graetz and 
most other workers is Equation [2], when the value of m is 2, and 
with boundary conditions 

+ 
t=1 2*<0 


i 


Let 0 be a solution of Equation [2], then +¢ 


n=0 


where the A, are the eigenvalues required to make the solution to 
the following differential equation 


r*R,” + R,' + — r*™)R, 0........ (4] 
satisfying the boundary conditions 
=0, RO) = 1 


The coefficients C,, are determined from the relation 


1 
f, r*(1 — r*™)R,dr _2 


A=An 


Following the procedure by Sellars, Tribus, and Klein,* we look 


for a solution in the form - 


R = ear”) 


and find that g(r*) satisfies 


1 
+ 9% +—9' + MMI (6) 
Now an asymptotic solution is sought in the form 
g=AptmtrA Wt... 


Substitution in Equation [6] and equating powers of \ gives 


Since A is large, the remaining terms in Equation [7] are neg- 
lected. Substitutions of Equations [8] and [9] in Equation [7] 
gives for R 


Equation [10] is the so-called WKB approximation and is valid 
for 0 < r+ < 1 for sufficiently large \. Now the coefficients A and 
B must be determined so that Equation [10] will correspond to 
the regular solution of Equation [4], where r* is small. For small 
r* Equation [10] is 


+ Be-*r* 


Inspection of Equation [4] shows that when r* is small enough 
so that A%1 — r*™) — A, the classical solution behaves as 
J(Ar*), since Equation [4] then becomes a Bessel equation. For 
large Ar*, even if r* is small, the asymptotic expression for 


Jo(Ar*) is 
lf 2 


and thus it is seen that to make Equations [11] and [12] equal for 
r* small, it is required that 


R 


and forO<r*+<1 
prt r 
R(r*) .. [14] 


Equation [14] is not a good approximation to the solution as 
r*+— 1, since it has a singularity there. Because a boundary con- 
dition is to be imposed at r* = 1, the development of an alternate 
solution, valid near r+ = 1 is considered. By patching it onto 
Equation [14] the solution over the range < r+ < 1 is obtained. 


The following change of variable is made z+ = 1 — r* and 
Equation [4] becomes, considering 0 < z*< 1 
aR dR 
The solution of this equation is a0 


R=D<VJ(zt)Jy, 


+ E 


The constants D and £ are to be so chosen that for small z+ Equa- 
tions [16] and [14] are equivalent. 

Change the variable from r* to z* in Equation [14] and per- 
form the integration, noting that the value of the first expression 
will be some constant K,, for any value of m 


r* 1 rt 
= f Vu - mat + Vil 
0 1 


f 
| 


For small z+ Equation [17] yields 


Jl — = K, 
0 


so that Equation [14] for small z 


; V/(m) 


2 a/, 
V(m) + Ak — 
+) = be 


For large A\z*, even if z* 


Expanding the cosines of differences of angle occurring in 
Equations [19] and [20] yields the simultaneous equation 


1/9 
12 + = (5) cos - 


br 
E sin = 


12 


is small, Equation [16] becomes 


om 
12 


V(m) =| 


D cos E a/(m) — 
+ 


i i 
m'/4z 


= . [20] 


D cos 


from which D and E£ are evaluated. 
Therefore Equation [16] is 


— sin (x =) athe | 


_ As z*—» 0 the product 


but the product involving J —1/, becomes constant. Therefore the 
coefficient of J —1/, must be zero if R =Qatz*+ = 0. The values of 
\,, must therefore be given by 


2 
3 
The values of K,, 


for any given m are shown in Fig. 2. The co- 
efficient C,, in Equation [3] is found from Equation [22] in ac- 
cordance with Equation [5]. Thus it is found that 


mT ( ) 37/3 
3 


The derivative of R at the wall (z+ = 0) which is 


V(2*) E V(m) 


[23] 


27), 


(4/ 3) 


. [25] 
will be required later. 
Determination of Nusselt Modulus. 


given by = 


The 


Nusselt modulus is 


and we may write 


_ — ty) 
A To 


0 


and thus Nusselt modulus may be written as 


C243) t, — to 


To put this in useful form, we must develop an expression for 
t.— te 
ty 
To do this, we write for ¢,,,, (mixed mean) — @ bee 
t 


or K ror Any VALUE OF m. 


[x - fy va eae] 
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3 Laminar FiLow or a Constant Property 1n a Rounp Tupe pie’. 


Carrying out Equation [29], we have 


Accordingly, we may now write 


=— | Ue —r™) CR rtdrt 
n=0 
1 
2(m + 2 
n=0 0 


1 
Recalling that (r*R,’) + — r*™)R, = 
dr* 


we have 


- f 


and Equation [34] reduces to 


4(m + 2) 
-- 


ae ) [35] 


C,R,"(1) 


Substituting Equation [36] into Equation [28] the expression for 
Nusselt becomes 


CLR, 


m+2 
4 


=0 


Having previously obtained the values of C, Equation [24], 
R,(1) Equation [25], and A, Equation [23], we may now plot 
Nusselt modulus versus z* for any given velocity profile des- 
ignated by m. This is shown in Fig. 3. 
CONCLUSIONS 
The results of this paper have wide application, especially in i 
the light of modern developments. 
Many problems exist today in which the determination of heat 
transfer is complicated by the fact that the velocity distribution is 
some arbitrary shape. 
For example, problems involving the flow of non-Newtonian 
fluids, slurries, or liquid metals involve some profile between that 
of parabolic flow and that of a uniform distribution (slug flow). : 
Thus, if in a specific heat-transfer problem, the velocity profile 
is determined, it may be matched to the profiles as shown in Fig. 
1, and the characteristic parameter m determined. 
For any given m, we may calculate Nusselt’s modulus from 
Equation [37] or obtain its value from Fig. 3, and thus then 
calculate the heat transfer across the pipe. 


m=1000 
> m =2 
| 
Al ‘4 
| 
1 
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Discussion 


J. P. Hartnett.‘ The velocity profile represented by the 
case, m = 1000, approaches the slug-flow profile. Consequently, 
one would expect the asymptotic Nusselt value to approach the 
slug-flow value of 5.80. However, the authors report a value 
slightly below 5 for this situation. It is this writer’s under- 
standing that the WKB approximation has been used to obtain 
all the eigenvalues and it may be that the first few eigenvalues 
become increasingly inaccurate as the value of m increases, 
Have the authors investigated this possibility or do they have 
another explanation for the apparently low Nusselt value which 
occurs at m = 1000? 


P. J. Scunerper.’ The complete solution to this problem 
apparently was published previously by Lyche and Bird® in 
connection with laminar heat transfer to non-Newtonian fluids 
in the entrance region of a circular tube. The previous authors 
considered an Ostwald power law for the shearing stress as 


t, = N(—dU/dr)" 


For Newtonian fluids n = 1 and N = yw. This leads to velocity 
profiles of the form a he 


where n is a physical property of the fluid characterizing its 
degree of non-Newtonian behavior. Hence the present results 
of the authors revert to the original results of Lyche and Bird by 
simply interpreting m in the paper as n + 1 of the previous work. 
The Lyche-Bird solution was evaluated for m = 3 and 4 (i.e., 
n = 2 and 3). Since m = 1000 is very close to slug flow for 
which the solution is known, the present results are new only in 
the addition of a single curve, the one for m = 10. However, 
the range of Graetz numbers covered in the present study is 
somewhat larger. It should be remarked that in the presentation 
and practical use of the results, the local Nusselt numbers dis- 
played in Fig. 3 are of little use in the particular case of uniform 
wall temperature. What is needed in this instance is, say, the 
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log-mean Nusselt number which can be calculated most effi- 
ciently from the axial variation of the local mixed-mean fluid 
temperature tmm. These mixed-mean temperatures were not 
tabulated in the present paper. 


AvuTHOR’s CLOSURE 


The authors wish to thank Professor Hartnett and Mr. 
Schneider for their comments on this paper. 

The comments of Mr. Schneider seem centered about a seeming 
similarity between this paper and that of one published by 
Lyche and Bird.* This is indeed fortunate since in a sense they 
complement each other much in the manner of other papers writ- 
ten about the Graetz problem. 

The problem of heat transfer to laminar flow in a tube, with the 
velocity distribution established as parabolic, has been attacked 
by a number of workers after Graetz had made the initial contri- 
bution. The formulation of the problem is not difficult. The 
problem rather quickly and easily becomes centered on the solu- 
tion of a difficult differential equation, that is, the finding of 
eigenvalues and eigenfunctions. Graetz found only the first three. 
After a long list of contributors had attacked the problem, a paper 
by Sellars, Tribus, and Klein? appeared which gave simple 
explicit formulas accurate for all eigenvalues and eigenfunctions 
beyond the third. 

A problem related to the Graetz preblem is the subject of this 
paper; the flow of a non-Newtonian fluid in laminar flow in a 
round pipe. The velocity distribution is characterized by pro- 
files such as are shown in Fig. 1. 

Using the same methods as Sellars, Tribus, and Klein,’ simple 
formulas are developed for obtaining all eigenvalues and eigen- 
functions for all profiles characterized by the velocity distribution 
equation. Similarly the greatest inaccuracies appear in the 
first three values. 

In the paper by Lyche and Bird,‘ the first three eigenvalues and 
eigenfunctions are given for four specified profiles. The methods 
used are apparently straightforward numerical methods as were 
used by Graetz, Drew, Jakob, and others. These methods do 
not permit one to go beyond the third or fourth value. 

Professor Hartnett points out the low asymptotic Nusselt value 
for the approximate slug-flow profile. It is felt that this is due 
to the inaccuracies of the first few eigenvalues. Calculation of 
the number shows that only the first two eigenvalues contribute 
to the result. Thus no benefit is to be had from any expected 
refinement of the higher values. 

Using the first two eigenvalues as numerically calculated by 
Lyche and Bird,* a Nusselt value of 6 is obtained. 
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to1 Ducted Flows 
By S. V. MANSON,! CLIFTON, N. J. 


Charts that speed heat-exchanger calculations and aid are uniquely determined by specification of y,, M,, 72/7), and 


4 analysis of other ducted gas flows are illustrated and /P:/P;, without regard to temperature path, internal geometry, 
examples of their use are presented. or fluid-flow structure. Universal charts relating these quanti- 
— ties therefore can be constructed. 
NOMENCLATURE hy Figs. 1 through 3 show charts for air at 72/7; = 0.5, 1.0, 2.0. 


The following nomenclature is used in the paper: _ 


A = flow area at duct entrance, sq ft 
c, = specific heat at constant pressure, Btu/lb deg F 
d = diameter, ft 
f' = friction factor based on arithmetic average density, di- 
mensionless 
G = W/A, lb/sec sq ft 
g = gravitational constant, ft/sec* 
h = heat transfer coefficient, Btu/sec sq ft deg F 
l = length, ft 
M = Mach number, dimensionless 
' P = isentropic total pressure, psf 
- AP = change in total pressure, psf 
p = static pressure, psf 
R = gas constant, ft lb/lb deg R 7 
S = friction surface in duct interior, sq ft 7 FY 
T = total temperature, deg R xe 
AT = change in total temperature, deg R ba te 
t= 
v 
Ww 
Y 
6 


-S 


ta 


- 


static temperature, deg R fy 


= bulk velocity, ft/sec 


= ratio of specific heat at constant pressure to specific heat ) : 
= Fla 
at constant volume, dimensionless ‘ 
. = mean temperature difference between gas and surface, fy¢g.1 Arr-FLow Resistance Cuart. 7:/T; = 0.50, 71 = 1.320, 
deg R y: = 1.331, Maxmwum PossisLe M; = 1.00 
p = weight density, pef 
“ad 100 
Subscripts ‘ 
avg = average 
fr = friction 50 
m = momentum 
w= wall = 
1 = entrance 20 
2 = exit 
100 
For ducts that have equal and parallel end areas, one-dimen- q 
sional end flows, and negligible natural convection in the flow r 
> direction, it can be shown that the fluid end state ratios and the 50+ ae 
parameter r 
8s 
Mz45/40 35.30 25 20 15 10 
cs 9 A 2 20 + + 
1 Assistant Chief, Analysis Division, and Head of Conceptual : 
Design, Curtiss-Wright Research Division, Nuclear Power Depart- 10 
ment, Clifton, N. J., and Quehanna, Pa. 
Contributed by the Heat Transfer Division of AMERICAN 
Society or MecHANICAL ENGINEERS and presented at the ASME- 05 4 y 
AIChE Heat Transfer Conference, University Park, Pa., August 05 Ke) 20 50 10 20 50 
11-15, 1957. ‘ 4 
Nore: Statements and opinions advanced in papers are to be (an,/¢ 9 ) 
e understood as individual expressions of their authors and not those ; 


of the Society. Manuscript received at ASME Headquarters, May Fic. 2 Arr-Firow Resistance Cuart. 7:/7: = 1.00, y: = 1.380, 
9, 1957. Paper No. 57—HT-34. y: = 1.380, Maximum PossisLe M; = 1.00 -'- 


50) 4 30.25) 10 
50 + 4 
| 
Choke 
Line 
a= 


If any three are known, the charts yield the other two. 
Fig. 4 compares air, CO2, and helium, which have dissimilar 


five essential parameters are 


2018 16 14 10 
+ + 


50 


Arr-Frow Resistance CHart. 72/7) = 
= 1.366, Maximum PossiBLe = 


Fig. 3 2 
0.384 


f’ 
T:/T,, AP/P,, (£ 


values and variations of y. Fig. 4 shows that because gas com- 
position and initial temperature are accounted for by y, in the 


- set of curves represents the three gases over diverse operating 


conditions. 
Charts for air have been prepared? for 0.1 < 72/7; < 10 at 
0.02 < M, < 1.0, with AP/P, ranging from frictionless to 
choked-flow values. The air charts will apply closely to CO and 
* and satisfactorily to CO, and helium. 
Sample uses of such charts are now considered. 


Heat-EXcHANGER APPLICATIONS 


- Numerical Example. CO, flows at 300 fps into a tube 3 ft long 
by 1/4 in. ID, cools from 1200 to 600 R (total-to-total tempera- 
tures) and loses 10 per cent of its inlet total pressure. What can 
be deduced about the other operating conditions? 

For CO; flowing at 300 fps with 7, = 1200 R, 
From the data, 72/7; = 0.5, AP/P, = 0.1. 


% (z ‘) = 3.1, M2 


M, = 0.235. 
Fig. 1 yields 


X 576 = 0.00896 


Then it can be shown that G, Pi, pi, pi, W, h, and @ are deter- 
minate and from M; and T; the exit velocity is known. 


* See Acknowledgment and Closure. 
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M,=1.00 


(f/2)(S/a) 


Ges 

Air 1380 
1667 
1260 


[380 
1667 
1260 


Air (320 1347 
He 1667 L667 He 
CO, L170 1260 co, 


50.05 


Fie. 4 Comparison or Resutts ror Arr, COs, anp 


Single-Fluid Exchanger Design. Assumed available are basic 
heat-transfer and friction relations, a plot of 
y+1 


M 1/2 ./T 
(: + 


The heat balance shows the equality that must be satisfied 


M versus M / 
/ 


\ AT 


Assume known, 7;, Pi, Yi; prescribed, local geometry, T,,, AT, 
AP; required, over-all dimensions. 

T;, AT, and 7), fix T's, ¢p.ave, 9, and fluid property values in h 
and f’; local dimensions fix geometric values in h and f’; G and 
its functions in A and f’ remain unknown on the right side of 
Equation (2). 

Assign three G-values, compute three corresponding values of 
the right side of Equation [2], and plot against G. With Equa- 


tion [1] « -— the curve of 
M (: +2 =} -) 


determine the three M, values corresponding to the assigned 


G’s. With these and the known T./7; and AP/P,, read three 
pel 
2A 


- a = 
. 
M=.30 25 16 10 
/%=100 
50 M,= LOO M, =100 
/ j \ 
= Air 
20 + \ Air 
Choke a 
2 CO, 1 
a M:.30 25 28 
20 + + 
Air 1380: (351 
| 
- os 20 50 50 Aco 
1.380, 
“0 20 50 10.10 20 7 JO 20 3 
M, M, M, 
‘ Now 


values from the chart and plot against G. The intersection of 
the two plots against G identifies the correct values of 


and G, which together yield S/A and the desired over-all size for 


any prescribed W. 

Other combinations of prescribed variables and double-fluid 
exchangers are treated in basically the same way, and continu- 
ous, discontinuous, unfinned, and finned geometries are managea- 
ble. 

Off-Design Pressure Drop. An existing gas-to-liquid heat ex- 
changer has its fluid flows and inlet temperatures and pressures 
changed from their design values. For the gas, determine 7 
and 

T: is computed by heat-transfer relations, assumed known; 
P; is obtained from the charts as follows: The gas flow, its known 
temperatures, and the existing geometry yield f’ and S/A, in turn 


yielding G 
Fe: (£ A 
The flow and entrance conditions provide M, and, since 72/7; 
is known, AP /P, is read directly from the chart. 
Evaluation of AP Formula. Consider the flow M, = 0.300, 


T:/T; = 2.50, M, = 0.834. Compare AP, computed as Apr + 
1/,Apm, with the exact (chart) value. The result is as follows 


(Computed AP)/(chart AP) = 1.22 


Consider the flow M, = 0.750, 72/7; = 
The result is as follows 


(Computed AP)/(chart AP) = 0.84 


The charts show that the approximate formula, good under 
normal circumstances, overestimates AP of heated gases and 
underestimates AP of cooled gases, under high-performance 
conditions. The charts preclude the need for calculating Ape 

; and Ap,, a calculation normally requiring three iterations for 
determining the gas densities involved. 

Other chart applications, practical and basic for heat exchang- 
ers and other ducted gas flows, can be demonstrated 

Closure. Complete charts, or the tables on which they are 
based, together with additional examples of application, could be 
made generally available if interest exists. 


0.40, Mz = 0.496. 
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4 
F. Lanpis.? While the author’s charts may prove helpful in 
design analyses of high-speed flow heat exchangers, their utility 
is severely limited unless the friction factor f’ is fully and 


Discussion 


3 Associate Professor of Mechanical Engineering, New York Uni- 
versity, New York, N. Y. Assoc. Mem. ASME, 
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uniquely defined. It would, therefore, be highly desirable if the 
author could briefly state his method of analysis, his assump- 
tions, and how his friction factor f’ can be determined opera- 
tionally. 

An examination of the paper suggests that integral equations 
have been satisfied at the inlet and exit sections, and that, for 
example, with known inlet conditions, a known stagnation tem- 
perature rise, and a known stagnation pressure loss, both the 
exit Mach number and the friction factor f’ can be determined. 
This implies that f’ is essentia!ly related to an equivalent wall 
shear stress which satisfies the integral relations. Such a factor 
would not necessarily bear any close relation to the isothermal 
over-all friction factor conventionally determined in a compact 
heat-exchanger test, but would have to be determined opera- 
tionally for each heat-exchanger core as a function of the mass 
flow velocity, the inlet Mach number, and the stagnation tem- 
perature rise. To permit use of the charts, each exchanger would, 
therefore, have to be tested over a wide range of inlet Mach num- 
bers and the stagnation temperature ratios, so that f’ is known 
in terms of the Stanton number, the Reynolds number, the 
Prandtl number, and 7;/7). 

This would suggest that the charts could not be used to ex- 
tend low-velocity heat-exchanger test results to high-speed op- 
eration, but that they would be primarily useful in establishing 
performance variations under altered operating conditions pro- 
vided f’ is fully known for each exchanger over the complete 
range of interest. 

A personal communication from the author indicated that the 
choke line in each of the figures was computed for frictionless, 
constant-area duct flow using the Rayleigh line conditions. This 
establishes only an upper bound on the maximum permissible 
inlet Mach number, the actual inlet Mach number must be less 
if both friction and heat transfer are being considered. 

To avoid possible confusion in the use of the charts it might 
be added that the author has referenced all extensive properties 
per unit weight rather than in terms of the more commonly used 


“per unit mass.”’ 


AvuTHorR’s CLOSURE 
The author is pleased to restore to the paper the por- 
tions of its original contents needed to define the charts and 
assure their proper use. He wishes to thank the participants 
of the First National Conference on Heat Transfer, among them 
Professor Landis, whose requests have made possible the restora- 
tion of this material.‘ 
The steps leading to the charts are outlined as follows: 


1 The familiar fact is noted that y,; and M, together fix 
uniquely p,v,?/gP; which, for ducted flow, equals (G?/gp,)/P,. 

2 It is shown that if a gas of known yvariation with ¢ flows 
one-dimensionally in the end planes of a duct having equal 
entrance and exit flow areas, the combination y,, Mi, 72/71, 
P,/P, uniquely determines Y2, M2, ts/t, P2/pi, without 
regard to details in the duct interior. 

This essentially familiar step requires use of the perfect-gas 
law, the one-dimensional continuity equation for steady flow, 
and the one-dimensional compressible flow formulas for ¢/T7, 
p/P, and pv?/gP (G?/gpP in ducts). These relations are written 
for the duct end planes, the analogous expressions are divided by 
one another, and use is made of the dependence of on ¢ and of 
the equality of G in the two end planes. 

3 From Steps 1 and 2 it follows that for the class of flows 


4 The paper's original contents included appendixes showing that 
the analysis extends the Fanno and Rayleigh relations to channels 
of nonconstant internal flow area and to gases of variable y, and 
encompasses as special cases several aerothermodynamic results of 


recent years. 
a? 


| 
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i 


under consideration, the group ¥:, 11, P:/P, fixes also 
&p,/P.. 
4 It is observed that if pavg is defined either by 


or alternatively by 


[3a] 


Pit Pr _ pi Pe 


the combination y:, M;, 72/71, P2/P: uniquely fixes (G?/ 


9Pavg)/P:, too, for 

we 

x and the right member involves only terms already uniquely 
determined. 

5 It is shown that if Rue: is the net duct force on the gas in 

the direction normal to A, the group 7:, T:/T:, P2/P: deter- 
mines the quantity (Ruet/A)/Pi. 

This follows from Newton’s “net force = rate of change of 
momentum,’ used jointly with the one-dimensional continuity 
equation. In the absence of internal sources and sinks, or body 

: forces normal to A, and for equal and parallel end flow areas, 
these equations lead straightforwardly to 


pr 
P, Pave 


3 
3 


2 
P, Py P, 
‘in which all terms on the right are known when the group 7, 
T:/T,, P,/P, is specified. 
6 Note is taken that because few stipulations concerning 
details in the duct interior are required in Steps 1 to 5, the results 
up to this point apply to a large class of heat-or-work processes, 
to all internal geometries, to all Mach numbers for which the 
variation in y can be neglected in ¢/T, p/P, and pv?/gP, and to 
all flow structures within the duct as long as natural-convective 
body forces normal to A are negligible and the flows in the parallel 
end planes are one-dimensional (all flow quantities uniform across 
both end planes, discussed hereafter). 
: 7 The system is now specialized to a purely heat-exchanging 
duct. For such a duct, Equation [5] with P; removed shows 
that Raet/A is the static pressure drop due to duct flow resist- 
ance. Using generically the symbol Ap; to denote pressure drop 
arising from irreversible mechanical energy changes (shock losses 
are not excluded by the analysis), it is postulated that Apr is 
always expressible by the Colburn form of resistance equation 


both sides divided by P, 


P, 


2A P, 


in which f’ is a resistance coefficient, discussed later. 

Recalling Steps 4 and 5, Equation [6] shows that the combina- 

tion 7:, 41, T2/T:, P2/P: determines uniquely the value of the 


f 
Th al val - 
e numerical value of “> 7 


will depend on the definition for pavg (Equation [3a] or [36]). 

Steps 1 to 7 are the analytical basis of the charts. These 
steps show that for a gas of known y-variation with ¢, in the class 
of flows under consideration, the group yi, Mi, T2/T1, P2/Pi 


always has associated with itself the same set of values of ‘2, 


grouping oA (not f’ separately). 


A’ 
regardless of how the heat path, geometry, or flow structure 
within the duct may change from one system to another. 


M2, te/ P2/Pr, Pe /pr, (G?/gp, )/P,, (G?/gpavg)/Pi, Roet/APi, 
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Consideration is now given to construction of results of broad 
utility: 

8 In substituting for (G?/gpave)/P; and (Rnet/A)/P; their 
values from Steps 4 and 5, it is found that y,~! enters as a factor 


S 
in the ratio (Rnet/A)/(G?/gpavg), Which is equal to - A (Equa- 


tion [6]). As this introduces an undesired sensitiveness to gas 
composition and initial temperature, both sides of the equation are 


multiplied by giving rise to the parameter which, 


as is evident, is uniquely determined by y:, Mi, 72/7), P2/P. 

9 An analysis is made for the condition (Raet/A) = 0, Mz = 
1, T:/T; > 1 to determine the limiting subsonic M, for gases 
undergoing heating. For gases undergoing cooling in real flow, 
M, and M; can both equal unity simultaneously. The practical 
ranges of M; and M;, for both heated and cooled gases are thus 
determined. 

10 Note is then taken that the results of Step 2 depend on 
knowledge of the variation of y with ¢ so that simultaneous 
specification of 7; and M, actually fixes t; and 7; for any pre- 
selected gas, and this fact makes the results strictly applicable 
to the initial temperatures fixed by each y;, M, combination. 
The exactness of the analysis up to this point is therefore relaxed 
in order to obtain a broadly useful engineering tool: 

Fig. 4 shows that when the one y-sensitive chart quantity, 
2A 
remaining chart quantities are so weakly dependent on vy that 
even the large y-variations from gas to gas .produce negligible 
errors in the M, range of greatest interest in good heat exchanger 
practice; thus the effects of small inaccuracies in y for any one 
gas may be expected to be minor. Accordingly , is freed of 
strict dependence on ¢, by use of a single value of y; when the 
gas is heated and another single value when the gas is cooled, 
and ‘2 is treated as a function of 7;/7; (instead of t,). It is 
found that this approach permiis representation of both y; and 
2 with deviations of less than 3'/, per cent from their respective 
exact values in the ranges of ¢; and T,/7, of interest. 

Calculations are now made for the ranges of M,, T:/T:, P2/P: 
indicated in the Introduction, the results are prepared in two 
volumes of tables, and the charts are plotted. In recognition 
of the fact that the determination of f’ from experimental cor- 
relations of conventional friction factors may in some cases be 
facilitated if Equation [3a] is used for pavg, while in other cases 
( 8 

based on both definitions of pavg are computed and tabulated 
together with the seven other quantities of interest indicated in 
Steps 1-7. (Figs. 1 to 4 are based on Equation [3b]. There 
is evidence (cf. Steps 1la and 6) that Equation [3a] may be the 
more suitable, hence it is convenient that both sets of values of 
1 (z ) have been compiled in the tables on which the charts 
are based. ) 

Attention is now turned to the determination of f’ and to the 
condition of one-dimensional flow in the end planes. 

11 The coefficient f’ is a function of heat path, duct internal 
geometry, and fluid flow structure; hence the analysis in Steps 
1 to 7, directed at identifying quantities that are independent 
of duct interior details, can neither predict nor place constraints 
on f’. This signifies that two ducts, characterized by identical 
values of y:, Mi, 72/71, P2/P:, and hence identical values of 


, is rendered insensitive by treatment as ), the 


Equation [3b] may be the more convenient, values of ; 


S 
"1 € -) may have f’ values that differ from one another by 
2A 


as much as an order of magnitude. 


APRIL, 


1958 


TABLE 1 

M, 0.02 0.05 0.10 0.20 
(Eq. [3a]) 1.061 1037 1.012 0.971 
(Eq. [3b]) 0.981 0.962 0.947 0.922 


Sr 


Like conventional friction factors, f’ is determinate either by 
analysis in simple systems or by correlation of experimental data 
in more complex systems. If a conventional friction correlation 
exists, f’ is immediately determinate. The relations that exist 
between f’ and customary friction factors in three important 
systems, and the procedure for determining f’ in the general case, 
are as follows: 

a Adiabatic flow in constant-area channels: 
ordinarily treated by use of the Fanno Line. 


2frLmax 


The Fanno Line parameter — q 


Such flow is 


(in which the subscript 


F denotes “Fanno’’) measures the length-to-diameter ratio, 
Lmax/d, of a constant-area channel that produces M, = 1] 
at 7/7; = 1 for specified M@,; and y. For this combination 


thus the ratio f’/fp can be obtained 


directly on dividing ( A ( q ) 
the results of this procedure are shown in Table 1. [Fanno 
parameter values for this comparison are taken from reference 
(1).] 

Table 1 shows that whenever fr is known for use with the 
Fanno Line, f’ is also known. (As fr is the friction factor cor- 
responding to the true mean dynamic head, the ratio f’/fr 
equals Pavg/Pmean- Table 1 shows that for M, > about 0.1 in 
adiabatic flow, the pavg defined by Equation [3a] is closer to 
Pmean than is the Pave defined by Equation [3b].) 

b Smooth tubes at high surface and fluid temperatures: Exten- 
sive experimental data for this case are presented in reference 
(2). As the best friction-factor correlation reported there is 
based on film density, equation [8] of reference (2) is adopted 
here. That equation may be written 


of geometry, Mz and 7./7;, the chart parameter 7; 


2f' Lax 
reduces to rime), 


For y; = 1.4 


av u film S te 
= alG tt) ( )= & 2 
d 29 Pave 2A GPave T 


in which f, is the film density-based friction factor, Pave is the 
same as the value defined by Equation [8a] of this Closure, tavg 
is the arithmetic average static temperature, and the use of 
tave/Ttiim in place of priim/Pave is the procedure found satisfactory 
Comparing this equation for Apr with Equa- 


) is based on the pavg of 


in reference (2). 


tion [6], it follows that, when y; 


Equation [3a] 


Now, f, is given by equation [19] of reference (2) and, as is 
easily demonstrated from that equation, f, itself requires knowl- 
edge of tavg/Tsiim; hence it is clear that f’ is known whenever 
is. 

In connection with Professor Landis’ comments, it is note- 
worthy that within the accuracy of the experimental data of 
reference (2), f, (and therefore f’) shows no dependence on Mach, 
Stanton, or Prandtl numbers. Equation [19] of that nieoenes 


Va.ues or f’ ror ADIABATIC FLow IN ConsTaNnt-AREA CHANNELS = 1.4) 


0.30 0.40 050 070 080 099 © 

0.961 0.953 0.955 0.966 0.979 1.0 at oe 
am 

0.924 0.926 0.937 0.959 0.976 10 | 


shows that f, depends only on the film Reynolds number (which 
can be shown to involve the ratio tavg/Ttim), and the relation 
between f, and film Reynolds number is the same as the Karman 
relation for isothermal flow. 

c Flow across tubes: In cases a and b just considered, the dif- 
ferences between f’ and the more customary friction factors 
arose from the definition of gas density alone. In this case (c) 
the effect of geometry is shown. Reference (3) gives a pressure 
drop formula for tubes in crossflow. Setting Equation [6] equal 
to the pressure drop relation of reference (3), it follows straight- 
forwardly that 


4 \’ 


in which the bracketed quantity is geometric, z, being the ratio 
of transverse pitch to tube outside diameter, Amin is the minimum 
flow area occurring in the tube bundle, and A of the present 
system has been chosen as the transverse flow area between the 
tubes of the first bank. For any prescribed local geometry the 
bracketed quantity would be known. Reference (3) gives a 
formula for f”, but omits exact specification of the density p. 
For moderate temperature and pressure changes it is probable 
that p would be well represented either by Equation [3a] or 


S 
[3b], so that by use of the y; ({ 1 ) corresponding to the ap- 


propriate Pavg, the term pPave/p of Equation [8] would equal 
unity and f’/f” would be given by the geometric term alone. 
[For large changes in temperature and pressure it is possible 
that, as in reference (2), it may be necessary to use the film 
density in conjunction with the bulk velocity, in which case 
Pave/p would ultimately be replaced by priim/Pavg Or tavg/T tim, 
and f’/f” would be known.] In any case, it is necessary to assume 
that the p of reference (3) is known, or no calculations would be 


Writing 
Pave _ (") (2) (9) 
p pr p : 


it is apparent from Equations [3a] and [3b], and from the fact 
that p2/pi, are tabulated quantities, that Pavg/p: is 
known, so that f’/f” is also known when, as is generally true, pi; 
is determinate. 

d Determination of f' in the general case: Let it be assumed 
that the designer has an experimental formula for Apr, that he 
would use in the absence of the charts. Write 


rs ( Formula for Apr that the (10) 


would otherwise use 
4 


possible. 


2 a JPave 


This equation will always lead to 


(*) Explicitly known fune- 
pi tion of local geometry 


aa Explicitly known terms 


X | of the designer’s .{11] 
original Aps, formula 
In [11], the subscript c denotes “correlated’’ or ‘‘conven- 


tional” and that determined formulas 


737 
| 
| , 


for f, and p, are available. Recalling the discussion of Equation 
{9}, it is clear that f’/f, (and hence f’) is always known if p; is 
known. 

Cases lla to d show that f’ is always unequivocally known in 
systems that could be computed by conventional methods. 

From cases c and d it is clear that the tables on which the charts 
are based are substantially more convenient, though less com- 
pact, than the charts themselves; 
tion of t2/ti, p2/pr, and p2/p,, the tables also make possible rapid 
solution of problems defined by static, rather than total, tempera- 
tures and pressures. 

In connection with Professor Landis’ comments it is noted 
that in addition to the fact that f’ is always determinate and 
therefore does not limit the usefulness of the results, there exist 
important applications in which no knowledge of f’ is required. 
Example 4 of the paper is one such case, and examples arising 
in thermodynamic cycle calculations and in the determination 
of end losses can also be demonstrated. 

12 The requirement of one-dimensional end flows is now 
considered. This requirement would be met most closely by a 
duct in which the end areas, A, 
of mixing-and-flow-straightening devices. 
excluded by the analysis. In conventional ducts, the 
dimensional end flow requirement would be approached satis- 
factorily if the flow within the duct were of the entrance-region 
type (e.g., flow across tubes or along interrupted fins parallel to 
the flow direction, etc.) 
turbulent structure with relatively thin thermal and friction 
boundary layers. [Ref. (4) indicates that for turbulent fric- 
tion boundary layers as thick as 10 per cent of the duct radius at 


by virtue of their compila- 


were both located downstream 
Such data are not 
one- 


or were channel flow of transition or 


the exit, the error due to one-dimensional analysis is less than 
2'/; per cent of the more exactly computed value, up to an exit 
Mach number of unity. } 

Laminar flow through channels, with velocity and temperature 
profiles perhaps second and third-degree parabolas, would lead 
For 
this case, the exactness of the analytical result in the presence of 
end-region mixing devices is recalled, and it is recognized that 
the ‘mixing’ can be done on paper by use of properly evaluated 
bulk velocities and temperatures. Thus considerable benefit 
from use of the charts may be expected even with laminar flow 


to the greatest deviation from one-dimensional end flows. 


= 


>. 
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in the duct interior, provided that within the interior, natural- 
convective body forces in the main flow direction are negligible 
(ef. Introduction and Step 5). 

Professor Landis’ comment concerning the choke line requires 
The writer finds it difficult to comprehend Dr. 
Landis’ impression that that line was computed by the Ray- 


a final note. 


leigh relations for frictionless flow in constant area channels. 
The choke line merely defines the values of AP/P, that lead to 
choked flow = 1) at successive values of 
of friction is in no way implied. 


The absence 
Viewed altertately, frictionless 


‘ 


: f 
flow would required the parameter ¥; (: ) to be zero; the 


2A 


choke lines of Figs. 1-3, and Fig. 4 (in which every point cor- 
responds to choked flow, i.e., W, = 


S 
values for 2 A 


The calculation of the upper bound on M, for 7:/T,; > 1 
does involve a Rayleigh-type condition (Rnet/A = 0, Step 9). 
This condition is not limited to constant-area channels, however, 
and involves instead the extension of the Rayleigh line to chan- 
nels of nonconstant interior area (footnote 4). Comparison of 
the limiting 7, with actual /, curves on each chart for T,/7; > 1 
will reveal that 1, values which appear are all lower than the 
limiting value stated for each 7,/7, (ef. Fig. 3). 
given for the limiting ./, as this ‘“‘curve’’ is a single point that 


would fall off the chart, the value y, ( ‘ ) = 0 being im- 


1), show exclusively nonzero 


No curve is 


practical on logarithmic co-ordinates. 
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An experimental study of superposed free and forced 
convection for air in a vertical tube is examined. The 
Nusselt modulus, based on the log-mean-temperature 
difference, ranged from 15.0 to 57.1; the Graetz modulus, 
based on the bulk or average temperature of the air, ranged 
from 40.2 to 1710; and the Grashof-Prandtl D/L modulus, 
based on properties of air at the wall temperature, ranged 
from 1.05 10° to 1.30 10°. The Martinelli equation for 
heating fluids flowing vertically upward does not correlate 
the data satisfactorily. An analysis of the system from a 
macroscopic viewpoint leads to the derivation of an equa- 
tion which fits the experimental data. 


NOMENCLATURE 


The following nomenclature is used in the paper: ay 


= Graetz, (We,)/(KL), dimensionless 
Gr = Grashof, [gD°8(7T' — t)]/v?, dimensionless 


Nu = Nusselt, hD/k, dimensionless 

Pr = Prandtl, c,u/k, dimensionless =) 

Re = Reynolds’ VD, 


A = area, sq ft 

D = diameter of tube, ft 

F,, Fz = see Appendix 

L = length, ft 

T = wall temperature, deg F 
V = mean velocity, fps 

V = mass flow rate, lb/hr 

c, = heat capacity at constant pressure, Btu/lb deg F 
g = gravitational acceleration, ft/sec? 
J. = gravitational dimensional constant 


k = thermal conductivity, Btu/hr ft deg F 
n = exponent 

q = heat-transfer rate, Btu/hr 
t = fluid temperature, deg F 
z = distance from entrance, ft 
8 = coefficient of volumetric expansion, deg F 
uw = dynamic viscosity, lb/ft hr 

v = kinematic viscosity, ft?/sec 

p = density, pef 

A = difference (i.e., At is temperature difference) 


1 The experimental work which formed the basis for this paper was 
done under sponsorship of the National Advisory Committee for 
Aeronautics, Washington, D. C. 

? Research Professor of Mechanical Engineering, Georgia Institute 
of Technology. Mem. ASME. 

3 Professor of Mechanical Engineering, Georgia Institute of Tech- 
nology. 

4 Research Engineer, Engineering Experiment Station, Georgia Insti- 
tute of Technology. 

Contributed by the Heat Transfer Division of THe AMERICAN So- 
CIETY OF MECHANICAL ENGINEERS and presented at the ASME- 
AIChE Conference, University Park, Pa., August 11-15, 1957. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, April 23, 
1957. Paper No. 57—HT-13. 
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Subscripts 

a = based on arithmetic average temperature difference 

b = based on ‘“bulk’’ fluid temperature 

Im = based on logarithmic-mean-temperature difference 

m = mean value 

L = condition at distance L from entrance 

0 = condition at entrance 

w = based on wall temperature 

zx = condition at distance z from entrance 7 


INTRODUCTION 


Because the experimental system utilized involved forced con- 
vection in a constant-temperature vertical pipe in a range of low 
Reynolds numbers, the literature pertaining to superposed forced 
and free convection was of great interest. Martinelli and Boelter 
(1)° presented predictions for such a system. Their theoretical 
equation is as follows 


Nu, = 1.75F; [Gs + 0.0722F; (cs ee ) | (1) 


All symbols and abbreviations are defined in the Nomenclature. 

In Equation [1], as noted by the subscripts, the Nusselt 
modulus is determined in terms of an arithmetic-mean-tempera- 
ture difference (the arithmetic average of the initial and final 
temperature differences); the Graetz modulus is in terms of the 
mean fluid temperature; and the Grashof-Prandt! D/L term is 
based on fluid properties at the wall temperature. The factors F, 
and F; (see Appendix) are functions of Nu,/Gz and the exponent n 
was computed to be 0.75; however, 0.84 gives better agreement 
with experimental data. This agreement is discussed in reference 
(2). 

In a later paper, Pigford (3) examined the same general case, 
but included in the analysis the influence of temperature on vis- 
cosity as well as density. In the range of the present experiments, 
the results of Pigford are essentially the same as those of Boelter 
and Martinelli. Like Martinelli and Boelter, Pigford expressed 
Nu, as a function of Gz and Gr Pr (D/L) with uw, /uo as an addi- 
tional parameter. 

Eckert and others (4, 5) have reported data on either pre- 
dominantly free or predominantly forced convection and com- 
bined free and forced convection for air in a tube of L/D = 5. 
They also have suggested criteria, based on data in the literature, 
for determining the nature of the process (whether primarily free, 
mixed, or forced convection) in terms of the Graetz modulus and 
the Grashof-Prandtl D/L modulus for laminar flow; the Reynolds 
modulus and the Grashof modulus in the transition region; and 
the Reynolds modulus and the Grashof-Prandtl modulus for tur- 
bulent flow. 

This paper summarizes experimental work on superposed free 
and forced convection of air in a vertical heated tube. The work 
was done at the Georgia Institute of Technology under the spon- 
sorship of the National Advisory Committee for Aeronautics, 

’ Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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Washington, D. C. . The experimental data are presented in 
graphical form and an equation is derived which fits the experi- 
mental data. Martinelli’s equation (1, 2) is unsatisfactory for 
these data. 


DEscRIPTION OF APPARATUS 


The experimental system is shown schematically in Fig. 1. 
The test section consisted of a 5-ft-long by 4-in-OD brass tube 
with '/;-in-thick wall. This tube was surrounded by an 8-in- 
standard pipe to form an annular space. Steam was admitted 
to the annular space and condensed on the outer surface of the 
brass tube. The condensate was collected around the periphery 
and along the length of the tube in ten equally spaced collector 
cups. 

Condensate from each collector was passed through the bottom 
flange of the assembly to a transfer cup which overflowed into a 
burette. The transfer tube, which was rubber, was filled with 
condensate to provide a liquid seal from the steam space to the 
outside air. Wicks were provided in the collectors and transfer 
cups in an effort to maintain continuous drainage of the conden- 
sate. 

Saturated steam was supplied to the system at a pressure of 
approximately 6 in. of water by a small gas-fired boiler equipped 
with automatic controls for continuous operation. This pressure 
was measured by a water-filled U-tube manometer. Atmospheric 


pressure was determined with an aneroid barometer and the 
steam temperature was determined from a table of properties 
of steam (6). 

Tube-wall temperatures were measured at mid-points between 
each pair of condensate collectors by means of No. 24 B&S gage 
copper-constantan duplex thermocouples soldered on the outside 
tube surface. 
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The air circuit originated with a centrifugal fan, blowing am- 
bient air through a positive-displacement-type gas meter into an 
inlet plenum chamber. From the inlet plenurn chamber, the air 
flowed vertically upward through the test section and out of the 
system through a mixing chamber. Air-flow rate was controlled 
primarily by adjustment of the voltage supplied to the fan motor 
through a variable transformer. Flow rate was determined by 
measuring the time required for a particular volume of air to flow 
through the meter. Air temperatures were measured at the inlet 
to the fan, at the entrance to the test section, and at the outlet 
from the test section. The fan-inlet temperature was measured 
with a mercury-in-glass thermometer. The entrance and exit 
temperatures at the test section were measured with No. 30 B&S 
gage iron-constantan duplex thermocouples located in the air 
stream. The entrance air appeared to be fairly well mixed and no 
special mixing device was employed. At the outlet, however, a 
baffled box was provided to insure good mixing prior to the tem- 
perature measurement. The gage pressure of the air in the 
plenum chamber was measured by means of a U-tube manometer 
filled with water. Properties of air for the conditions of the ex- 
periments were taken from reference (7). 

In an effort to study the effects of acoustic vibrations on heat 
transfer to air, the foregoing equipment also was operated with 
a conventional loud-speaker drive with a 12-in-long exponential 
horn resonating the tube at various frequencies and sound levels. 
These data have not yet been analyzed completely and will be 
presented at a later date. 

In all of the tests reported here, the apparatus was allowed to 
run at least a '/2 hr in order to reach thermal equilibrium before 
any data were recorded. The data taken for each run were as 
follows: 


1 The water levels in the ten burettes were read and re- 
corded. 

2 The inlet and outlet-air temperatures were read and re- 
corded 

3 The air flow was measured several times during a run by 
observing the time for 50 cu ft to flow through the dry-gas meter. 

4 The barometric pressure, dry-bulb temperature, wet-bulb 
temperature, and steam pressure were recorded. 


A typical test required one hour or more. ‘ 


I-XPERIMENTAL RESULTS AND DISCUSSION 


As mentioned earlier, Martinelli and Boelter (1) have de- 
veloped an equation which is well suited for comparison with the 
results of the present studies. The Nusselt modulus is based on 
the arithmetic average temperature difference in their derivation. 
It can be shown, as in the Appendix, that there is a stronger basis 
for the use of the log-mean-temperature difference for a general case 
of variable heat-transfer coefficient in a region of constant wall 
temperature (see also reference 8). As shown in the Appendix, 
the use of a Nusselt modulus based on the log-mean-temperature 
difference brings about a simplification in the analysis. The 
original equation of the form 


D\* Va 
Nu, = 1.75F; [Ga + 0.0722F, (cr Pr ] 


by the use of Nuim results in the following 


D* a 
Nuim = 1.75 + 0.0722F; (cr ) ] 


Essentially F; becomes 1.0 if the log-mean-temperature difference 
is used. 

The experimental data for the total 5-ft tube length are com- 
pared with Equation [2] in Fig. 2. The Gr Pr (D/L) modulus, 
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based on the total tube length, varied over a small range. For 
comparison a value of Gr Pr (D/L) of 1.2 & 10° was used in Fig. 2. 

If effective heat-transfer lengths of 0-6, 0-12, 0-18 in., and so 
on, are analyzed individually the data do not agree with Equa- 
tion [2]. It can be seen readily that for each point in Fig. 2, ten 
points may be evaluated if the tube is analyzed as suggested in the 
foregoing. These points are indicated in Fig. 3. Each run is 
represented by ten points which have Gr Pr (D/L) and Gz values 
that vary by a factor of 10. 

In Fig. 3 the curve 


Nu = 1.75 (Gz)** 


represents the Leveque equation (9) which approximates the 
Graetz solution for a parabolic fluid velocity distribution at 
Graetz moduli above 40. The curve 


l/s 
Nu = 1.27 (Gz)'* = 1.128 (ne Pr 7) 
is for a uniform velocity distribution (9). In the analysis of the 
experimental data, it was assumed that a uniform velocity dis- 
tribution existed in the test section. 

Since Fig. 3 contains points for which Gr Pr (D/L) varies by a 
factor of 10, and because all the points seem to lie on a single 
curve, the validity of Martinelli’s correlation, Equation [1], seems 
questionable for the system of this investigation. 

Consequently, the physical system was considered from a 
macroscopic viewpoint and an equation was derived without 
reference to any of the foregoing experimental data. (The 
derivation is given in the Appendix.) This equation is 


D D 
Nu = 1.128 E + (3.02 (cr Pr Pr) ] 13] 


where Re Pr (D/L,) is evaluated for the length of the heated sec- 
tion considered and the L in the term 


D 
3.02 (Gr Pr 7) 


is the length of the total heated section. Upen consideration of 
the physical system the following can be said: 


1 The fluid velocity should be fairly uniform at the entrance 
to the heated tube. If it is assumed that the velocity remains 
constant throughout the tube and that free convection effects are 
negligible, the heat-transfer equation is 


Nu = 1.27 (Gz)'/* = 1.128 Re Pr 


2 The free-convection forces are a function of the total tube 
length and the resistance to flow for the whole system. Hence, it 
is logical that these forces be calculated on the basis of the total 
tube length. 

Equation [3] is plotted in Figs. 2 and 3 and indicates good 
agreement with the experimental points. The success of Equa- 
tion [3] in fitting the experimental data suggests that the method 
used to develop the equation may have some merit. 

The final section in the Appendix illustrates a simple analysis 
for deriving heat-transfer equations which may be applied to 
other complex situations with some hope for success. One thing 
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that should be remembered, however, is that free-convection ef- 
fects cannot be isolated for a given heated section for vertical 
superposed flow. The tube acts like a chimney, and the free- 
convection forces at any point are influenced by the whole sys- 
tem. 
CONCLUSIONS 

A system of superposed free and forced convection for air in a 
vertical tube was examined and an equation for the Nusselt num- 
ber was derived which fitted the experimental data. Martinelli’s 
theoretical equation appears to be unsatisfactory for correlating 
the experimental data of this investigation. More experimental 
work on superposed free and forced convection is indicated. A 
method was proposed for deriving heat-transfer equations which 
may be applied to other systems. } 
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DEFINITION OF FuNcTIONS F; AND F; 
Define, according to Martinelli and Boelter (1) 
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These functions are tabulated and plotted in a figure in reference 
(1). 
Tue Loc-MeaNn-TEMPERATURE DIFFERENCE 


r ( q Bie 
1 A 
(8) 
and 
1 L 
L Je 
But 
Ww 1 
A mD dz 
Then 
dt, ix 
We, f We, (T —4) 
ey 9 TDL Jr_, UT — 
c T ty 
However 
a 
= We,(t, — t).... (12) 
Substituting the value of h,, into the equation, one finds 


Ff (T — t,) 
In 


(T ty) 


This suggests that the preferred temperature difference is the 
logarithmic mean. From reference (1), the equation for tem- 
perature distribution used to develop the final equation is 


»,, D\'/s 
y é Gz ( L ) [14] 
This was used to develop the equation _ 
Nu, = 0.807F; («rs (15] 


If one uses the Nusselt modulus based on the log-mean-tem- 
perature difference, one gets 
h,,D We, 


T-t, 


In 
T — tb 


[16] 
But (7’ — t,)/(T — ts) may be evaluated from the equation for 
temperature distribution by letting z = L, such that 


D\'* Nu, 
Nujm = 0.807 (crs L ) = F, [17] 


eliminating the need to use the function F; in the analysis. 
F, of the preceding section of the Appendix may now be as 
follows 


i= 


1 1/ 3 
5 x ‘t= ) x 
F, = ( ) 4 L i( 18] 
f cs * [18] 


Num T 


where 


Corresponding values of — t,)/(T — to) and are computed 
from the data of reference (1). 


FREE AND Forcep CONVECTION IN A VERTICAL HEATED TUBE 
Consider a constant-temperature vertical tube as shown in Fig. 
4. For this tube, the following postulates are made: 


1 A uniform velocity profile exists at the tube entrance. 

2 A heat-transfer coefficient based on Nu = 1.27 Ga’/* 
(equation for uniform velocity profile) is valid 

3 Static pressure across tube at any distance z is constant. 
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If a heat balance is made on a differential element of length dz 
then 


Dp 
di, = heD(T t,)dz........... [19] 


In Equation [19] and those to follow, p is the bulk mean density. 
By introducing the temperature differences 


= 
Equation [19] becomes 
d®, —4h 


Integrating Equation [20] with the condition that for « = 0, 
= gives 


_—Ahz 
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where h represents the average heat-transfer coefficient between 2 hE 
Ge 


O and z. 
The log-mean-temperature difference for the tube can now be 


written 


: 
a... 
a For a uniform velocity distribution 

= 1.128 [ Re Pr 
4hL 
=, Therefore, Equation [25] becomes 


1.495 D\? D 
R —} ={G 
(ners ?) (cr pr?) 


_ 4.512 
Equation [21] gives the log-mean-temperature difference for “ 


the tube. 
} For only free-convection flow, the force which generates the ,, 


movement of the fluid through the tube is the buoyancy force. It 
can be represented along a distance dz by D\? 
Re Pr L 


Ge Pr Pe Pr 


whi ich by introducing the expansion coefficient 8 ond assuming 
that changes in density are small gives 


Transforming the right side of Equation [26] into a series gives 


i 4 
z 2! 3 


where 


Equation [22] may be integrated over length L as follows 
! 


ea , PDs which becomes z/2 for small values of z. At a Gz number of ap- 
proximately 70, the maximum error is only 15 per cent. The 


4hL 
cppDV error decreases as the Gz number increases. 
4h In consequence of the foregoing, Equation [26] becomes 


The pressure drop from Equation [23] is used up in establish- 
ing the flow in the pipe. Since the postulated uniform velocity 
profile approximates a turbulent velocity profile, let 
pV? KpV? 


AP = 
29. 29. 


Because the ratio of the area of the tube to that of the plenum 


chamber was approximately 0.025, K from reference (10) is 0.495. 
Therefore 


_ Equating Equations [24] and [23], and letting po = p 7 
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Equation [27] represents, under the postulated flow conditions, 
the free-convection forces acting to increase the rate of heat trans- 
fer. If it is assumed that the free-convection Re Pr (D/L) number 
can be added to the forced-convection term directly, then 

ol Nu = 


r 
e 


- 


D 
1.128 | Re P 
[ Re pr 


to 


D 
1.128 4 Re Pr — + 


L, | 3.02 (cr Pr 7) pf 


which is the equation which represents the combined free and 
forced-convection flows. Equation [28] is drawn in Figs. 2 


Nu = 


for a Gr Pr (D/L) modulus of 1.2 X 10°. In using Equation [28] 
it should be remembered that in the forced-convection term, L, is 
evaluated for the heated length considered whereas the free- 
convection term is for the whole heated length 
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Heat-transfer coefficients for supercritical water are pre- 
sented for flow in an electrically heated AISI Type 304 
stainless-steel tube having an inside diameter of 0.300 in. 
Bulk fluid temperatures were varied from 220 to 1000 F at 
4500 psi, and over a more limited temperature range at 
3500 psi. Mass flows tested include 1.6 to 2.5 X 10° lb/hr- 
sq ft, and a flux range of 280,000 to 580,000 Btu/hr-sq ft was 
covered. Values of film conductance in the vapor region 
were found to be substantially higher than those pre- 
dicted by extrapolation of data found in the literature, or 
by recent formulas based on a theoretical approach. 
These findings are of special interest to the boiler industry 
which is presently designing units for use at supercritical 
conditions. 


NOMENCLATURE 


es 


The following nomenclature is used in the paper: 


= inside heat-transfer surface, sq ft 
specific heat of water, Btu/lb-deg F P 
inside tube diameter, ft 1° 
mass velocity, lb/hr-sq ft 
film conductance, Btu/hr-sq ft-deg F 
thermal conductivity of fluid, Btu/hr-sq ft-deg F/ft 
= thermal conductivity of tube metal, Btu/hr-sq ft- 
deg F/ft 
length of test section, ft 
heat input, Btu/br 
measured outside metal temperature, deg F 
corrected outside metal temperature, deg F 
inside metal temperature, deg F _ 
fluid-bulk temperature, deg F 
gage pressure, lb/sq in. 
resistivity of tube metal, ohm-in. 
= viscosity, lb/ft-hr 


- 


Aa 


L 
_Q 


Nusselt number, dimensionless 
Prandtl number, dimensionless 
Reynolds number, dimensionless 


Stanton number, dimensionless 


4 


Subscripts 


b = properties based on bulk temperature 
$s = properties based on surface temperature 
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INTRODUCTION 


The present trend to higher pressures and temperatures in the 
power industry demands an accurate prediction of superheater 
metal temperatures. At supercritical pressures especially, the 
role of the steam film conductance becomes increasingly im- 
portant. The requirements for both the type of material and the 
thickness of the tube wall in present-day superheaters are appre- 
ciably affected by the steam film coefficient. The only available 
experimental information in the supercritical region is a few 
data points obtained by McAdams (1).3 All of these are above 
890 F. Deissler (2) and Goldmann (3) approached the problem 
theoretically, but the assumptions required in their respective 
predictions are open to some question. It was felt, therefore, that 
the experimental determination of film conductance would result 
in better predictions of tube-metal temperatures in the design of 
supercritical once-through steam-generating units. 


APPARATUS AND PROCEDURE 

The test section consisted of an electrically heated AISI Type 
304 stainless-steel tube having a 0.540-in. OD and a 0.300-in. ID, 
Fig. 1. Water or steam was supplied to the tube from a small 
once-through single-tube steam generator. The arrangement of 
the system is shown in Fig. 2. It was possible to control steam 
and water temperatures between 210 and 1000 F at the inlet to 
the test section by varying the boiler firing rate. The outlet 
pressure was controlled between 3000 and 5000 psi by throttling. 
Owing to the limitations of the steam-generating equipment used 
to supply the test section, it was impossible to vary mass velocity 
over a wide range. Mass velocities were restricted, therefore, to 
the range of 1.6 to 2.5  10¢ Ib/hr-sq ft. A photograph of the in- 
sulated test section is shown in Fig. 3. 

Approximately 60 per cent of the total flow through the system 
was bypassed through a mixed-bed deionizer in order to keep con- 
taminants in the system to a minimum. Feedwater conditions 
entering the boiler were as follows: 

1 Total solids: less than 1.0 ppm 

2 Dissolved oxygen: less than 0.005 ppm 

3 pH: 9.5 


* Numbers in parentheses refer to Bibliography at end of paper. 
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The pH of the feedwater was controlled by adding ammonia to 
the deionizer effluent before the deaerator. 

Flow through the test section was measured with a calibrated 
nozzle installed on the suction side of the feed pump. 

Power was supplied to the test section from three 40-kva trans- 
formers connected with secondary taps in series. The primary 
side of each transformer was supplied from a saturable reactor, 
the output of which was regulated by an automatic power control 
that maintained a constant heat input to the tube. 

Power was applied to the tube through bus bars spaced 5 [t-3 in. 
apart, Fig. 1. The central 4 ft of the test section was instrumented 
with a pair of thermocouples and a voltage tap spaced every 6 in. 
It was thus possible to obtain two outside tube temperatures at 
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each of nine locations and to determine the voltage drop across 
each 6-in. section of the central portion of the tube. The test 
section was insulated with 3 in. of Superex wrapped with asbestos 
tape and aluminum foil. Four sets of surface and depth thermo- 
couples were installed in the insulation along the tube length in 
order to determine the heat loss to the surroundings. 

A thermocouple well was installed at each end of the test sec- 
tion and a 0 to 10,000-psi pressure gage was connected to a point 
slightly upstream of the test section. All thermocouples were 
chromel-alumel and each couple was connected in parallel with a 
compensated plug board and a Leeds and Northrup 20-point 
Speedomax. Emf was measured with a Leeds and Northrup pre- 
cision potentiometer having an ice bath for the cold junction. 

The desired conditions of flow, pressure, fluid temperature, and 
heat input were obtained by adjusting flow rate, throttle-valve 
setting, firing rate, and electrical power input. After steady-state 
conditions were obtained, readings of pressure, flow, fluid and 
metal temperatures, total power, current, and voltage drop were 
taken. Voltage drop was measured across the entire 48-in. test 
section and, also, across the smallest number of 6-in. sections 
that would give a minimum potential drop of 4 volts. 

Heat flux through the test-section wall was calculated from 
the measured electrical dissipation within the tube, less the losses 
through the insulation. Heat-transfer coefficients were obtained 
at three points along the length of the tube for each set of test 
conditions. These locations were at stations 1, 5, and 9, Fig. 1. 
Bulk-fluid temperatures were obtained at each station by adding 
the respective increases in enthalpy to that fixed by the inlet 
thermocouple. Tube-wall temperature drop was calculated by 
means of the equation derived in a paper by Kreith and Summer- 
field (4). 

RESULTS 

Forty-one runs were made, three conductance values being ob- 
tained for each run at the locations mentioned, Table 1. To 
maintain accuracy, only those data points having film drops 
greater than 40 F were considered. All data points having 
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bulk temperatures below 660 F are compared with the recom- 
mended correlation for pipe flow, Nu = 0.023 Re®* Pr®-4 in Fig. 4. 
Since a mean line drawn through the results would be approxi- 
mately 10 per cent below the accepted correlation, the test setup 
was considered reliable and the accuracy of the results adequate. 

Reliable supercritical properties of water are available only in 
the liquid range, and therefore it has not been deemed advisable 
to attempt a complete correlation of the data using dimensionless 
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parameters involving viscosity and thermal conductivity. In- 
stead, film conductance was first plotted against bulk, film, and 
surface temperatures. Of the three, the surface-temperature 
correlation gave the most consistent results, especially in the 
vapor range. Consequently, the data at 3500 and 4500 psi, and a 
mass velocity of 2.5 X 10* lb/hr-sq ft, are plotted as a function of 
surface temperature in Fig. 5. 

Film coefficients similarly are plotted versus surface tempera- 
ture for various mass velocities at 4500 psi in Fig. 6. The varia- 
tion in mass velocity was limited, preventing an exact determina- 
tion of the relationship between the coefficient h and the mass 
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velocity G. However, cross plots of the data showed that h 
varied approximately as G°* below bulk temperatures of 660 F 
and as G! above 800 F. 

Deissler (2) and Goldmann (3) have developed theoretical 
equations to predict the heat-transfer coefficient under super- 
critical conditions. Their results at a surface-to-bulk tempera- 
ture ratio of 1.08 (absolute temperature scale) are compared to the 
experimental results in Fig. 7. At this surface-to-bulk temper- 
ature ratio the heat-input rates of the theoretical studies are com- 
parable to those used in the test. 

The values of film conductance obtained from the theoretical 
studies are lower than those obtained experimentally over the en- 
tire vapor range, but the difference is particularly acute in the 
750-850 F temperature range. It would seem that Goldmann’s 
theory, put forth in his discussion of Deissler’s paper, may have 
been borne out experimentally. He surmises that “. . .macro- 
scopic clusters of liquidlike molecules ‘explode’ at the heat-trans- 
fer surface, move as gaslike aggregates into the bulk of the fluid 
where they ‘collapse’ again into liquidlike clusters. One may 
speculate that the growth and collapse of these clusters, like the 
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growth and collapse of bubbles during boiling at subcritical pres- 
sures, cause enough agitation to result in heat-transfer coefficients 
that are significantly higher than predicted in the paper (Deiss- 
ler’s).”’ 

As a further comparison, McAdams’ (1) equation also has been 
plotted in Fig. 7 to show the difference between the present ex- 
perimental data and his dimensionless correlation. These com- 
parative film conductances were based either on the transport 
properties used by each of the authors mentioned, or on extrapo- 
lations of these properties. It must be remembered, therefore, 
that the results presented could perhaps be substantially dif- 
ferent if more accurate property values were available. 

Of all the thermal properties, it is felt that the Keenan and 
Keyes (5) specific-heat values are the most reliable, Fig. 8. Since 
it makes little difference over the range of mass velocities tested 
whether one uses the 0.8 power or the 1.0 power of the mass ve- 
locity, the data are plotted in the form of the Stanton number, 
h/(G C,,), versus surface temperature, Fig. 9. From 800 to 1100 F 
the data can be represented reliably in the form of a constant 
Stanton number. 


or CALCULATION 


For each run, a comparison was made between the net electrical 
energy input and the fluid absorption, as indicated by the product 


— ws 
| 


©+4500 PS! 

4+3500 

MASS VELOCITY 16 x 10°T0 25 x 10° LB/HR-FT 
HEAT INPUT 280,000 TO 580,000 BTU/HR-FT2 


2 


A = lu 


TRANSACTIONS OF THE ASME 


STANTON NUMBER — 


RESISTIVITY ~p-MICRO-OHM— IN. 


5 7 ® 
SURFACE TEMPERATURE — F X IO 


Versus SuRFACE 
AND THREE Mass VELOCITIES 


Fic. 9 STanton NuMBER 
4500 anp 3500 Psi 


of the water flow and the increase in enthalpy occurring across 
the test section. The balance generally was within +6 te -5 per 
cent, having a mean of +1.2 per cent. However, a iew runs 
having bulk temperatures in that region where the specific heat 
changes rapidly with temperature possessed deviations up to 25 
per cent. This is probably an indication that the enthalpy- 
temperature curves used in this region could be improved 

The fluid temperature at each of the three stations was ob- 
tained by adding the enthalpy rise up to that station to that exist- 
ing at the inlet thermocouple well. Enthalpy rise was considered 
to be directly proportional to the length of the heated section be- 
fore the station in question. 

Outside-surface temperature was corrected for thermocouple 
calibration and the fact that the couple is actually located slightly 
beneath the surface (Appendix). From current and voltage 
measurements, the temperature drop across the tube wall was 
calculated using the Kreith-Summerfield equation expanded 
through the sixth derivative to account for the increased thickness 
(Appendix). Local heat flux was obtained from the average heat 
flux and a correction factor accounting for the variation in tube- 
metal conductivity and resistivity from end to end. Using the 
inside metal temperature, bulk-fluid temperature, and local heat 
flux, a film coefficient was calculated. 

The Kreith-Summerfield formula requires the use of the re- 
sistivity and thermal conductivity of the tube material. It as- 
sumes further that both are straight-line functions with tem- 
perature. Stainless steels, however, do not exhibit a straight-line 
resistivity versus temperature function over the entire range of 
temperatures tested. Test data allowed determination of the 
tube resistivity. This was calculated and is plotted as a tempera- 
ture function in Fig. 10. Each of the two straight lines shown 
was used over its particular range of metal temperatures. The 
portion from 0-600 F duplicated the data supplied by Allegheny 
Ludlum Steel Corporation (6). Above 600 F the spread un- 
doubtedly is due to the manner in which mean tube-wall tem- 
perature was evaluated. 

The thermal conductivity used was of Bureau of Standards (7 ) 
origin and is shown in Fig. 11. 


CONCLUSIONS 


1 For design purposes, it is undoubtedly satisfactory to use 
the conventional formula for pipe flow, Nu = 0.023 Re®-8 Pr®-4, at 
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surface temperatures below 660 F. All properties are evaluated at 
the bulk temperature. 

2 For surface temperature between 800 and 1100 F,a constant 
Stanton number of 0.00189 can be used for the range of mass 
flows tested. The specific heat should then be evaluated at the 
surface temperature. 

3 In the range of 660 to 800 F, coefficients are high owing to 
an apparent boiling-like phenomenon, and it is probably safest, 
at present, to assign some constant value to the coefficient for 
this temperature range depending on mass velocity. The critical 
range, of course, will change with operating pressure. 


These conclusions are based on heat fluxes below 600,000 
Btu/hr-sq ft. 
It is emphasized that, as a more accurate knowledge of the 
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properties becomes available, the data should be correlated by the 
4 ad 
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Appendix 


= 
Data REFINEMENT‘ 


A detailed analysis of errors was undertaken to preclude the 
possibility of accumulation of minor errors into a significant total. 
The complete analysis includes the following items: 


1 Longitudinal heat loss from the test section proper. 

2 Heat leak along wall-thermocouple wires. 

3 Heat loss along bus bars. Ub 

4 Heat leak along fluid-thermocouple wires. —— 

5 Heat flow along tube supplying test section. 
6 Uncertain radial position of effective thermocouple junction. 
7 Thermocouple calibration. 


8 Use of the Kreith-Summerfield equation in computing wall- 
temperature drop. 

9 Uncertainty of the thermal conductivity of stainless steel, 
AISI Type 304. 


Items 1, 3, 4, and 5 were handled by solving ordinary differen- 
tial equations and were found to contribute negligible error. 

The combined effect of items 2 and 7 was accounted for by 
using data from several zero power runs during which all bulk- 
fluid and metal temperatures were read at different levels of bulk 
temperature. The following relationship was found to apply 
within experimental precision to all test-section thermocouples 


th — Tmo = 0.013734, — 3.5333............ {1] 
where 


Tmo = recorded metal temperature at TC location, deg F 
t, = bulk temperature, deg F 


Conduction along the thermocouple lead wire may be expressed 
in the form 


‘ By Dr. R. H. Boll, Babcock & Wilcox Research Center. 


where a + 
T, = actual surface temperature, deg F 
T moe = true temperature at effective TC location, deg F 
tam = ambient air temperature (100 F) 


With no power, radial heat flow in the metal is equal to heat 
loss through the insulation. Hence 


T, = e(t, [3] 


where c can be calculated readily from tube, water film, insulation, 
and external film resistances. 

The difference in thermoelectric power between individual 
thermocouples is accounted for by 


= = — {*), [4] 


where 6 and (* are constants, ¢* representing the temperature at 
which the thermoelectric powers are equal. 
The following expression is obtained by combining Equations 


[2] and [4] 
r, = 1+ 


Equation [5] allows conversion of 7',,. to T, once values of the 
slope (1 + 6)/(1 — @) and the intercept — (6¢* + at,,,)/(1 — a) 
are obtained. ee 

Combining Equations [2], [3], and [4] gives ‘ 


(1 — —c) 


(1 — + + 
1+6 


+ at,,, 


» 


Comparison of Equations [1] and [6] reveals that numerical 
values of the slope and intercept of Equation [6] are 0.01373 and 
—3.5333, respectively. From this slope and a calculated value of 
c, the term (1 + 6)/(1 — @) can be obtained for insertion in Equa- 
tion [5]. The term (6¢* + at,,,)/(1 — @) can be obtained in like 
manner. Here it is necessary to assume that the term act,,, can 
be neglected in comparison with (cf,,, + 6¢* + at,,,), and that 
cto, /(1 — a) = ct,,,. With parameters evaluated in this way, 
Equation [5] was found to be 


T, = 1.0124 7,,. — 3.43. 


All of the measured test-section temperatures were corrected ac- 
cordingly. 

The fact that the effective thermocouple junction is probably 
about '/s, in. below the outside surface of the tube (item 6) was 
accounted for by reducing the At according to the Kreith-Sum- 
merfield equation by 1.5 per cent. 

With respect to item 8, the derivation of the Kreith-Summer- 
field equation was checked. All assumptions required in this 
derivation are adhered to adequately in the test setup. It is 
estimated that the consequence of taking only five terms of the 
infinite series is that the calculated At across the metal is 0.3 per 
cent too low. 

It is to be noted that alli the corrections cause an increase in in- 
side metal temperature, a corresponding increase in film drop, and 
a resulting decrease in film coefficient. 

There is no evidence that the thermal conductivity used is in 
error. Chemical analysis and metallurgical examination proved 
that the test section is in fact annealed AISI Type 304 stainless 
steel. The original values of thermal conductivity were obtained 
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by Shelton (7) on a material meeting the specifications for AISI 
Type 304. His estimate of the maximum error in these values is 
+5 per cent. In terms of the present coefficients, this 5 per cent 
uncertainty becomes 5 to 20 per cent depending upon the condi- 
tions of each individual run. ' = 1 

To summarize, the present results are believed to be accurate (1 + aT2)(1 + BT2) 
within +3 per cent. However, a mean curve conceivably might 
be high by as much as 22 per cent owing to combined error in 
thermocouple placement and in thermal conductivity, or low by 
as much as 10 per cent owing to error in thermal conductivity. 


EXPANSION OF KREITH-SUMMERFIELD EQUATION 


In order to use this equation in conjunction with the thick tube 
wall employed, it was necessary to expand the series to include the ) = —2MD ES + 44 MDC 
r=re 


fifth and sixth derivatives. These have been evaluated as i) 
follows 
9A 55] 
+ 34M2D°C? + 9A + 55MDC 


aT 4MD 5 


The remainder of the equation, the assumptions required, and 
the designation of the symbols can be found in reference (4). 
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of those variables which control the rate of heat transfer 
in the air gap of a rotating electrical machine. This phase 
of the problem reduces to obtaining a basic understanding 
of the fluid-flow and heat-flow processes in an annulus, 
formed by two concentric cylinders, with the inner cylinder 
rotating and with the outer cylinder stationary. The 
primary independent variables and effects are. first, the 
axial velocity of the air through the air gap, which is com- 
bined with other variables to form the customary Reyn- 
olds number; second, the speed of rotation, which is com- 
bined with other variables to form a new dimensionless 
group, called the Taylor number, in honor of G. I. Taylor, 
who laid the theoretical and experimental foundations 
for this problem; third, the temperature gradients at the 
walls; fourth, the surface roughness in the air gap; and 
finally, the “entrance effects” introduced by the develop- 
ment of the boundary-layer flow in the air gap. 

The present report gives the experimental results ob- 
tained for two smooth and long annuli, thereby eliminat- 
ing from consideration, at present, the last two effects given 
above. It is shown that four distinct modes of flow exist 
for adiabatic and diabatic flow of air in these annuli. The 
demarcation lines of these flow regions were investigated 
in detail for adiabatic flow with hot-wire anemometers and 
also by means of visual and photographic methods. 

The results showed that four modes of flow exist over re- 
gions of Reynolds number and Taylor number for both adi- 
abatic and diabatic flow. These modes are: 1 purely 
2 laminar flow plus Taylor vortexes; 3 
4 turbulent flow plus vortexes. 


laminar flow; 
purely turbulent flow; 

The results obtained here for adiabatic flow were found 
to agree well with the work of Cornish for the boundary line 
between the regions of laminar flow and laminar-plus-vor- 
texes flow, but they did not agree with similar results by 
Fage. 

Preliminary results are also presented here for diabatic 
flow in the annulus in the form of heat-transfer coeffi- 
cients. These results are shown in the form of a three-di- 
mensional surface in which the Nusselt number is repre- 
sented as a function of the Reynolds number and Taylor 
number. 
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Modes of Adiabatic and Diabatic Fluid Flow 
Annulus With an Inner ee 


- 


Rotating Cylinder 
By JOSEPH KAYE! anp E. C. ELGAR? - seman 
x @ 
The present report is the first phase of an investigation NOMENCLATURE _ = 


- 


The following nomenclature is used in the paper: 


A, = area of inner cylinder ; ; 
b = width of annulus, (r, — r;) Bd oe. 
D = diameter 
D, = equivalent diameter, 26 
= geometrical factor, defined by Equation 
h = coefficient of heat transfer -- 
k = thermal conductivity ~@y 
L = length of annulus re 
N = speed of rotation : 7 
Nu = Nusselt number, U,; b/k 
P = function defined by Equation [2] or Equation [4] 
q = rate of heat transfer 
q, = rate of heat generation electrically 
q, = rate of heat transfer by radiation 
Re = Reynolds number, 2)V//v 
r; = radius of inner cylinder 
r,, = mean radius of annulus 
r, = radius of outer cylinder 
Ta = Taylor number, wr,,’ 
t; = temperature of inner surface of cylinder — 
t, = temperature of surface of outer cylinder 
U,, = over-all coefficient of heat transfer, based on surface 
area of inner cylinder 
V = axial velocity of air in annulus 
w = mass rate of flow of air through annulus 
= ratio of speed of rotation of outer cylinder to that of inner 
cylinder, w,/w,; 
v = kinematic viscosity 
p = density — 
w = speed of rotation ; 
w, = critical value of speed of rotation, or critical speed — 
w, = speed of rotation of inner cylinder = 
w, = speed of rotation of outer cylinder » wh : 


INTRODUCTION 


For several years the Research Laboratory of Heat Transfer 
in Electronics has been investigating the problems of thermal 
effects in rotating electrical machinery. One of the unsolved 
problems facing the designer of such machines is the prediction 
and measurement of the rate of heat transfer in the small annular 
air gap between the rotor and the stator. In most conventional 
electrical machines the rotor is the inner moving member of this 
annular gap, but machines exist wherein both the inner and 
outer members of this annular gap are rotating in opposite direc- 
tions. 

Consider the conventional machine wherein irreversible elec- 
trical, mechanical, and magnetic processes within the rotor and 
stator result in generation of heat throughout the machine. An 
illustration of the over-all thermal analysis of a relatively simple 
a machine, namely, a small d-c shunt-wound motor, is 


found in the paper by Kaye and Gouse (1),3 and some experi- 
mental work in the paper by Kaye, Gouse, and Elgar (2). It is 
well known that the heat generated within the rotor by “core,” 
“copper,” and other losses results in excessive temperatures un- 
less this heat is removed in orderly fashion by careful design. A 
portion of the heat generated in the rotor is removed by axial 
conduction through the shaft and some is removed also by con- 
vection from the ends of the rotor to the air within the machine 
housing. However, in many electrical machines much of the 
heat generated in the rotor is transferred from the cylindrical 
surface of the rotor to the air in the air gap. Frequently, cool 
air from a fan or blower is often forced through this air gap in 
the axial direction. Other means of cooling rotors, employing 
ducts for internal air or liquid cooling, also have been utilized. 

The primary problem here is to investigate those variables 
which control the rate of heat transfer in the air gap of an elec- 
trical machine. At the start of this work, it appeared that for a 
fixed geometry the rate of heat transfer in the air gap would de- 
pend on the following variables and effects: 


1 Speed of rotation of rotor. 

2. Axial velocity of air in air gap. 

3 Temperature gradients at walls of annulus. 

4 Surface roughness in air gap due to teeth, slots, and core 
laminations. 

5 “Entrance” effects, caused by development of boundary- 
layer flow in entrance region of air gap. 

OBJECTIVES 

A brief survey of the literature showed that considerable work 

has been done on heat transfer and fluid flow in annuli, but that 


practically no studies have been made which combined all five 
of the foregoing variables in an annulus. In fact, this survey 


indicated that the relationships between rate of heat transfer, 
speed of rotation, and axial flow were quite complex even if the 


surface-roughness and entrance effects were eliminated from 
consideration. The present study has considered only two 
geometries for fully developed flow in smooth annuli over a 
limited range of values of axial velocity, rotational speed, and 
temperature gradients. With these facts in mind, the present 
study should be considered as only the first step in trying to un- 
ravel the dependence of the rate of heat transfer upon the many 
variables in the air gap of an actual electrical machine. 

The objectives of this paper are to present some experimental 
results for adiabatic and diabatic flow of air for fully developed 
flow in an annulus formed by a smooth rotating inner cylinder 
and a smooth stationary outer cylinder. This case was chosen 
in order to eliminate, as nearly as possible, the surface-roughness 
and entrance effects present in actual rotating machines and thus 
simplify the actual complex problem. Adiabatic flow of air was 
first used to study the following different modes of flow in such 


an annulus: 


Laminar flow. =—: 

Lami y ces. 
uaminar flow plus Taylor vortexes 

Turbulent flow. 

Turbulent flow plus Taylor vortexes. 


Since the heat generated in the air by frictional work due to the 
rotation of the inner cylinder is small, this flow of air in the 
annulus is very nearly adiabatic and alse nearly isothermal. 


HisToricaAL REVIEW 


Fluid flow in ducts and passages of various shapes has been 
studied quantitatively for almost two centuries. A special type 

3 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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is found in flow in an annular duct; one limit of annular flow 
corresponds to flow in a simple duct when the inner surface of 
the annulus shrinks to zero size for a fixed size of the outer sur- 
face; a second limit of annular flow corresponds to flow between 
parallel flat plates when the annular width or opening shrinks to 
zero size for a fixed size of either the inner or outer surface of the 
annulus. If one now considers that one or both of the concentric 
annular surfaces can rotate, then it is possible to combine such 
rotation with axial flow of the fluid through the annulus to pro- 
duce different and interesting flow combinations. Table 1 pre- 
sents some possible types of flow in an annulus when both rota- 
tion and axial flow are considered for the simple case of an 
annulus formed between two concentric cylinders. If one now 
includes also such effects as adiabatic versus diabatic flow, unde- 
veloped versus fully developed flow, rough versus smooth sur- 
faces, axial oscillations of either cylinder, and so on, one begins to 
realize the large number of uninvestigated and unsolved prob- 
lems remaining in this field. 

In order to keep the size of this paper within reasonable 
bounds only a few of the highlights of the many problems asso- 
ciated with the types of flow combinations given in Table 1 and 
related effects will be mentioned here. It should be recalled 
that Osborne Reynolds (3), in 1883, was the first to investigate a 
limit of Case A of Table 1 with respect to instability of laminar 
flow and the transition from laminar to turbulent flow in a duct 
by injection of dye into a flow of liquid water. Other types of 
instability and transition are of interest in the study presented 
here. 


TABLE 1 Types oF FLow CoMBINATIONS IN ANNULAR FLOW 
Wirtu Rotations 
Axial 
velocity 
Positive 
Zero 
Positive 
Zero 
Positive 
Zero 
Positive 
Zero 
Positive 


Rotation direction 
of outer cylinder 
Stationary 
Stationary 
Stationary 
Clockwise 
Clockwise 
Counterclockwise 
Counterclockwise 
Clockwise 
Clockwise 


Rotation direction 
of inner cylinder 
Stationary 
Clockwise 
Clockwise 
Stationary 
Stationary 
Clockwise 
Clockwise 
Clockwise 
Clockwise 


G. I. Taylor (4), in 1923, analyzed mathematically the sta- 
bility of incompressible viscous flow in a narrow annulus between 
rotating concentric cylinders of infinite length, for the case 
of zero axial flow. He assumed small perturbations in the ve- 
locity components for the basic equations for laminar flow, then 
expanded the solutions in a series of Bessel functions, and finally 
solved the resulting infinite determinant for the lowest values 
of the speed of rotation for which the perturbations would grow. 
The speed of rotation at which the laminar flow breaks down 
and at which the perturbations grow, leading to the formation of 
secondary Taylor vortexes, is called the critical speed. Taylor 
obtained the following general expression for this critical speed 

+ 


— (ur.2/r2))1 — 


For Case B of Table 1, where the outer cylinder is stationary, 
then 


= 
754 

1— r; 
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and so Equation [I]reducestotheform 


and Equation [2] reduces to the form 


+ 
2Pb?r,;? 


P = 0.0571 (1 — 0.652 b/r;) + 0.00056 (1 — 0.652 b/r;)~'. . [4] 
Define r,, as the mean radius of the annulus, so that 

=a (r, + {5} 

For the limiting case of zero value of 6/r,,, the value of P is 

0.0577. If one defines a dimensionless group, the Taylor num- 

ber, by 

1/9) 8/ 


then for the limiting case of zero value of b/r,, one obtains 


(Ta) = 41.2 [6d] 


where the geometrical factor F, is a function only of b/r,,, and is 
given by 


FP, = — (7b) 
and an alternate form for P is given by 
P = 0.0571 — 0.652 (; ] 
0.00056 | 1 0.652 ( b/r,, \7- 
+ 0.00056 — 0.652 \7c] 


G. 1. Taylor (4) predicted that for values of the speed of rotation 
less than critical speed w, the flow in the annulus would be stable 
and laminar, whereas for speeds greater than w, the flow would 
be unstable with the formation of a steady secondary flow in the 
form of pairs of counter-rotating doughnut-shaped vortexes. 
These vortexes are shown schematically in Fig. 6. For Case B 
of Table 1, Taylor confirmed experimentally both the value of the 
critical speed and the existence of the pairs of vortexes, using the 
flow of water between vertical cylinders, with zero axial velocity, 
and injecting dye at various points in this annulus. Taylor (4) 
investigated also Cases D, F, H of Table 1. 

J. W. Lewis (5), in 1927, confirmed experimentally Taylor’s 
expressions in Equations [1] and [2] for Cases B, F, and H in 
Table 1 by observing the motion of minute particles suspended 
in viscous liquids. He also observed, once Taylor vortexes 
are formed, that as the speed of rotation is then gradually re- 
duced, the vortexes persist to lower speeds than the critical speed 
at which they originated. This phenomenon is similar to the 
persistence of turbulence for flow in a round pipe to a Reynolds 
number less than the critical value, about 2000 for pipe flow, as 
the velocity is gradually reduced below the critical velocity. 

H. Jeffreys (6), in 1928, investigated mathematically the sta- 
bility of a layer of incompressible fluid with a decreasing tem- 
perature in the vertically upward direction. For the case of nat- 
ural convection to a liquid above a heated horizontal surface 
with steady crossflow superimposed parallel to the surface, he 
found that the normal] honeycomb cells formed in the absence of 
crossflow were elongated into strips in the direction of the cross- 
flow. Jeffreys also showed that, by analogy, this instability was 
the same as the first instability found by Taylor (4) in the case of 
a fluid between rotating coaxial cylinders. 
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$. Suzuki (7), in 1929, studied theoretically and experimentally 
Case C of Table 1, in terms of the axial-flow resistance for turbu- 
lent flow in the annulus. His analysis for flow in the annulus was 
based on von Karman’s velocity distribution for turbulent flow. 
He used four sets of annuli and his experiments supported the 
validity of his derived equations. His data appear excellent 
but are limited to the region of purely turbulent flow in the 
annulus. 

R. J. Cornish (8), in 1933, investigated experimentally Case 
C of Table 1, measuring the axial pressure drop from entrance 
to exit for the flow of liquid water in very narrow annuli between 
a rotating inner cylinder and a stationary outer cylinder. He 
used five sets of apparatus for which the values of the ratio of 
length to equivalent diameter (L/D,) were 213, 216, 270, 300, 
and 351. Cornish covered a range of Reynolds numbers from 
200 to 8000 and a speed of rotation from 0 to 2000 rpm. For 
constant flow of liquid water, or for constant Reynolds number 
based on the axial velocity, he increased the speed of rotation 
until he observed a sudden increase in the axial pressure drop; this 
discontinuity in the curve of pressure drop versus speed of rota- 
tion was assumed to be the criterion for breakdown of laminar 
flow and the formation of Taylor vortexes in the annulus. The 
procedure produced sharp discontinuities for Reynolds numbers 
less than 1200, but did not produce sharp discontinuities for Reyn- 
olds numbers greater than 1200. Cornish also compared his 
experimental results with those of Suzuki (7) and found the two 
sets of data agreed within a few per cent in the turbulent-flow 
region. This excellent agreement in the turbulent-flow region 
may be taken as indirect proof of the high quality of Cornish’s 
data in the other flow regions. 

S. Goldstein (9), in 1937, analyzed mathematically the sta- 
bility of an incompressible viscous fluid flowing axially in an 
annulus between a rotating inner cylinder and a stationary outer 
cylinder, Case C of Table 1. Using the method of small per- 
turbations of the components of velocity, and using severe ap- 
proximations, he found by numerical integration the critical 
speed of rotation for which the laminar flow becomes unstable. 
For zero Reynolds number (no axial flow) his value of the critical 
speed agreed well with that of G. I. Taylor (4). As the Reyn- 
olds number increased from 0 to 31, his critical speed increased 
by some 20 per cent, and then from 31 to 52, his critical speeds 
decreased rapidly. For the higher values of the Reynolds num- 
ber, Goldstein indicates that the calculated critical speeds are 
appreciably in error. 

A. Fage (10), in 1938, studied experimentally the instability of 
water flowing axially in an annulus between concentric cylinders 
resulting from: 


1 Axial oscillations of the inner cylinder for a stationary outer 
eylinder. 

2 Oscillations of the inner cylinder about its axis. 

3 Introduction of discrete eddies at the entrance of the 
annulus. 

4 Rotation of inner cylinder for stationary outer cylinder, or 


Case C of Table 1. 


Fage used a method similar to that of Cornish (8) and measured 
the pressure drop for only a very small axial section of his 
annulus far removed from the entrance region. For Case C of 
Table 1, he found that the pressure drop changed suddenly at a 
critical speed as he increased the speed of rotation for a fixed 
axial flow. His experimental results are not in agreement, how- 
ever, with those of Cornish (8). Fage indicated that the phe- 
nomena he observed may have been different from those observed 
by Cornish, and perhaps this difference may explain why his 
results differ markedly from those of Cornish. 


= 
and 
For any finite value of b/r,, one obtains : : 
4 


Shih-I Pai (11), in 1943, studied experimentally the turbulent 
flow of air in the annulus between a rotating inner cylinder and 
an outer stationary cylinder, for zero axial flow, i.e., Case B of 
Table 1. He used a hot-wire anemometer to measure mean 
velocity and root-mean-square fluctuations of the velocity mag- 
nitude, and also measured the axial static pressure distribution 
along the annulus. He concluded that both the steady motion 
of Taylor’s vortexes and the random motion of turbulence were 
present. He found that the ring-shaped Taylor vortexes could 
exist at speeds of rotation which are several hundred times the 
critical speed found by Taylor. Our measurements confirm his 
conclusion. 

W. W. Hagerty (12), in 1950, utilized the optical properties of 
solutions of glycerine and water to study the flow patterns in a 
short annulus between a rotating inner cylinder and a stationary 
outer cylinder, with zero axial flow. For small values of the 
speed of rotation, the visible shear lines showed that the fluid 
particles moved in circular paths concentric with the axis of the 
cylinders (Couette flow) and that, above a critical speed, Taylor 
vortexes appeared in the flow. 

Other investigators have studied some of the cases listed in 
Table 1, together with different variables and different boundary 
conditions. These studies may be found in papers by 8. Chan- 
drasekhar (13), H. Schlichting (14), among others. 

After this paper had been prepared, a recent paper by Gazley 
(15), came to our attention. Gazley studied the heat transfer 
in the annular gap of a series of simulated electric motors with 
an inner rotating cylinder and a stationary outer cylinder. 
Both smooth and slotted surfaces were studied. This excellent 
paper contains some valuable heat-transfer data for the air gap, 
as well as several formulations of different means of correlation 
of the various data from other investigators. 


ADIABATIC FLow StupiIEes 


ye This section describes the experimental apparatus for adi- 
abatic flow, the procedures and techniques used to determine the 
four modes of flow in a long annulus, the results obtained, and a 
comparison with the results of other investigators. 

Apparatus. The apparatus was designed so that it could be 
used first for the adiabatic-flow studies and then be modified 
easily for the heat-transfer studies. The schematic arrangement 
of the adiabatic-flow apparatus is shown in Fig. 1. Air is sucked 
into the long smooth annulus through screens and essentially a 
bell-mouthed section for isentropic flow; the air leaves the annu- 
lus through a mixing section, passes in series through a muffler, 
a flowmeter, a blower, again a muffler, and finally is discharged 
into the atmosphere. 

The details of the long annulus are shown in Fig.2. The inner 
cylinder was a paper-laminated phenolic plastic tube (Synthane). 
This tube was mounted on a hollow Synthane shaft, by means 
of a solid Synthane cone at the entrance and a Synthane disk 
at the exit end. A Synthane disk, not shown in Fig. 2, was 
placed also at the longitudinal center of the cylinder to reduce 
shaft vibrations. The shaft was stiffened by pressing a thin- 
walled brass tube over the extension of the shaft at the entrance 
end. After assembly of the cylinder and shaft, this entire 
rotating element was turned in a lathe for truing and for fitting 
the ends to bearings. The eccentricity (the distance from the 
axis of the cylinder to the axis through the bearings) was found, 
by dial-gage measurements, to be less than 0.002 in. along the 
entire length of the cylinder. 

The outer cylinder, shown in Fig. 2, was made in two separate 
sections. The upper section was an opaque section of Synthane, 
49.5 in. long. The lower section was a transparent lucite cylin- 
der, 6*/, in. long, with the same nominal dimensions of the outer 


Synthane cylinder. The internal diameter of the Synthane 


OUTER SYNTHANE CYLINDER 
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cylinder, measured at many points, was used as a basis for careful 
selection of the lucite cylinder. The accurate positioning of the 
outer cylinders of Synthane and lucite was accomplished by using 
1/2-in. horizontal plates of Synthane, with adjustable screws for 
lateral positioning. 

The final average dimensions of the long annulus, excluding the 


visual lucite section, are as follows: 


ID = 

OD = 
Annulus width = 

The variations are considered maximum values, for it is believed 

that the actual variations in annulus width are smaller than 

+0.005 in. 

As shown in Fig. 2, the air enters the top of the vertical appa- 
ratus, through baffies and a double thickness of 120-thread cotton 
broadcloth which serves as a screen. The air then flows through 
the entrance nozzle of the long annulus, downwards through this 
annulus to the transparent lucite section. This transparent 
section was enclosed in a black metal box with two windows, as 
shown in Fig. 3, through one of which light from a photoflood 
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lamp entered and was collimated. When cigarette smoke was 
introduced into the flow of air in the annulus, upstream of this 
black box, the light was reflected from the smoke particles at 90 
deg from the source through the second window to a still or movie 
camera or to the eye for observation of the flow patterns. 

The visual and photographic methods of observation of the flow 
patterns were supplemented by using three hot-wire anemometers 
in the lucite section, as shown in the bottom portion of Fig. 2. 
Each of these hot wires was placed in a different orientation in 
the annulus at this section; one was mounted in the axial direc- 
tion and was more sensitive to turbulence than to Taylor vor- 
texes; the second was mounted in the tangential direction and 
was more sensitive to vortexes than to turbulence; the third 
was mounted in the radial direction, and probably had about 
the same sensitivity to vortexes as to turbulence. Each hot wire 
was made from 0.001-in. tungsten wire, and was connected in 
the simple resistance-capacitance circuit designed to pick up 
fluctuating voltages while excluding the steady voltage of the 
applied battery voltage; this circuit is shown in Fig. 4. The 
small voltage fluctuations were recorded photographically by 
means of a multichannel Hathaway recording oscillograph. 

After the air flows by the visual section it passes through an 
exit mixing chamber containing a layer of copper sponge sand- 
wiched between two perforated sheet-metal disks. The bulk 
temperature of the well-mixed stream of air was measured by 
means of five thermocouples located in the chamber directly 
underneath the layer of sponges. 

The mass rate of flow of air in the annulus was measured by 
means of a series of five calibrated sharp-edged orifices. It is 
believed that these orifices yielded flow rates in error by not more 
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than one per cent, on the average, although individual flow rates 


might have an error of as large as 3 per cent. 

The two sound mufflers, shown in Fig. 1, were used primarily 
to prevent propagation of noise upstream from the Cadillac 
blower since it was found that this noise greatly interfered with 
the operation and interpretation of the oscillograph traces of the 
hot-wire anemometers. 

After the entire apparatus was completely assembled, all the 
joints and cracks were sealed carefully and tested several times 
for leaks. No measurements were taken until all leaks had 
been removed and the apparatus was thoroughly sealed. 

Experimental Procedure for Adiabatic Flow. Preliminary ex- 
periments had shown that at least four different regions or types 
of flow were possible in the annulus between stationary outer 
cylinder and a rotating inner cylinder, if axial air velocities are 
superimposed at the various rotative speeds. Fig. 5 is a sche- 
matic mapping of these four flow regions in terms of speed of 
rotation and of a mean axial velocity, for a fixed geometry. For 
zero axial velocity, as the speed of rotation is increased from zero 
to a finite value, the flow in the annulus is truly laminar until a 
critical speed of rotation is reached, at which the laminar flow 
becomes unstable and Taylor vortexes are formed; these vortexes 
persist in the flow for all larger values of the speed of rotation. 
These vortexes are shown schematically in Fig.6. This picture, 
for zero axial velocity, was predicted by G. I. Taylor (4) and 
proven experimentally by him and many others, as seen in the 
historical review. Note that the onset of instability or of for- 
mation of vortexes is the item fixing the position of the boundary 
line between the flow regions. 

Likewise, for zero speed of rotation, it has been shown previ- 
ously that the laminar flow in the annulus can undergo a transi- 
tion from laminar to turbulent flow as the axial velocity is in- 
creased. A new region of flow, namely, one of turbulent flow 
plus vortexes, is then added on the basis of preliminary tests 
made here to the three other regions already studied by previous 
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workers. Again it should be noted that the onset of turbule 
is the item fixing the position of the boundary line. 

The major objective of the adiabatic flow investigation was 
demarcate quantitatively the four regions of flow shown in Fig 
The boundaries between these regions were determined as | 
lows: 

(a) Boundary Between Regions of Laminar and Turbul 
Flows. For zero and a series of small values of the speed of ro 
tion, the axial velocity was increased from nearly zero to larger a 
larger values. For the smaller values of this axial velocity 
oscillograph traces of the hot wires were very nearly straig 
lines, except for the presence of small amounts of ‘‘noise,’’ a 
were characteristic of laminar flow. As the value of the ax 
velocity was increased for a fixed speed of rotation, the oscil 
graph traces began to show rapid irregular fluctuations in the ait 
velocity past the hot wire. Since this turbulence did not appear 
abruptly, two measurements were made to locate the point of 
transition, one at the upper limit of laminar flow and the other 
at the lower limit of turbulent flow. Figs. (7a and 7b) illus- 
trate the hot-wire traces found at the upper and lower limits for 
laminar and turbulent flow, respectively. Visual smoke-flow 
patterns were used to confirm the laminar and turbulent nature 
of the flow and the absence of Taylor vortexes. 
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(b) Boundary Between Regions of Laminar and Laminar-Pli 
Vortexes Flows. The boundary between the laminar-flow a1 
laminar-plus-vortexes-flow regions was determined by selecti 
a series of small values of the axial velocity and, for each su 
value, gradually increasing the speed of rotation from zero. 
this boundary the characteristic oscillograph traces of lamin 
flow, namely, nearly straight lines, suddenly became sinusoic 
in shape as shown in Fig. 8, and had an amplitude many tim 
larger than that of the noise in the traces for laminar flow. Visi 
and photographic observations of the smoke patterns, the latt 
shown in Fig. 8(6), confirmed the presence of Taylor vortexes 
the flow. 

High-speed movies were taken to detect the method of form 
tion of Taylor vortexes at the boundary line of the laminar ar 
laminar-plus-vortexes-flow regions. These movies demonstrate 
very vividly the formation of Taylor vortexes. Figs. 9(a- 
show four stages in the formation of the Taylor vortexes by u 
of smoke introduced in the annulus, as the speed of rotation was 
slowly increased for the case of zero axial velocity. These four 
photographs cover a total change in speed of rotation of less than 
five per cent, indicating a sharp discontinuity between the two 
flow regions. Similar movies were taken at a series of fixed 
values of the axial velocity and the formation of these vortexes 
was detected very easily over a large range of conditions. 

Figs. (10a and 106) illustrate the oscillograph traces and 
smoke photographs in the laminar-plus-vortexes-flow region for 
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two values of the Reynolds number based on the axial velocity. 
The simple ring-shaped Taylor vortexes, shown in Fig. 6, became 
greatly distorted and pulled out in the axial direction, as the 
axial velocity is increased for a given speed of rotation, until the 
vortexes seem to disappear, as in the photograph of Fig. 10(5). 
(c) Boundary Between Regions of Laminar-Plus-Vorteres Flow 
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and Turbulent-Plus-Vorteres Flow. This boundary was traced 
by selecting a low value of the axial velocity in the laminar-plus- 
vortexes region and slowly increasing the speed of rotation. 
The amplitude of the hot-wire traces increased gradually with 
increasing speed of rotation, but at a relatively high value of the 
speed of rotation a sudden change occurred in both the amplitude 
and wave form, as shown in Figs. (lla and 11b). The regular 
and almost periodic traces of Fig. 11(a) changed to irregular 
traces with considerably greater amplitudes. Visual and photo- 
graphic observations of the smoke patterns indicated that vor- 
texes were present in both flow regions. 

(d) Boundary Between Regions of Turbulent Flow and Turbu- 


lent-Plus-Vorteres Flow. This boundary line was determined by 
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»methods. First a series of moderate values of axial velocity 
1 of speed of rotation was selected so that the hot-wire traces 
icated that the flow was in the region of turbulent-plus-yor- 
Then the axial velocity was 
wly increased for fixed speed of rotation until, at a relatively 


es flow, as shown in Fig. 12()). 


h velocity, the amplitude suddenly decreased, as shown in 
.12(a). Visual methods could not be used at these high axial 
ocities, but the traces in Fig. 12(a) indicated only turbulent 

v Was present in the annulus. 

\ second method was to set the flow at the high axial velocity 

nd in the first method, but at zero speed of rotation. As the 
peed was increased slowly, one first observed the characteristic 
traces of turbulent motion shown in Fig. 12(a). As the speed 
was increased further until the same critical value of the speed of 
rotation was reached as in the first method just outlined, the 
amplitudes of the traces increased sharply and the wave forms 
changed, as shown in comparison of Fig. 12(a) with Fig. 12(d). 
It is felt that this boundary line was not as clearly measurable 
or discernible as the three other boundaries described in the 
foregoing. 

Results of Adiabatic Flow Studies. The experimental results 
of the adiabatie-flow studies for the wide annulus (for a value 
of b/r,, of 0.307) are summarized in Fig. 13, showing the four 
separate regions of flow. The measured value of the critical 
speed of rotation, at which vortexes appeared in the annulus, for 
zero axial velocity, was found to be 28.6 rpm; the theoretical 

ue predicted by Taylor’s theory is 28.3 rpm. The difference 
The measured value of the 

ical Reynolds number for zero speed of rotation and for 
nsition from a laminar to turbulent flow is about 1950, which 
grees well with the value of 2000 found from many other similar 


values is roughly one per cent. 
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observations for the onset of turbulent flow in ducts and annuli. 
The central region of Fig. 13, where the four boundaries merge, 
probably has the largest uncertainty in locations of these four 
boundaries. 

A check on the data shown in Fig. 13 for the wide annulus was 
obtained in the following way: The annular apparatus was re- 
modeled for determination of heat-transfer coefficients. Two 
results of the changes made were, first, a narrower annulus was 
used, and second, the annulus was placed in a horizontal rather 
than a vertical position in the gravitational field. Using this 
narrower annulus the procedures outlined previously for meas- 
urement of the boundaries of the four flow regions were repeated 
for adiabatic flow, but instead of recording an upper and a lower 
limit for the onset of turbulence or of vortex formation, only an 
average value of the speed or of the axial velocity was taken. 
The results obtained for the boundary lines of the four flow re- 
gions for the narrow annulus in a horizontal position are shown 
in Fig. 14. For zero axial velocity the calculated critical value 
of speed of rotation for vortex formation is 53.8 rpm. 

Fig. 15 shows a comparison of the results obtained from the 
wide and narrow annuli and also a comparison with the data 
of other investigators. Since the dimensions of the many 
annuli used are quite different, the data from different investiga- 
tors are compared in terms of a modified Taylor number. In 
Fig. 15, this modified Taylor number differs from the Taylor 
number of Figs. 13 and 14 by use of a geometrical factor F, 
defined in Equation [7b]; this factor takes into account the 
different values of the ratio of annulus width to mean radius, 
b/r,,. 
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Consider first the data obtained from the wide and narrow 
annuli reported here. In Fig. 15 the data from these two annuli 
for the demarcation line between the regions of laminar flow and 
turbulent flow are in excellent agreement over the entire range 
of modified Taylor numbers from 0 to about 100. The data from 
these two annuli for the demarcation line between the regions of 
laminar flow and laminar-plus-vortexes flow are in excellent 
agreement from the critical value of the modified Taylor number 
of about 40 at zero Reynolds number to a value of about 85; but 
the data then diverge as the value of the modified Taylor number 
increases from 85 to larger values. Likewise the data for the 
boundary lines between the regions of turbulent flow and turbu- 
lent-plus-vortexes flow are quite different until the data converge 
again at values of the modified Taylor number of about 170. 
Finally, the data from these two annuli for the boundary lines 
between the regions of laminar-plus-vortexes flow and the 
turbulent-plus-vortexes flow are separated at first, and then 
approach each other in the range of values of modified Taylor 
number from 180 and higher. 

Many possible reasons for the differences in part of the data 
for the two annuli were investigated, but the final answers are 
still not clear. In those regions of flow where the experimental 
error is knowe to be a minimum, the best agreement between 
the data from the two annuli was obtained; namely, in deline- 
ating the boundary between the purely laminar and purely tur- 
bulent flows. Likewise, for very small axial velocities or for 
very small values of the Reynolds number, the agreement of the 
data from the two annuli is excellent. In those regions where 
the experimental error was estimated to be large, i.e., in those 
flows where the distinction between the types of secondary flow 
present was most difficult to ascertain with the hot-wire instru- 
ment the agreement of the data from the two annuli is poorest. 

Consider next the data obtained by other investigators for the 
boundary lines of the various flow regions of Fig. 15. The data 
of Cornish (8), described in the historical review, are considered 
to be the best data obtained in the past, since he used five different 
sets of apparatus, and since his results agreed within a few per 
cent with data obtained by Suzuki in the turbulent-flow region. 
Cornish determined the boundary line between the regions of 
laminar flow and laminar-plus-vortexes flow. His data, recal- 
culated on the basis of a modified Taylor number, are shown on 
Fig. 15; they are in excellent agreement with our data obtained 
with the wide annulus. 

The data given by Fage for the same boundary, namely be- 
tween the regions of laminar flow and laminar-plus-vortexes flow, 
are greatly different than those obtained by us and by Cornish. 
Fage’s data do indicate agreement at a point of zero axial flow 
if his results are extrapolated to zero Reynolds number. Fage 
indicated that he could not explain the difference between his 
results and those of Cornish, and stated that the two investiga- 
tions may have been concerned with different phenomena. How- 
ever, since most of Fage’s data appear to fall in Fig. 15 in the re- 
gion labelled purely laminar or purely turbulent flow, it is pos- 
sible that a large systematic error is present in his work; such an 
error may have been introduced by his attempts to measure 
pressure drop over a too small length of axial section. 

Finally the calculated results of Goldstein are shown on Fig. 
15. His calculations agree with the experimental data only for 
zero Reynolds number. As the Reynolds number is increased 
from 10 to about 50 his calculations indicate a trend in the oppo- 
site direction to that found in the experimental data. 

The experimental dimensions and types of apparatus used 
by the investigators shown in Fig. 15 are summarized in Tables 
2and 3. 
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tia Taste 2 Summary or Dimensions oF DirFERENT EXPERIMENTAL APPARATUS)” - 
Author Tm, em b, cm b/rm L, em L/D, 
a 6.00 0.0214 0.0036 15.0 351 
6.00 0.0278 0.0046 15.0 270 
Cornish,C............ 6.00 0.0348 0.0058 15.0 216 
Cornish, D........... 6.00 0.0352 0.0059 15.0 213 
10.00 0.0466 0 0047 28.0 300 
8 88 0.0285 0.0032 3.81 67 
8.88 0.0660 0.0074 3.81 29 
8.88 0.1290 0.0145 3.81 15 
8.88 0.0470 0.0053 3.81 41 
Tm, 1D b, in. L, in. 
Fage. . 0.453 0.095 0.209 38.5 405 
c.-- «% Kaye and Elgar, A.. 1.622 0.498 0.307 56.5 57 
| RP. eee Kaye and Elgar, B.... 1.532 0.304 0.198 56.5 93 
TaBLeE 3) SUMMARY OF EXPERIMENTAL CONDITIONS 
<a) 24g Item Cornish Suzuki Fage Kaye and Elgar 
from 
entrance......... 0 0 33.5 in. 35 in. 
aang? a cylinder......... Vertical Horizontal Vertical (a) Vertical 
(b) Horizontal 
Surface of cylinder. . Brass Smooth Smooth brass Synthane 
gunmetal 
Method of 
determining 
, instability.......Pressure drop Pressure drop Pressure drop Hot-wire anemometer 
Fluid used. ....... . Water Water Water Air 
Diasatic Srupies cylinder is maintained at a low temperature by flow of water 


through the jacket surrounding this outer cylinder. 

In order to obtain a controlled rate of heat transfer, all meas- 

urements were made downstream in a region where the air tem- 

perature did not vary significantly with axial length. Fig. 17 

shows how this control was obtained. If air at ordinary room 


The preceding sections dealt with adiabatic flow of air in an 
annulus between concentric cylinders with rotation only of the 
inner cylinder and with superimposed axial flow. The results 
showed that four different types of fluid flow exist. 

Consider now the case of air flowing in an annulus with rota- 
tion only of the inner cylinder and with temperature gradients 
present in the annulus. Although many combinations of tem- ' 
perature gradients are possible, let us restrict this discussion to Ee me 
three relatively simple cases, as follows: 


Case 1 The wetted surfaces of the inner and outer cylinders a 
are both maintained at a high temperature and heat flows to the 
air in the annulus from both surfaces. 


Case 2 The wetted surface of the inner cylinder is hot and the 7 
wetted surface of the outer cylinder is maintained at lower tem- 
perature so that the air is heated by the inner and cooled by the ad 
outer cylinder, respectively. 

Case 3. The wetted surface of the inner cylinder is hot and 
the wetted surface of the outer cylinder is perfectly insulated, a 
i.e., an adiabatic surface, so that the air is heated by the inner SPIRAL FIN IN 
surface and is adiabatic with respect to the outer wetted surface WATER JACKET” 


of the annulus. 


Tables 2 and 3 show that four di “erent investigators used many 
different arrangements and experimental conditions and measure- 


ments to study the instability of flow in an annulus and the au j 
types of secondary flow present. ANNULUS —__ th j BRASS OUTER CYLINDER, 
The program goal is to study Meat-transfer coefficients for all 304", #1832 
three cases. However, only Case 1 has been studied thus far, 
leading to the design of a simple apparatus and only a few *' rhe e@ water 
Experimental Procedure. Fig. 16 shows the details of the T 
annulus for diabatic flow studies. The inner rotating cylinder | | 
is wound with nichrome heating ribbon and provisions are made al apes HI a 


to measure surface temperatures at many points along the inner =n 
cylinder by thermocouples. The thermocouple leads are led out 


of the hollow inner cylinder to a switch and commutator voltage- bP MEMBER if ney 


compensating mechanism, which will be described in detailina f,4 16 Derams or Lona HoriontaL ANNULUS For Heat a 
separate publication. The inside surface of the outer stationary TRANSFER STUDIES 


j 
TMEBE? LEADS 4 
| = 
@ AIR INLET 
/ \ 
@ WATER INLET 
< HEATER LEADS 
f 
— 
< 


MEASURING SECTION 


INNER CYLINDER SURFACE 


a 


ae 
7 NON-PREHEATED AIR 


WATER - JACKET SURFACE 


RATIO OF LENGTH TO DIAMETER, L/D, 
Fic. 17) Scnematic Temperature Distripution 1n Heat-TRANs- 
FER APPARATUS 


Fic. 18 SwuRFACE Heat-TRANSFER 
COEFFICIENTS 


(Height of surface is proportional to Nusselt number, Ucib/k.) 


FOR 


temperature is supplied at the inlet of the annulus, a distance 
greater than the length of the annulus is required to bring the 
air to a steady maximum value for fixed heater and water-jacket 
temperatures. If preheated air is supplied, however, then it is 
possible to obtain the air-temperature distribution labelled, ‘“‘Pre- 
heated Air,”’ shown in Fig. 17. For a relatively long length of 
the downstream portion of the apparatus, labelled ‘“‘Measuring 
Section” in Fig. 17, it was possible to obtain a constant air tem- 
perature. In this section the heat-transfer rate to the air from 
the inner cylindrical surface is just equal to the rate from the air 


to the water jacket. a 


and large Taylor numbers. 


TRANSACTIONS OF THE ASME 


The calculation of the over-all coefficient of heat transfer, 
from inner to outer cylinders, was made with the aid of the basic 


equation 


U. (q, qr t,) 
where 
q, = rate of heat generation electrically 
q, = rate of heat transfer by radiation 


The radiation rate was computed from data taken previously on 
the emissivities of the inner and outer cylindrical surfaces of the 
air gap. 

Preliminary Results for Heat Transfer. Since the data on heat- 
transfer rates are preliminary, only the qualitative form of these 
data will be given here. Sufficient data were taken to determine 
approximately the boundaries of the four flow regions for diabatic 
flow. 

The heat-transfer data are shown in the form of a three-dimen- 
sional surface in Fig. 18. Dimensional analysis showed that the 
Nusselt number is determined by the Reynolds number (for axial 
Hence the height of the 
surface in Fig. 18 is proportional to the value of the Nusselt 
number, defined by 


velocity) and by the Taylor number. 


Nu = U., b/k .. [9) 


The model of this surface in Fig. 18 shows clearly the changes 
in Nusselt number for the four modes of flow. For zero Reyn- 
olds number, or for zero axial flow of air, as the speed of rotation 


_ is increased, the Nusselt number remains constant in the laminar- 


flow region, as can be demonstrated by theory, and then at the 
critical speed, or critical Taylor number, the Nusselt number 
suddenly increases to 2 or 3 times its constant value in the lami- 
nar-flow region as transition occurs from a laminar flow to a 
As the speed is further increased, 
This large in- 
crease of Nusselt number at the critical Taylor number and for 
zero Reynolds number is being investigated further by theoretical 
and experimental means. 

Since the heat-transfer data in Fig. 18 are preliminary, they 
will not be discussed in detail. However, since temperature 
gradients are now present in the annulus, it is evident that the 
demarcation lines for the diabatic flow will not coincide with 
those for adiabatic flow. The effects of the temperature gra- 
dients on the demarcation lines are now under study. 


laminar-plus-vortexes flow. 
the Nusselt number continues to increase also. 


CONCLUSIONS 


The details of fluid flow in an annulus formed by two concen- 
tric cylinders and with the inner cylinder in rotation and with a 
fixed outer cylinder have been studied for adiabatic and diabatic 
flow. 

The results of adiabatic-flow studies for two different annuli, 
one horizontal and one vertical, using a set of hot-wire anemome- 
ters plus visual and photographic methods to ascertain changes 
in the flow regimes, have demonstrated the existence of four 
modes of flow in this type of annulus: 


(a) Purely laminar flow over a large region of Reynolds number 
based on the axial velocity and Taylor number based on the 
speed of rotation. 

(b) Laminar-plus-Taylor-vortexes flow in the region of low val- 
ues of the Reynolds number and moderate to large values of the 
Taylor number. 

(c) Purely turbulent flow, mainly for larger values of the 
Reynolds number and small to moderate values of the Taylor 
number. 


(d) Turbulent-plus-Taylor-vortexes flow for large Reynolds 
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The data obtained here for the demarcation lines of these four 
flow regions are compared with those of previous investigators. 
Excellent agreement was found with the data of Cornish, but 
disagreement was found with the data of Fage on the location of 
the boundary line between the regions of the laminar flow and 
laminar-plus-vortexes flow. 

Some preliminary data were obtained on the heat-transfer 
coefficients for the four modes of flow in the annulus. These 
preliminary results are shown in the form of a three-dimensional 
surface wherein the Nusselt number is shown as a function of the 
Reynolds number and of the Taylor number. The diabatic 
flow studies are being continued. 

One can conclude from these diabatic and adiabatic flow 
studies in an annulus that the design of electrical machines is 
probably a function of the nature of the type of flow in the air 
gap. If vortexes are present in the electrical machine at design 
operation then the heat-transfer rates in the air gap are probably 
strongly dependent on the speed of rotation. If, however, the 
design leads to a flow which is either purely laminar or purely 
turbulent, then the heat-transfer rate is probably only weakly 
dependent on the speed of rotation. Furthermore, if vortexes 
are present, then under some conditions it is possible to decrease 
the heat-transfer rate by increasing the axial velocity of air 
through the gap. Considerable additional work must be carried 
out in order to obtain the quantitative answers for the designers 
of electrical machines. 

Finally one concludes from this study that advances in the 
science of heat transfer must be made concurrently with a better 
grasp and comprehension of the details of the fluid flow involved 
in this special situation. 
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Discussion 


R. C. Dean, Jr. The writer congratulates the authors most 
heartily on performing and presenting a piece of experimental 
research of the highest quality and for their penetrating insight 
into a problem of considerable significance in the specific field of 
electric motor design, but perhaps of even greater significance as 
an important addition to our fundamental knowledge of fluid 
effects. 

In the past, particularly in certain fields of engineering, some 
investigators have been content to find workable correlations of 
heat transfer, fluid friction, and so forth, with little or no concern 
for the fundamentals of the physical phenomena. The classic 
example is the common expression of the losses in the flow through 
pipe fittings in terms of equivalent lengths of smooth pipe. 
While these particular pipe-fitting correlation artists go to great 
lengths to account for Reynolds number and roughness effects, 
for example, they never have been able to cure the inherent 
disability of their correlations which is simply that the losses 
through pipe fittings are almost completely unrelated to smooth- 
pipe friction except at the very lowest Reynolds numbers. 
While most engineering fields are maturing from this infancy, the 
correlation artists still peddle their tranquilizers to the weary 
men who must produce, now, the goods of industry. Thus for 
the rationalization they bring to engineering the discusser 
applauds the authors and all those past and present who bring 
insight into the physical phenomena with which we work. 

The authors have chosen to probe an historically interesting 
problem since G. I. Taylor's study of the vortexes formed be- 
tween rotating and stationary concentric cylinders was one of the 
first attempts to unravel real three-dimensional fluid behavior. 
Since then, secondary flow, which is a general term for all such 
effects, has been widely and deeply studied with a result that 
today, after the authors demonstrate the existence of vortexes 
even when the annulus is swept by an axial flow and the in- 
fluence of these vortexes on heat-transfer rates, the fluid mechanic 
mumbles, ‘‘Of course, this is just as it should be.’’ However, the 
authors’ investigation touches heavily upon two other critical 
fields of fluid mechanics which are far from well understood even 
in principle. These are the influence of flow disturbances and of 
swirl on boundary-layer transition and separation. 


‘Head, Advanced Engineering Department, Ingersoll-Rand Com- 
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If one examines the authors’ Fig. 13, either from the point of 
view of a transitional axial Reynolds number or from the point 
of view of a transitional Reynolds number compounded vec- 
torially from the mean axial velocity and the surface velocity of 
the inner cylinder, one concludes that the rotation of the inner 
wall has a large and disproportionate effect on either Reynolds 
number at transition in the flow regimes with or without vor- 
texes up to Taylor numbers of about 200. Above this number, 
the axial transition Reynolds number is only about 200 rather 
than 2000 for no rotation. This result is not surprising when the 
undoubtedly large disturbing influence of the vortexes on the 
boundary layers is present, but is surprising, at first, in the re- 
gions where no vortexes were observed. 

Before vortexes appeared, in other words below a Taylor num- 
ber of abcut 130, the transitional axial Reynolds number de- 
creased from 1950 to 950, or about a two to one change. Ac- 
cording to the authors, the flow below a Taylor number of 130 and 
below the transitional Reynolds number was unquestionably 
laminar as their smoke pictures testify. From what phenomena, 
then, can arise this large influence, in this range, on the transi- 
tional axial Reynolds number? 

The discusser offers the following suggestion which is based 
upon the influence of flow swirl on boundary-layer behavior. 
A recent paper by Yeh*® develops one phase of the theory under- 
lying this subject. Basically the phenomenon is the same as that 
which produces any so-called ‘‘secondary flow.’’ When a particle 


of fluid or solid finds itself within a centrifugal pressure gradient 
in a fluid flow, it will be in radial equilibrium only if its mass times 
its centrifugal acceleration, toward the instantaneous center of 
the local streamline, is equal to the radial pressure force imposed 
on the particle by the flow pressure gradient. If the particle has 
a lesser mass times centrifugal acceleration, then it will be driven 


toward the center of streamline curvature by the pressure-gra- 
dient forces. If on the other hand, its mass times centrifugal 
acceleration exceeds the imposed pressure-gradient forces, then 
it will fly away from the center of streamline curvature. These 
effects may arise in a constant-density flow for various reasons 
which can produce the unbalance, but they most often arise be- 
cause the velocity of the particle differs from that of the local 
flow. If the particle travels faster than the local flow, it will 
fly outward, or if it travels slower, it will fly toward the center of 
streamline curvature. Another common cause is that the den- 
sity of the particle differs from that of the surrounding flow; if 
it travels at the same velocity as the bulk of the flow but is less 
dense, it flies inward or, if more dense, it flies outward. This is, 
of course, the principle of all centrifugal particle separators, but 
it also can have large effects in heat transfer as pointed out by 
Kreith.® 

In a heat-transfer situation, where the flow is swirling, both the 
velocity-difference and density-difference effects may come into 
play, since low-velocity particles from the vicinity of the walls 
may find themselves displaced by random disturbances into 
higher-velocity regions and at the same time, owing to the tem- 
perature gradients, may be lighter or denser than the surrounding 
fluid. This phenomenon is not well understood today with the 
result that we cannot explain data such as Kreith reports, in 
the discussion of Yeh’s paper,’ where he obtained a large increase 
in Nusselt number by swirling a water flow in a heated tube, 
but did not obtain the same effect when he used air in the heated 
tube with the same swirl helix angle and the same axial Reynolds 
number as in the water tests. 


’“‘Boundary Layer Along Annular Walls in a Swirling Flow,” 
by H. Yeh, ASME Preprint 57—SA-22 (to be published). 

6‘‘The Influence of Curvature on Heat Transfers to Incompres- 
sible Fluids,’’ by F. Kreith, Trans. ASME, vol. 77, 1955, pp. 1247- 
1257. 


TRANSACTIONS OF THE ASME 


Returning now to the authors’ transition results which we are 
attempting to explain, the discusser offers the following model: 
Accepting the conventional stability analysis of transition of 
Tollmien, Schlichting, and Lin as a starting point, we ask what 
physical modifications we must make to their model to account 
for the rotation of the wall and nearby fluid. Surely if Tollmein 
waves exist in the laminar boundary layer well in advance of the 
transition point, then particles are moved away from the wall by 
the crest of the waves into regions in the pressure field of the 
swirling flow where they should not be in radial equilibrium with 
the pressure forces imposed by the bulk of the fluid. In the case 
of a stationary cylindrical, convex (inner) wall covered by a 
concentrically swirling fluid, the ‘‘secondary-flow’’ effect will be 
to flatten the Tollmien waves, suppressing their growth, stabiliz- 
ing the laminar boundary layer, and delaying transition. On the 
other hand, when the inner wall rotates in Newtonian’ space, and 
the fluid is relatively stationary or has a lower tangential velocity 
than the wall, as in the authors’ case, the effect will be for the 
relatively fast moving particles on the crest of the Tollmien waves 
to fly away from the wall, increasing the amplitude of the wave, 
destabilizing the laminar boundary layer and encouraging transi- 
tion. 

On a concave (outer) cylindrical wall all the foregoing argu- 
ments are exactly reversed, with transition encouraged if the 
wall rotates relatively slower than the fluid and delayed if 
the wall rotates relatively faster. In addition to the influence of 
flow swirl on transition, there should be a further influence on 
heat-transfer rates and wall friction, even when vortexes are 
absent, due to the encouragement or suppression of mixing in 
turbulent and perhaps, to a certain degree, in laminar boundary 
layers. 

The discusser believes we can explain from the foregoing the 
mystery of the decreasing transitional axial Reynolds number 
with increasing Taylor’s number at values below the appearance 
of vortexes. However, this whole business of secondary effects in 
such flows and their influence upon transition, heat-transfer 
rates, and, although not pertinent here but perhaps more impor- 


‘ tant, their influence on boundary-layer separation, is a very fertile 


field for investigation. For example, the matter of disk friction 
and disk heat transfer, the influence of flow swirl upon the 
performance of fluid passages, such as jet-engine diffusers, the 
possibility of building axisymmetric diffusers with rotating 
walls to prevent boundary-layer separation, and the increase 
of heat-transfer rates by use of fluid swirl are all related and 
are potentially rewarding areas for research. 

The discusser again compliments the authors and hopes that 
they and others will dig deeply into these several matters which 
are of great significance. 


Autuors’ CLOSURE 


The authors thank Dr. R. C. Dean for his interesting dis- 
cussion and appreciate the penetrating questions he has raised 
therein. It should be mentioned again that we started the re- 
search given in this paper to obtain a better understanding of the 
physical phenomena underlying thermal effects present in ro- 
tating electric machines. It soon became apparent that a funda- 
mental study of the fluid-fiow phenomena, either with or without 
thermal effects, was basic to this entire problem, and also to a host 
of similar problems involving three-dimensional fluid flows in 
annuli, with rotation of one or both annular walls. Hence 
our first efforts were directed toward controlled experimentation 
where the number of independent variables was maintained as 
small as possible. For this reason, one must realize that the 
paper presents results which must be labeled as preliminary in 

7 Where F = Ma. 


the sense that they still may not be applied in detail to an actual 
electrical machine, for several reasons: First, the entrance effects 
of the developing boundary layer were hopefully eliminated in 
these studies. Second, the roughness effects were also inten- 
tionally eliminated. Third, since this paper has been presented, 
the effects of temperature gradients at the inner rotating wall 
have been studied in detail, but these diabatic results do not 
agree in all details with the adiabatic results shown in Fig. 13, 
In a complicated three-dimensional fluid flow problem, as this 
problem is, one can hopefully make progress by means of con- 
trolled experimentation and by theoretical analyses. The gen- 
eral areas, where a better understanding of this complex problem 
is required, may be listed as follows: 


Boundary-layer transition problems 
Effects of temperature gradients 
c Entrance-flow effects versus the effects of a fully developed 
flow 
d_ Effects of surface roughness 
e Boundary-layer separation problems 
f Effects of curvature on boundary-layer flows 
g Theoretical analyses of boundary-layer transition for three- 
dimensional flow 
We are now engaged in pursuing some of the problems listed above. 
In closing, we thank Dr. Dean again for presenting an in- 
teresting and stimulating discussion of the paper, together with a 
strong plea for better understanding of these complicated phe- 
nomena. 


. 


